
Final Examination

CS 730 - Spring 2011

Sunday, May 8, 2011, 2:45pm-4:45pm

No electronic computing devices, notes, or books allowed, except that you
may bring one standard-size sheet of paper, handwritten on both sides, into
the test. Give reasoning and justify all your answers.

There are 50 points total.

1. (15 points)

Suppose that F : Rn → R is a smooth convex function and X is a
nonempty closed convex subset of Rn. We define X∗ to be the solution
set for min F , that is,

X∗ := {x∗ ∈ X |F (x∗) ≤ F (x) for all x ∈ X}.

Define the function Φc : Rn → R as follows:

Φc(y) := min
x∈X

F (x) +
1

2c
‖x− y‖22 (1)

for some constant c > 0.

(a) Write down the condition that is satisfied for the minimizing x in
the definition (1).

Prove the following properties:

(b) The minimum of F (x) + 1
2c
‖x − y‖22 over x ∈ X is achieved at a

unique point.

(c) Φc(y) ≤ F (y) for all y ∈ X.

(d) Φc(x
∗) = F (x∗) for all x∗ ∈ X∗.
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(e) Φc(y) ≥ F (x∗) for all y ∈ X and all x∗ ∈ X∗.

2. (10 points)

Consider the following nonlinear program:

min
x

f(x) subject to c(x) ≥ 0,

where f : Rn → R and c : Rn → Rm are smooth functions, with La-
grangian L(x, λ) = f(x) − λT c(x). Suppose that KKT conditions are
satisfed at the point (x∗, λ∗) with active set A ⊂ {1, 2, . . . ,m}. Sup-
pose that the Mangasarian-Fromovitz constraint qualification (MFCQ)
holds at x∗, and that the second-order sufficient conditions are satisfied.

(a) Show that for all vector pairs (x, λ) sufficiently close to (x∗, λ∗),
the solution of the following linear system has a uniquely defined
component ∆x:[

∇2
xxL(x, λ) ∇cA(x)
∇cA(x)T 0

] [
∆x

∆λA

]
=

[
r
q

]
.

(Here, (r, q) is a given vector pair in Rn ×R|A|.)

(b) Is the ∆λA component in part (a) uniquely defined under the given
assumptions?

3. (15 points)

Consider the following problem:

min
x∈Rn

1

2
xTWx subject to xi ∈ {−1, 1} for all i = 1, 2, . . . , n, (2)

where W is an n× n symmetric matrix.

(a) Write the problem as a quadratic program with quadratic con-
straints.

(b) Based on your answer to part (a), construct a semidefinite pro-
gramming relaxation of this problem. (This relaxation should have
the property that all points feasible for (2) can be transformed into
feasible points for the relaxation, with the same objective value.)
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(c) For the barrier function f : SRn×n → R defined by f(X) =
− ln detX for X � 0, we know that the second derivative operator
f ′′(X) is defined by

f ′′(X)UV = (X−1UX−1) • V,

where U and V are any two matrices in SRn×n. Show that f ′′(X)
is positive definite operator.

4. (10 points)

Consider the following nonlinear programming problem:

min−x21x2 subject to x21 + x22 ≤ 1.

Write down the KKT conditions and find all points that satisfy these
conditions. By inspection, indicate which of the KKT points are local
minima.
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