
CS / ISyE 730 - Spring 2013 - Midterm Exam

(assigned 3/18/13, return by 5:00pm on 3/19/13)

1. Given a smooth vector function v : Rn → Rm, consider the following
problem:

min
x∈Rn

f(x) := max
j=1,2,...,m

vj(x), (1)

where vj(·) denotes the jth component of the vector function v(·).

(a) Reformulate this problem as a smooth constrained optimization
problem.

(b) Write down the Lagrangian for the reformulated problem, along
with the KKT conditions and the Hessian of the Lagrangian.

(c) Suppose that v(x) is an affine function, that is, v(x) = Ax+ b for
some matrix A ∈ Rm×n and some vector b ∈ Rm. Suppose that x∗

is a solution of (1) at which second-order sufficient conditions are
satisfied for the reformulated problem. What can you say about
the number of indices j for which vj achieves the maximum, that
is, f(x∗) = vj(x

∗)?

2. Consider the following problem in which the constraint set is the “ice-
cream cone:”

min
x∈R3

f(x) s.t. x3 ≥
√
x2

1 + x2
2.

(a) Prove that NΩ(0) = −Ω, where Ω := {x ∈ R3 |x3 ≥
√
x2

1 + x2
2}.

(b) What difficulties might arise if you apply standard nonlinear pro-
gramming algorithms to this problem?

(c) Consider the following reformulation of this problem:

min
x∈R3

f(x) s.t. x2
3 ≥ (x2

1 + x2
2), x3 ≥ 0.
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Does this reformulated problem have the same feasible set as the
original problem? Explain any possible issues that might arise if
you try to solve this reformulation instead of the original problem.

3. Consider the inequality constrained optimization problem

min f(x) subject to ci(x) ≥ 0, i = 1, 2, . . . ,m, (2)

for which the standard quadratic penalty function is

Pµ(x) = f(x) +
µ

2

m∑
i=1

min(ci(x), 0)2.

(This function generally has a discontinuity in its second derivative
at any x for which ci(x) = 0 for any i.) Suppose there is a local
solution x∗ of (2) at which the KKT conditions, LICQ conditions, strict
complementarity, and second-order sufficient conditions are satisfied.

(a) Find estimates for ci(x(µ)) for i ∈ A, where A ⊂ {1, 2, . . . ,m} is
the set of active constraints, and µ is large. Show in particular
that ci(x(µ)) < 0 for these values of i.

(b) Would you expect ci(x(µ)) > 0 for all i /∈ A when µ is large? Why
pr why not?

(c) Explain why ∇2Pµ is continuous at x(µ) and positive definite at
this point, for large µ.

(d) Explain why Pµ has a strict local minimizer x(µ) close to x∗.

4. Consider the problem

min
(x1,x2)∈R2

1

4
x1 +

1

2
(x2 − 1)4 s.t. x ∈ Ω,

where
Ω = {(x1, x2) |x2 ≤ −2|x1|}.

(a) Write down NΩ(0, 0) and TΩ(0, 0), the normal and tangent cones
to Ω at the point (0, 0).

(b) Using your answer to (a), show that the geometric form of the
first-order necessary condition is satisfied at x∗ = (0, 0).
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(c) By writing the problem in the standard form

min f(x) s.t. c1(x) ≥ 0, c2(x) ≥ 0,

show that the KKT conditions are satisfied at x∗ = (0, 0).

(d) Explain briefly why (0, 0) is a strict local solution and why it is
the global solution.
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