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Abstract Many applications of optimization to real-life problems lead to
nonsmooth objective and/or constraint functions that are assessed through
“noisy” oracles. In particular, only some approximations to the function
and/or subgradient values are available, while exact values are not. For ex-
ample, this is the typical case in Lagrangian relaxation of large-scale (possi-
bly mixed-integer) optimization problems, in stochastic programming, and in
robust optimization, where the oracles perform some numerical procedure to
evaluate functions and subgradients, such as solving one or more optimization
subproblems, multidimensional integration, or simulation. As a consequence,
one cannot expect such oracles to provide exact data on the function values
and/or subgradients. We review algorithms based on the bundle methodology,
mostly developed quite recently, that have the ability to handle inexact data.
We adopt an approach which, although not exaustive, covers various classes
of bundle methods and various types of inexact oracles, for unconstrained and
convexly constrained problems (with both convex and nonconvex objective
functions), as well as nonsmooth mixed-integer optimization.
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Estrada Dona Castorina 110, Jardim Botânico, Rio de Janeiro, RJ 22460-320, Brazil
e-mail: solodov@impa.br

1



2 Welington de Oliveira and Mikhail Solodov

1 Introduction

Nonsmooth optimization (NSO) appears often in connection with real-life
problems that are too difficult to solve directly and need to be decomposed:
instead of dealing directly with the difficult problem one may choose (or even
have to choose) to solve a sequence of simpler problems (subproblems); see,
e.g., [61, 67, 68, 69]. For example, this is a common strategy in stochastic
programming [67], in Lagrangian relaxation [10,44], and in Benders’ decom-
position [9, Chapter 11]. Lagrangian relaxation leads to nonsmooth convex
problems. (Generalized) Benders’ decomposition may give rise to constrained
nonsmooth and nonconvex optimization problems [20, 55]. In any case, the
resulting nonsmooth functions can only be evaluated by an oracle solving (in-
ner) optimization (sub)problems. Solving those subproblems exactly, along
many iterations, is at the very least impractical, and is usually not even
possible anyway. Similar situations arise when simulation or other numerical
procedures are required.

In the NSO setting, the oracle information comes in the form of a func-
tional value and one subgradient (i.e., the full subdifferential is not avail-
able). As is well known, bundle methods, dating back to 1975 (in partic-
ular, [43] and [81]), are nowadays among the most efficient algorithms for
NSO. Further developments have been in several directions: algorithms with
limited memory [39], methods for nonlinearly constrained problems [37, 70],
bilevel problems [59, 72], nonmonotone versions [5, 15], second-order meth-
ods [52], nonconvex objective functions [22, 28, 35, 51, 57, 77], DC program-
ming [13, 15, 23, 34], convex multiobjetive optimization [54], algorithms for
combinatorial and mixed-integer optimization [58,79], semidefinite program-
ming [19,30], among others. The original proximal variant of bundle methods
has been generalized in [21]. Moreover, other (than proximal) stabilizations
have been developed: the level bundle methods proposed in [45], the trust-
region variant in [33], the proximal Chebychev center algorithm in [65], and
the doubly stabilized bundle method in [14].

Since their invention, and for about 20 years, convergence theory of bundle
methods could only handle exact oracles, i.e., the exact value of the function
and a true subgradient were required, at every point of evaluation. Inexact-
ness was first introduced in [40]; however, approximations of both the func-
tion and its subgradients were required to be asymptotically exact, i.e., the
noise/perturbations had to vanish in the limit. In the context of Lagrangian
relaxation, for example, this presumes that we can solve the optimization
subproblems with an arbitrarily high precision. While this can be accepted
as realistic in some cases, it is certainly not so in general. Next, inexact or-
acles were considered in [17] for level bundle methods, in [31] for proximal
bundle, and in [53] in a special bundle method for the maximal-eigenvalue
function. In [17] and [53], the oracle is still asymptotically exact, as in [40].
In [31] it is assumed that the exact value of the function is available, while
the subgradient can be computed approximately. The attractive feature of
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the analysis in [31] is that, unlike in any previous work on bundle methods,
the perturbation in subgradient evaluations need not vanish in the limit. On
the other hand, the exact value of the function is still needed, and so this set-
ting is not suitable for some important applications of bundle methods and,
in particular, for the Lagrangian relaxation. This is because in that case,
evaluating the function and its subgradient is the same task, which amounts
to computing a solution of the subproblem (exactly). Nonvanishing pertur-
bations in both the function and subgradient values were introduced in [71].
The next advance, including the idea of noise attenuation is [38]. On the side
of level bundle variants, [17] was extended in [2, 48,62].

The more recent developments in handling inexact data made the new
variants of bundle methods even more suitable for various real-life applica-
tions; see, e.g., [61]. Works such as [29, 62, 63, 78, 79] provide different ways
inexact data can be handled by bundle methods, allowing solution of difficult
NSO problems (sometimes even exactly, or at least with the desired accuracy,
depending on the oracle’s assumptions).

In what follows, we discuss various bundle algorithms for variants of the
optimization problem{

minimize f(x)

subject to x ∈ G and h(x) ≤ 0,
(1)

where G ⊂ Rn and the functions f, h : Rn → R are assessed through inexact
oracles. Note that in the nonsmooth setting, there is no loss of generality
in considering a scalar constraint function h, as it can be defined as the
maximum of all the constraint functions. Usually, but not always, f , h and
G would be assumed to be convex, and not necessarily all of them would be
present in the problem. Specific assumptions would be stated as needed.

The rest of this chapter is organized as follows. We start in Section 2 with
defining different types of inexact oracles and presenting some examples of
how inexact data appears naturally in applications. By assuming convexity
of the involved functions, Section 3 reviews a family of inexact level bundle
methods for problem (1) with either convex or nonconvex bounded set G.
In Section 4 we consider inexact proximal bundle methods for unconstrained
and linearly constrained convex problems. A recent algorithm combining level
and proximal ideas is given in Section 5. An inexact proximal bundle method
for nonconvex objective functions is discussed in Section 6. Finally, Section 7
contains some concluding remarks and research perspectives.

2 Inexact oracles: the main assumptions and examples

Let the functions f and h in (1) be convex, and assessed via inexact oracles.
Specifically, for each given x ∈ Rn an upper oracle delivers inexact informa-
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tion on f , namely fx = f(x)− ηvx and
ξx ∈ Rn such that f(·) ≥ fx + 〈ξx, · − x〉 − ηsx
with ηvx ≤ η and ηsx ≤ η for all x ∈ Rn,

(2)

and, for the function h, a lower oracle provideshx = h(x)− εx and
ζx ∈ Rn such that h(·) ≥ hx + 〈ζx, · − x〉
with εx ≤ ε for all x ∈ Rn.

(3)

In the above, the oracles’ output is (fx, ξx) and (hx, ζx), respectively. The
subscripts v and s on the errors in (2) make the distinction between function
value and subgradient errors. The bounds η, ε ≥ 0 on the unknown errors ηvx,
ηsx and εx, are possibly unknown as well. However, there are also important
situations in which these bounds can actually be chosen by the user and sent,
together with x, to the oracles (see Example 2 below).

The exact oracles for f and h correspond to taking η ≡ ε ≡ 0, and compute
fx = f(x), hx = h(x), together with their true subgradients. The important
subclass of lower oracles returns lower linearizations: h(x)− εx = hx 6 h(x)
and h(·) > hx + 〈ζx, · − x〉. Upper oracles, by contrast, can overestimate
function values: in (2) ηvx can be negative and ηsx can be positive. We assume
the h-oracle to be of lower type for simplicity: as shown in [2, § 5.3], dealing
with upper oracles for the constraint function is possible, but requires extra
steps in the (level) bundle algorithm. We omit such extra steps to avoid
technicalities that may obscure presentation of the main ideas. Interested
readers are referred to [2, 3] for a comprehensive treatment of upper oracles
for both objective and constraint functions.

We next show how lower and upper oracles appear naturally in practice.

2.1 Examples of inexact oracles

We start with an application which is perhaps the main motivation for in-
vestigating algorithms for nonsmooth optimization with inexact data.

Example 1 (Lagrangian relaxation: inexact oracle). Consider the following
problem: {

maximize ϕ(u)

subject to u ∈ U and c(u) = 000 ∈ Rn,

where ϕ : Rm → R and c : Rm → Rn are continuous functions, and U ⊂ Rm
is a nonempty compact set. For a Lagrange multiplier x ∈ Rn, the dual
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function of the above problem is given by f(x) := maxu∈U L(u,x) with
L(u,x) := ϕ(u)+ 〈x, c(u)〉. Notice that L(u, ·) is convex for any u ∈ U fixed.

Given x0, the oracle (solver) computes a point u0 ∈ U which (approxi-
mately) maximizes the function L(·,x0) over U , and returns fx0

:= L(u0,x0)
and ξx0

= c(u0) ∈ ∂xL(u0,x0). Convexity of L(u0, ·) and the definition of
f(·) yield that

f(x) ≥ L(u0,x) ≥ L(u0,x0) + 〈ξx0
,x− x0〉 = fx0 + 〈ξx0

,x− x0〉 .

Therefore, fx0 = L(u0,x0) and ξx0
= c(u0) satisfy the two first lines in

(2) with ηvx0
= f(x0) − L(u0,x0) ≥ 0 (unknown) and ηsx0

≡ 0, i.e., this
is a lower oracle for f . The boundedness assumption ηx0

≤ η is satis-
fied if the considered solver is ensured to compute an η-solution u0 to the
subproblem maxu∈U L(u,x0), i.e., a point u0 ∈ U satisfying the condition
maxu∈U L(u,x0) ≤ L(u0,x0) + η. ut

More versatile oracles can be obtained if one has control over the solver
employed to compute approximate solutions of maxu∈U L(u,x). This inter-
esting setting is discussed in the next example.

Example 2 (Lagrangian relaxation: on-demand accuracy). In some practical
situations (e.g., when maxu∈U L(u,x0) is a combinatorial problem), the er-
ror bound η can be chosen and sent to the solver, so that some η-solution u0

is returned. In other words, the decision-maker can decide to request more
or less accuracy from the oracle. Note that requesting high accuracy at un-
promising candidate solutions can be a waste of time. More specifically, along
the iterative process of minimizing f , the decision-maker may have access to
the best estimation f tar = fxj

of the optimal value. Then, if a new point
xi 6= xj is identified to be a poor solution candidate, the process of com-
puting f(xi), i.e., of solving maxu∈U L(u,xi), can be interrupted early (at
some point ui ∈ U). The oracle delivers the inexact data fxi = L(ui,xi)
and ξi = c(ui) without satisfying the requested tolerance η. This is the case
if the inequality L(ui,xi) > f tar is verified when computing f(xi). It is
worth mentioning that this kind of test is available in solvers such as Gurobi
(www.gurobi.com) and CPLEX (www.cplex.com), for example.

An inexact oracle equipped with such procedures is called oracle with on-
demand accuracy, introduced in [62] and further investigated in [18] and [78].

ut

Another example of how inexact data can arise naturally comes from
stochastic programming.

Example 3 (Two-stage stochastic programs). Consider a stochastic program
with decision variables organized in two levels, denoted by x and y for the first
and second stages, respectively. Let Ω ⊂ Rm be a set containing finitely many
elements (scenarios). If ω ∈ Ω represents uncertainty, for a convex function
ϕ : Rn → R, vectors q(ω) and matrices T (ω) and W , the corresponding
two-stage program with fixed recourse is
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minimize ϕ(x) + E[〈q(ω),y〉]
subject to T (ω)x +Wy = b(ω) ∀ω ∈ Ω ,

x ∈ G, y > 0 ,

where E[·] stands for the expected value with respect to the probability mea-
sure on the set Ω. For fixed x and ω, the recourse function

Q(x;ω) :=

{
minimize 〈q(ω),y〉
subject to y > 0 ,Wy = b(ω)− T (ω)

gives in (1) an objective of the form f(x) := ϕ(x) + E[Q(x;ω)], which is
finite-valued when the recourse is relatively complete.

For each fixed x and a given realization ω, the evaluation of the recourse
function can be done by solving the dual linear program{

maximize 〈b(ω)− T (ω),u〉
subject to WTu ≤ q(ω) .

If, to speed up calculations, instead of performing the maximization for the
considered ω we just take a feasible point ux,ω (satisfying WTux,ω 6 q(ω)),
then an oracle giving fx := ϕ(x)+E[〈b(ω)−T (ω),ux,ω〉], and ξx := ∇ϕ(x)−
E[T (ω)Tux,ω ] is of lower type and fits (2) with ηsx ≡ 0.

Alternatively, if we select a (much smaller) subset Ωk ⊂ Ω of scenarios to
perform the subproblem optimization, an upper oracle can be obtained by
setting fx and ξx as above but with E replaced by Ek, the expected value
with respect to the probability of (fewer) scenarios in Ωk. See [64] for more
details. ut

Nonlinearly constrained variants of stochastic programs arise naturally
when one needs to handle risk measures.

Example 4 (CVaR two-stage stochastic programs). With the notation of the
previous example, consider the following nonlinearly constrained two-stage
stochastic program with parameters β ∈ (0, 1] and ρ ∈ R:{

minimize ϕ(x) + E[Q(x;ω)]

subject to x ∈ G, CVaRβ [Q(x;ω)] ≤ ρ ,

where CVaRβ is the conditional value at risk. Let P(ω) be the probability
associated to the scenario ω ∈ Ω. It can be seen [18] that the convex con-
straint CVaRβ can be evaluated as the optimal value of the following LP (for
x fixed):
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CVaRβ [Q(x;ω)] :=


maximize

∑
ω∈Ω πωQ(x;ω)

subject to 0 ≤ πω ≤ P(ω) ∀ω ∈ Ω∑
ω∈Ω πω = β ,

whose solution can be easily computed by sorting the costs Q(x;ω), ω ∈ Ω,
and assigning as much as possible weights πω to the highest costs.

By performing inexact optimization to compute the recourse functions
Q(x;ω), one is inexactly evaluating the functions f(x) := ϕ(x) + E[Q(x;ω)]
and h(x) := CVaRβ [Q(x;ω)] − ρ. In [18] it is shown how to design efficient
inexact oracles for these functions. ut

There are applications where the source of inexactness is not in solving
optimization subproblems, but is associated to simulation and numerical in-
tegration.

Example 5 (Probability maximization problem). Let (ω, Ω,P) be a probability
space and c : Rn → Rm be a concave mapping. A variant of the so-called
probability maximization problem is{

maximize P[c(x) ≥ ω]

subject to x ∈ G .

Problems of this form can be seen as reformulation of chance-constrained
optimization problems. They arise, for example, in cascaded-reservoir man-
agement [61, 80], financial risk management, and some other areas [11]. If
the continuous probability distribution of ω is log-concave, then the function
f(x) := − log(P[c(x) ≥ ω]) is convex (and can be nonsmooth, depending on
P and the covariance matrix of ω). Since a multidimensional integral needs
to be numerically computed to evaluate the function, an exact oracle for
f is impossible in practice. Inexact values can also be computed by using
Monte-Carlo simulation and variance reduction techniques [24]. Such pro-
cesses induce, in general, upper oracles. Lower estimations of f are possible
in some particular cases (for instance when ω follows a multivariate proba-
bility distribution) [76]. It should be noted though that an error bound η > 0
in (2) can be expected, but cannot be fully guaranteed, as there is always
some nonzero probability of a large error showing up (see [3, Lemma 5.1] for
details).

If the distribution of ω is not log-concave, then f is not convex, and
algorithms for nonconvex optimization need to be employed. ut

The above examples show how inexact oracles arise in connection with
practical problems. In the remaining of this chapter, we review several bundle
algorithms that are able to handle inexact data.
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3 Inexact level bundle methods

Throughout this section we make the assumption that f and h in (1) are
convex functions, and that inexact oracles satisfying (2) and (3) are available.
We also assume that G is a compact set, but not necessary a convex one.

A versatile family of bundle algorithms, called level bundle methods, was
introduced in [40, 45]. As will be seen in what follows, simple level bundle
variants can handle both exact and inexact data in the same fashion, without
any special treatment or modifications in the case of inexact oracles. This is
different from proximal bundle methods, which require modifications in the
inexact setting.

3.1 Models, localizer sets, and optimality certificate

Observe that the two first lines in (2) and (3) yield

f(·) ≥ f(x) + 〈ξx, · − x〉 − (ηvx + ηsx) , (4)

h(·) ≥ h(x) + 〈ζx, · − x〉 − εx ,

from which, evaluating at x we deduce that ηvx + ηsx ≥ 0 (regardless of the
signs of the individual error terms) and εx ≥ 0. As a result,

ξx ∈ ∂(ηvx+ηsx)f(x) with ηvx + ηsx ≥ 0 for all x ∈ Rn , (5)

ζx ∈ ∂(εx)f(x) with εx ≥ 0 for all x ∈ Rn . (6)

Even if in (2) and (3) the values of the bounds for errors η and ε are unknown,
the inequalities above imply that η ≥ ηvx ≥ −ηsx ≥ −η and ε ≥ εx ≥ 0. Thus,
oracle errors are bounded from below (by −η and 0, respectively).

Let k be the index of the current iteration. Having called the oracle at pre-
vious iterates xj , bundle algorithms accumulate linearizations of the functions
to construct their cutting-plane models:

f̂k(·) := max
j∈Jk

{fxj + 〈ξxj
, · − xj〉} ≤ f(·) + η (7)

ĥk(·) := max
j∈Jk

{hxj + 〈ζxj
, · − xj〉} ≤ h(·), (8)

where Jk is an index set (typically Jk ⊂ {1, . . . , k}), and the inequalities fol-
low from the second lines in (2) and (3). With these models and an additional
parameter f levk ∈ R, we can define the following localizer set:

 Lk := {x ∈ G | f̂k(x) ≤ f levk , ĥk(x) ≤ 0} . (9)
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When the constraint function h is not present, the localizer set becomes the
level set of the cutting-model f̂k, justifying thus the name “level bundle meth-
ods”. The following is a simple but useful result that will allow to determine
approximate lower bounds for the optimal value f∗ of problem (1).

Lemma 1. If  Lk = ∅, then f levk ≤ f∗ + η.

Proof. It follows from (7) and (8) that  Lk approximates the level set of f
over the feasible set in the following sense:

{x ∈ G | f(x) ≤ f levk − η, h(x) 6 0} ⊂  Lk .

Hence, if  Lk is an empty set, then so is {x ∈ G | f(x) ≤ f levk − η, h(x) 6 0}.
The feasible set {x ∈ G | h(x) 6 0} is nonempty, by the standing assumption.
As a result, f levk − η must be a lower bound for f∗. ut

Let f low0 be a given lower bound for the optimal value f∗. A handy manner
to update such a bound along the iterative process is to set f lowk+1 := f levk if

 Lk = ∅, and f lowk+1 := f lowk otherwise. With this rule, Lemma 1 ensures that

f lowk ≤ f∗ + η for all k. We can thus define the useful improvement function

Fj(f
low
k ) := max{fxj

− f lowk , hxj
} and ∆k := min

j≤k
Fj(f

low
k ) . (10)

Remark 1 (Approximate optimality test). Note that if F j(f lowk ) ≤ δtol for
some index j ≤ k and the given tolerance δtol ≥ 0 (which is the case when
∆k ≤ δtol), then hxj

≤ δtol and fxj
≤ f lowk + δtol. By using the oracles’

assumptions we get h(xj)−ε ≤ hxj
≤ δtol and f(xj)−η ≤ fxj

≤ f lowk +δtol ≤
f∗ + η + δtol, i.e.,

h(xj) ≤ ε+ δtol and f(xj) ≤ f∗ + 2η + δtol .

In other words, xj is a (max{2η, ε} + δtol)-solution to problem (1). We can
thus employ the value ∆k as an (approximate) optimality certificate: if it
holds that ∆k ≤ δtol, then xbest := xj for j yielding the minimum in (10) is
an approximate solution in the given sense. ut

3.2 An algorithmic pattern

We now present an inexact level bundle method for the class of problems in
the form (1), having convex functions f and h, and a compact set G.

Algorithm 1 is a simplistic version of [2, Algorithm 1]: it does not provide
either an implementable rule to define xk+1 ∈  Lk nor a scheme for keeping
the size of the bundle Jk bounded (limited memory). We shall return to these
more specific issues a bit later, after proving convergence of the method to
(max{2η, ε}+ δtol)-solution of problem (1).



10 Welington de Oliveira and Mikhail Solodov

Algorithm 1: Inexact level bundle method: an algorithmic pattern

Data: Parameters γ ∈ (0, 1), δtol ≥ 0, and a lower bound f low
0 for (1).

Step 0 (Initialization) Choose a starting point x0 ∈ G and call the oracles to
compute (fx0

, ξx0
) and (hx0

, ζx0
). Set J0 := {0} and k := 0.

Step 1 (Stopping test) Compute ∆k as in (10). If ∆k ≤ δtol, then stop and return
xbest := xj for j yielding the minimum in (10).

Step 2 (Next iterate) Set f lev
k := f low

k + γ∆k and define the localizer set  Lk as in
(9). If  Lk = ∅, then define f low

k+1 := f lev
k and go to Step 4. Otherwise, set

f low
k+1 := f low

k and choose xk+1 ∈  Lk.
Step 3 (Oracle call) Compute the data (fxk+1

, ξxk+1
) and (hxk+1

, ζxk+1
).

Step 4 (Bundle management) Set Jk+1 := Jk ∪ {k + 1} if xk+1 is available and
Jk+1 := Jk otherwise. Set k := k + 1 and go back to Step 1.

Note that the algorithm defines the next trial point in the localizer set  Lk.
Hence, for all j ∈ Jk, we have that: (i) fxj + 〈ξxj

,xk+1 − xj〉 ≤ f levk and
(ii) hxj + 〈ζxj

,xk+1 − xj〉 ≤ 0. Using the Cauchy-Schwarz inequality in (i),

we obtain that fxj
− f levk ≤ ‖ξxj

‖‖xk+1 − xj‖ ≤ ‖Λf‖‖xk+1 − xj‖, whereas
inequality (ii) yields hxj ≤ ‖ζxj

‖‖xk+1 − xj‖ ≤ ‖Λh‖‖xk+1 − xj‖. The ex-
istence of finite constants Λf and Λh above is ensured by [32, Proposition
6.2.2], because the oracle errors are bounded, (5) and (6) hold, and G is a
bounded set. By taking Λ := max{Λf , Λh} we have thus shown that

∆k ≤ Fj(f lowk ) = max{fxj
− f levk , hxj

} ≤ Λ‖xk+1 − xj‖ ∀j ∈ Jk . (11)

Theorem 1. For problem (1), assume that f and h are convex, G 6= ∅ is
compact, and that the inexact oracles satisfy (2) and (3). If δtol > 0, then
after finitely many steps Algorithm 1 stops with a (max{2η, ε}+δtol)-solution
to problem (1).

Proof. Suppose that Algorithm 1 does not terminate. In particular, this im-
plies that ∆k > δtol > 0 for all k. Then, using also (11), we obtain that
0 < δtol ≤ Λ‖xk+1−xj‖ for all k and all j ≤ k. This contradicts the fact that
the bounded sequence (xk) ⊂ G has a convergent subsequence. Therefore,
the inequality ∆k ≤ δtol must hold after finitely many steps. Remark 1 then
concludes the proof. ut

As long as xk+1 ∈  Lk and Jk = {1, 2, . . . , k}, the above result ensures con-
vergence (in the given sense) of Algorithm 1 for any nonempty compact set
G, regardless of its structure. For instance, G can be a mixed-integer set, or
even something more complicated. If one can either verify that  Lk is empty
or, otherwise, pick any point in  Lk in some practical/implementable man-
ner, Algorithm 1 is an appealing general strategy, due to its reliability and
simplicity.
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3.3 Exploiting the domain

Let x̂k be the stability center, for instance: the last iterate xk−1, the best
candidate xbest, or another point chosen by some rule. Then, determining
the next trial point xk+1 in  Lk (given in (9)) can be done by minimizing the
distance to the stability center x̂k, i.e., xk+1 solves{

minimize d(x, x̂k)

subject to x ∈  Lk .
(12)

Appropriate choices for the distance function d : Rn × Rn → R+ and for the
stability center x̂k depend on the structure of G. In what follows, we discuss
some possible variants of Algorithm 1 by exploiting this structure.

3.3.1 The combinatorial setting

Let G be composed of binary variables: G = {x ∈ {0, 1}n : Ax ≤ b}, for some
given matrix A ∈ Rm×n and vector b ∈ Rm. Taking d(x, x̂k) := 1

2‖x− x̂k‖22,
we get that d(x, x̂k) = 1

2

∑n
i=1 xi−

∑n
i=1 xix̂i+

1
2

∑n
i=1 x̂i. Hence, the master

problem (12) boils down to the binary LP:
minimize 〈 12111− x̂k,x〉
subject to fxj + 〈ξxj

,x− xj〉 ≤ f levk , j ∈ Jk
hxj

+ 〈ζxj
,x− xj〉 ≤ 0, j ∈ Jk

Ax ≤ b, x ∈ {0, 1}n.

We point out that one does not need to solve this subproblem up to optimality
at every iteration of Algorithm 1: merely a feasible point, or a certificate that
the feasible set is empty, is enough to ensure convergence of the level bundle
method. That said, solving up to optimality may decrease the number of
oracle calls, as reported in [79].

3.3.2 The mixed-integer setting

Suppose that G is the mixed-integer set G = {x = (xc,xi) ∈ Rnc × Zni :
Ax ≤ b} . The work [58] proposes to define the next trial point as (approxi-
mate) solution of the following mixed-integer master problem:
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minimize ‖x− x̂k‖�
subject to fxj + 〈ξxj

,x− xj〉 ≤ f levk , j ∈ Jk
hxj

+ 〈ζxj
,x− xj〉 ≤ 0, j ∈ Jk

Ax ≤ b, x = (xc,xi) ∈ Rnc × Zni ,

(13)

where d(x, x̂k) = ‖x − x̂k‖�, and ‖·‖� is a given norm, for instance the `1,
`∞ or `2 norms. For the two first choices, (13) becomes a MILP, whereas
for ‖·‖� = ‖·‖22 (13) is MIQP. For these choices good numerical results were
reported in [58] for dealing with convex MINLP problems: when compared to
classical methods for this type of problems, the given level bundle methods
could reduce the number of oracle calls in around 22%, which can yield a
significant CPU time reduction depending on the computational cost of the
oracles.

3.3.3 The convex setting

Let now G be a closed convex set, the more friendly setting considered in
most bundle methods in the literature [2, 17, 40, 45, 62]. We stick with the
classical choice for the stability function d(x, x̂k) = 1

2‖x− x̂k‖22, yielding the
following QP master problem:

minimize 1
2‖x− x̂k‖22

subject to fxj
+ 〈ξxj

,x− xj〉 ≤ f levk , j ∈ Jk
hxj + 〈ζxj

,x− xj〉 ≤ 0, j ∈ Jk
x ∈ G .

(14)

The next iterate is therefore the projection of the stability center onto the
localizer set. The projection provides some useful inequalities that permit to
analyze the complexity of Algorithm 1. To this end, let us consider special it-
erations called “critical iterations”, the ones which make significant progress
in the quest of solving (1) or improving the current lower bound f lowk . More
specifically, critical iterations would be indexed by ` and are defined as fol-
lows: set ∆k(0) = ∆0, ` = 0 and update

` := `+ 1, k(`) := k whenever ∆k ≤ (1− γ)∆k(`) or  Lk = ∅ .

We can thus split the iterative process of Algorithm 1 into cycles: denote the
`-th cycle as K` := {k(`), k(`) + 1, . . . , k(`+ 1)− 1}.

Proposition 1. Consider Algorithm 1 and assume that G is a compact con-
vex set with diameter D <∞ and x̂k = x̂ ∈ G is fixed for all k ∈ K`. Then,
any iteration index k ∈ K` with ∆k > δtol > 0 may differ no more from k(`)
than the following bound:
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k − k(`) + 1 ≤
(

ΛD

(1− γ)∆k

)2

.

Proof. It follows from the definition of the cycle K` that f lowk = f lowk(`) and

∆k is nonincreasing for all k ∈ K`. This shows that f levk is nonincreasing as
well. Hence,  Lk ⊂  Lk−1 for all k, k− 1 ∈ K` (because the bundle Jk keeps all
linearizations). Consider the iteration indexed by k− 1 ∈ K`. The projection
of x̂ onto  Lk−1 yields xk and, moreover, the inequality

〈x̂− xk,xk − x〉 ≥ 0 ∀ x ∈  Lk−1 .

As xk+1 ∈  Lk ⊂  Lk−1, the inequality 〈x̂ − xk,xk − xk+1〉 ≥ 0 used in
‖xk+1 − x̂‖22 = ‖xk+1 − xk + (xk − x̂)‖22 gives

‖xk+1 − x̂‖22 ≥ ‖xk − x̂‖22 + ‖xk+1 − xk‖22 .

By employing (11) with j = k and recalling that ∆k > (1 − γ)∆k(`) by the
definition of k(`), we obtain that

D2 ≥ ‖xk+1 − x̂‖22 ≥ ‖xk − x̂‖22 +

(
∆k

Λ

)2

> ‖xk − x̂‖22 +

(
(1− γ)∆k(`)

Λ

)2

.

The result then follows by some simple manipulations of the above relation;
see [2, Lemma 4] for more details. ut

We note that the hypothesis x̂ ∈ G is only used to ensure that the relation
D2 ≥ ‖xk+1 − x̂‖22 holds. In fact, we could use any (non-feasible) stability
center x̂: since G is compact, the distance ‖xk+1 − x̂‖22 would be bounded
by another constant, say D̃2, and the given complexity analysis would hold
with D replaced with D̃. We next estimate the maximum number of oracle
calls to obtain ∆k ≤ δtol.
Theorem 2. Under the assumptions of Proposition 1, assume further that
δtol > 0 in Algorithm 1. Then, to reach an optimality measure ∆k smaller
than δtol > 0 Algorithm 1 performs at most(

1 +
f∗ + η − f low0

γδtol

)(
ΛD

(1− γ)δtol

)2

iterations.

Proof. Notice that every time  Lk is empty the lower bound f lowk of f∗ + η is
increased by an amount of γ∆k (> γδtol). Since f low0 is finite, the maximum
number of cycles `mx times the stepsize γδtol is less than f∗ + η − f low0 , i.e.,
`mx 6 (f∗ + η − f low0 )/(γδtol) . The result then follows from Proposition 1
by noting that each cycle K` has at most (ΛD)2/((1 − γ)δtol)2 iterations.
See [2, Theorem 2] for more details. ut
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Proposition 1 requires the bundle of information Jk to keep all the lineariza-
tions indexed by k ∈ K`. However, the bundle can be managed arbitrarily
at critical iterations k(`): for instance, we could simply empty Jk by keeping
only the new linearization indexed by k(`). We mention that for a limited-
memory variant of Algorithm 1, one needs to include the so-called aggregate
linearizations, as is standard in modern bundle methods; see, for instance,
Step 7 of [2, Algorithm 1].

3.4 Handling oracles with on-demand accuracy

We highlight that Algorithm 1 does not make any special treatment of inexact
data: it works exactly the same way for both exact and inexact oracles. More
efficient variants are obtained if we can control the oracles’ inexactness. We
now address this subject by focusing on oracles with on-demand accuracy.

Following [18], we say that xk ∈ G is an f -substantial iterate if the inexact
value of the function fxk

meets the descent target f tark ∈ R. Similarly, xk ∈ G
is said to be an h-substantial iterate if the inexact constraint value hxk

meets
the feasibility target htark ∈ R. An iterate xk is said to be substantial if
it is both f - and h-substantial. Moreover, we denote with S the index set
gathering iterations that provided substantial iterates. We will refer to S
as the substantial set. The aim of this section is to make a few changes in
Algorithm 1, in order to deal with lower oracles with asymptotically vanishing
errors for substantial iterates. Such oracles are referred to as lower oracles
with on-demand accuracy [2]. They satisfy (2) and (3) with the following
additional assumptions, where 0 ≤ ηk ≤ η, f tark ∈ R and htark ∈ R are given
parameters:  ηsxk

≡ 0 (lower oracle)
ηvxk
≤ ηk if fxk

≤ f tark

εvxk
≤ ηk if hxk

≤ htark .
(15)

This kind of oracles provide information with accuracy up to ηk for substan-
tial iterates.

We emphasize that the assumptions (2) and (3) satisfying also (15) are still
quite general and cover many situations of interest. For given xk and ηk = 0,
the oracle provides exact information if both fxk

and hxk
meet the targets.

Moreover, if both targets f tark and htark are set as +∞ for all iterations and
ηk = 0, then the oracles are exact. Asymptotically exact versions of these
oracles are obtained if f tark = htark = +∞ for all k and ηk → 0. Combinations
between partially exact and asymptotically exact versions are also possible.
For this setting, in order to get an exact solution to problem (1) the algorithm
must force ηk → 0 (only) for substantial iterates.

Let f lowk be a proven lower bound for f∗, the optimal value of (1). At
any substantial iterate j ∈ S, the oracle bound ηj is known and can be
exploited in the definition of the improvement function. We therefore define
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∆k := minj≤k F
S
j (f lowk ) with

FSj (f lowk ) :=

{
max{fxj

− f lowk , hxj
}+ ηj if j ∈ S,

+∞ otherwise.
(16)

Due to the on-demand accuracy assumption, Lemma 9 in [2] ensures that
FSj (f lowk ) ≥ max{f(xj) − f lowk , h(xj)} ≥ 0. Hence, if FSj (f lowk ) = 0 then xj
is an optimal solution to problem (1) and f lowk = f∗. In this case ηj = 0, i.e.,
the oracle is exact at the substantial iterate xj .

In order to obtain ∆k → 0, it is necessary to force ηk to zero for substan-
tial iterates. This can be done by controlling the oracle error in Step 3 of
Algorithm 1 as follows:

Step 3’ (On-demand accuracy)

Step 3.1 (Controlling the error) Update the oracle error by setting
ηk+1 = θ∆k(`), for a given θ ∈ (0, (1 − γ)2) (here k(`) the last criti-
cal iteration).

Step 3.2 (Target Updating) Set f tark+1 = f levk + (1 − γ)∆k and htark+1 =
(1− γ)∆k.

Step 3.3 (Oracle call) Compute the data (fxk+1
, ξxk+1

) and (hxk+1
, ζxk+1

)
satisfying (2), (3) and (15).

We have the following result, whose proof can be found in [2, Theorem 6].

Theorem 3. Consider Algorithm 1 with δtol = 0, Step 3 replaced by Step 3’
above, and optimality certificate given in (16). Let xbestk be the point defining
the value of ∆k. Then ∆k → 0 and every accumulation point of the sequence
(xbestk ) is an exact solution to problem (1).

The interest of using oracles with on-demand accuracy is evident: the al-
gorithm can compute an exact solution to the problem, even though most of
its iterations are inexact. The main idea is that there is no gain in “wasting”
time for computing exact data at non-promising points (whose function val-
ues are greater than the specified targets f tark and htark ). As shown by the
numerical experience in [2, 18,62], for a large battery of stochastic programs
(two-stage, risk-free, risk-averse and chance-constrained ones) it is possible to
save up to 79% of the total computational time (while still finding an exact
solution) just by letting the bundle method control how accurate the oracle
information should be at substantial iterates.

In the linearly-constrained setting, the complexity analysis of level bundle
methods with on-demand accuracy is very similar to the one of exact bundle
methods, which is known for being optimal or nearly-optimal [8,59]. We refer
interested readers to [62, Section 3.2.3] for a formal statement.

We finalize this section by mentioning that there exist specialized inexact
bundle methods dealing with unbounded set G; see [62, Section 4] for oracles
with on-demand accuracy and [48] for the more general setting. However,
none of these works handle nonlinearly constrained problems. Nonlinearly
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constrained problems with unbounded set G are considered in [3], but in a
proximal bundle framework.

4 Inexact proximal bundle methods

For the sake of simplicity, in most part of this section we drop the nonlinear
constraint h in (1) and focus on the simpler setting of{

minimize f(x)

subject to x ∈ G,
(17)

where f : Rn → R is a convex function and G ⊂ Rn is a nonempty convex
and closed set, typically polyhedral. The nonlinearly constrained setting will
be discussed in Subsection 4.4.3.

To deal with problem (17) we now consider proximal bundle methods
[33,43]. As in the level variant, proximal bundle algorithms define new iterates

by making use of a cutting-plane model f̂k for f , a stability center x̂k ∈ G and
a stabilization function d. For the classical choice d(x, x̂k) = 1

2tk
‖x − x̂k‖22,

with tk > 0 a prox-parameter, the new iterate xk+1 of a proximal bundle
algorithm is the solution of the master problem{

minimize f̂k(x) + 1
2tk
‖x− x̂k‖22

subject to x ∈ G .
(18)

As is well known, if G is polyhedral, then (18) is equivalent to solving the
following QP:

minimize r + 1
2tk
‖x− x̂k‖22

subject to fxj + 〈ξxj
,x− xj〉 ≤ r, j ∈ Jk,

x ∈ G, r ∈ R .

It is worth to mention that for the same model f̂k and the same stability
center x̂k, one can find the proximal and level parameters tk and f levk such
that (12) (without the nonlinear constraint h) and (18) generate the same
next iterate xk+1. In this formal theoretical sense, the level and proximal ap-
proaches can be considered equivalent. But the details of the implementation
and practical performance can be quite different. In particular, the key pa-
rameters are updated by strategies which are specific to each of the methods,
and thus the generated iterates are not the same in practice.
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4.1 Descent test and optimality certificate

The stability center in (inexact) proximal bundle methods is usually updated
according to the following descent rule. Let

vk := fx̂k
− f̂k(xk+1), (19)

and let κ ∈ (0, 1) be a parameter.

If fxk+1
≤ fx̂k

− κvk, then x̂k+1 := xk+1; otherwise x̂k+1 := x̂k . (20)

Some other descent rules allowing more flexibility in defining stability centers
(or providing strong convergence in general Hilbert spaces) can be found
in [5, 21,78] and [1], respectively.

Note first that in the setting of inexact oracles one can have vk < 0 in
(19), which renders the descent test (20) meaningless. In the convex case,
this situation can only be caused by the oracle inexactness. The method then
checks whether vk is (or is not) sufficiently positive, to detect when inaccuracy
is becoming excessive/cumbersome. If vk is not (sufficiently) positive, the
method increases the prox-parameter tk. The motivation for this is as follows.
If vk is not positive, (19) suggests that xk+1 does not sufficiently minimize

the model f̂k(·). Increasing tk in (18) decreases the weight of the quadratic

term therein, thus increasing the relative weight of f̂k(·) in the minimization
problem. This has the effect of decreasing the value of the model at candidate
points, eventually (once tk is large enough) making vk in (19) acceptably
positive. Once the latter is achieved, the iteration proceeds as in a standard
bundle method. This procedure is called noise attenuation [38].

In what follows we provide some useful ingredients to check inexact opti-
mality and to keep the bundle of information Jk+1 limited. Assuming G is
polyhedral, or that an appropriate constraint qualification [73] holds in (18),
the optimality conditions for (18) yield that

xk+1 := x̂k − tkξ̂k, with ξ̂k := pfk + pGk ,

where pfk ∈ ∂f̂k(xk+1) and pGk ∈ ∂iG(xk+1), iG being the indicator func-
tion of the set G. Making use of Lagrange multipliers αkj associated to the
constraints fxj

+ 〈ξxj
,xk+1 − xj〉 ≤ r, j ∈ Jk, it further holds that

pfk :=
∑
j∈Jk

αkj ξxj
,
∑
j∈Jk

αkj = 1, αkj ≥ 0, j ∈ Jk .

Such multipliers can be used to save storage without impairing convergence.
More precisely, “inactive” indices, corresponding to αkj = 0, can be dropped

for the next iteration: Jk+1 ⊃ {j ∈ Jk : αkj 6= 0}. An even more economical
model can be constructed using the so-called aggregate linearization
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f̄ka(x) := f̂k(xk+1) + 〈ξ̂k,x− xk+1〉,

which satisfies f̄ka(x) ≤ fk(x) + iG(x) ≤ f(x) + η + iG(x) for all x ∈ Rn,

by the oracle assumptions in (2) and the definition of ξ̂k. As in the exact
proximal bundle methods, this linearization plays an important role in the
bundle management: it can be shown that if the new cutting-plane model is
defined by the minimal bundle Jk+1 := {k + 1, ka}, this is still enough to
ensure convergence.

The following result establishes a helpful connection between the predicted
decrease vk := fx̂k

− f̂k(xk+1) and the aggregate error êk := fx̂k
− f̄ka(x̂k). In

particular, it gives a certificate of (approximate) optimality to problem (17).

Lemma 2. It holds that êk > −2η, vk = êk + tk‖ξ̂k‖22, and

ξ̂k ∈ ∂(êk+2η)[f(x̂k) + iG(x̂k)].

Proof. It follows from the definitions of êk, vk, xk+1 and f̄ka that

êk = fx̂k
− f̄ka(x̂k) = fx̂k

− [f̂k(xk+1) + 〈ξ̂k, x̂k − xk+1〉] = vk − tk‖ξ̂k‖22.

In addition, the oracle definition (2) and inequality f̄ka(x) ≤ f(x) + η for all
x ∈ G give: êk = fx̂k

− f̄ka(x̂k) ≥ (f(x̂k)− η)− (f(x̂k) + η) = −2η .
Let x ∈ Rn be an arbitrary point. Proposition 5 and the oracle assumptions

(2) yield

η + f(x) + iG(x) ≥ f̄ka(x) = f̂k(xk+1) + 〈ξ̂k,x− xk+1〉
= fx̂k

− (fx̂k
− f̂k(xk+1)) + 〈ξ̂k,x− x̂k〉+ 〈ξ̂k, x̂k − xk+1〉

= fx̂k
− (êk + tk‖ξ̂k‖22) + 〈ξ̂k,x− x̂k〉+ 〈ξ̂k, tkξ̂k〉

≥ f(x̂k)− η − êk + 〈ξ̂k,x− x̂k〉 .

Since iG(x̂k) = 0, we conclude that ξ̂k ∈ ∂(êk+2η)[f(x̂k) + iG(x̂k)]. ut
As a consequence of Lemma 2, if for some infinite index set K ⊂ {0, 1, 2, . . .}
we have

lim sup
K3k→∞

êk ≤ 0 and lim
K3k→∞

‖ξ̂k‖2 = 0, (21)

then every accumulation point x̄ of the sequence (x̂k | k ∈ K) satisfies
0 ∈ ∂2η[f(x̄) + iG(x̄)], i.e., x̄ is a 2η-solution to (17). This gives the needed
(approximate) optimality measures.

4.2 Inexact proximal bundle algorithm

We now present an inexact proximal bundle method for convex problems
in the form (17). We refer to [38] for the original algorithm and to [63] for
further enhancements.
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Algorithm 2: Inexact Proximal Bundle Method

Data: Stopping tolerances δtol1 , δtol2 ≥ 0, a descent parameter κ ∈ (0, 1), a stepsize
t0 ≥ t > 0, and τ ∈ [1

2
, 1).

Step 0 (Initialization) Choose a starting point x0 ∈ G, set x̂0 := x0, and call the
oracle to compute (fx0

, ξx0
). Set J0 := {0}, k := 0 and na := 0.

Step 1 (Trial point computation) Find xk+1 solving (18) and let αk denote the

corresponding optimal simplicial multiplier. Compute ξ̂k = (x̂k − xk+1)/tk,

vk = fx̂k
− f̂k(xk+1), and êk = vk − tk‖ξ̂k‖22.

Step 2 (Stopping criterion) If ‖ξ̂k‖2 ≤ δtol1 and êk ≤ δtol2 , stop.

Step 3 (Inaccuracy detection) If êk < −τtk‖ξ̂k‖22, set tk := 10tk, na := k and
loop back to step 1.

Step 4 (Oracle call and descent test) Call the inexact oracle (2) to compute
(fxk+1

, ξxk+1
). If the descent test (20) holds, then declare the iterate serious: set

x̂k+1 := xk+1, na := 0. Otherwise, declare the iterate null: set x̂k+1 := x̂k.
Step 5 (Bundle management) Choose Jk+1 ⊇ {j ∈ J k : αk

j 6= 0} ∪ {k + 1}.
(Another possibility is Jk+1 := {k + 1, ka}.)

Step 6 (Stepsize updating and loop) If the iterate was declared serious, select
tk+1 ≥ tk. If the iterate was declared null, either set tk+1 := tk, or choose
tk+1 ∈ [0.1tk, tk] such that tk+1 ≥ t if na = 0. Increase k by 1 and go to Step 1.

In the exact setting, the aggregate error êk is always nonnegative. This
implies the inequality vk = êk + tk‖ξ̂k‖22 ≥ tk‖ξ̂k‖22 = 1

tk
‖xk+1 − x̂k‖22. The

inaccuracy detection inequality êk < −τtk‖ξ̂k‖22 at Step 3 implies that the
oracle error is too excessive: note that in this case

vk = êk + tk‖ξ̂k‖22 < (1− τ)tk‖ξ̂k‖22 =
1− τ
tk
‖xk+1 − x̂k‖22,

i.e., the predicted decrease is not sufficiently positive. The role of increasing
tk in this situation had been already discussed above.

4.3 Convergence analysis

Throughout this section, we consider Algorithm 2 with δtol1 = δtol2 = 0, ap-
plied to problem (17), assumed to have a solution. The oracle satisfies (2).

We start the analysis considering the infinite noise attenuation loop.

Proposition 2 (Infinite noise attenuation loop). Suppose the algorithm
loops indefinitely between Steps 1 and 3, after the last serious iterate x̄ = x̂k0
is generated. Then (21) holds with K = {0, 1, 2, . . .} and x̄ is a 2η-solution to
problem (17).

Proof. Since the algorithm loops indefinitely between Steps 1 and 3, we have
that êk < −τtk‖ξ̂k‖22 for all k large enough. Then, Lemma 2 ensures that
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−2η ≤ êk < −τtk‖ξ̂k‖22 < 0 for k large enough. Letting k → ∞ in this
relation, and recalling that tk → +∞ by Step 3 of the algorithm, we conclude
that (21) holds. ut

Next, we proceed as usual in proximal bundle methods, with two possi-
bilities: (i) the algorithm generates an infinite sequence of null steps after
a last serious iterate; (ii) an infinite sequence of serious steps is produced.

Note that êk ≥ −τtk‖ξ̂k‖22 for all k yielding either a null or a serious step (as
otherwise the step is that of noise attenuation), and in particular vk ≥ 0 for
such iterations.

The next result addresses item (i). It makes use of the crucial inequality

0 ≥ lim sup
k→∞

[fxk
− f̂k−1(xk)] , (22)

whose proof can be consulted in [38, Lemma 3.3, Eq. (3.6)] or [63, Theorem
6.4 and Section 7.3].

Proposition 3 (Infinite loop of null steps). If the algorithm generates
an infinite sequence of null steps after the last serious iterate x̄ = x̂k0 is
obtained, then (21) holds with K = {0, 1, 2, . . .} and x̄ is a 2η-solution to
problem (17).

Proof. In this case, the descent test (20) never holds for k large enough, i.e.,
fxk+1

> fx̂k0
− κvk. We then obtain that

fxk+1
− f̂k(xk+1) = fxk+1

− fx̂k0
+ (fx̂k0

− f̂k(xk+1))

≥ −κvk + (fx̂k0
− f̂k(xk+1)) = (1− κ)vk ,

where vk ≥ 0 for the type of iterations in considertion. Using (22), we con-

clude that vk → 0. As vk = êk + tk‖ξ̂k‖22, êk ≥ −τtk‖ξ̂k‖22 in this case and
tk ≥ t > 0, the relations (21) follow. ut

We now consider the sequence of serious steps.

Proposition 4 (Infinite number of serious steps). If the algorithm gen-
erates an infinite sequence of serious steps, then the relations in (21) hold
for K = {k ∈ N | the descent test (20) is satisfied for k}, and every accumu-
lation point of (x̂k | k ∈ K) is a 2η-solution to problem (17).

Proof. Let f∗ > −∞ be the optimal value of (17). Then the oracle ensures
that fxk

≥ f∗− η for all k. For k ∈ K, it holds that fx̂k+1
≤ fx̂k

−κvk, where
vk ≥ 0. Then for any k ∈ K, we obtain that

∞ > fx̂0
− (f∗− η) ≥ fx̂0

− fx̂k+1
=

k∑
m=0,m∈K

[fx̂m
− fx̂m+1

] ≥ κ
k∑

m=0,m∈K
vm.
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Letting in the above k → ∞ implies that
∑∞
k=0, k∈K vk is finite, and hence,

vk → 0 as K 3 k →∞. The rest of the reasoning is the same as in the end of
the proof of Proposition 3. ut

Combining Propositions 2, 3 and 4, convergence analysis of Algorithm 2
is now summarized as follows.

Theorem 4. Suppose that the inexact oracle satisfies (2), and that in Al-
gorithm 2 one sets δtol1 = δtol2 = 0. Then the optimality certificate (21)
holds for some index set K, and every accumulation point x̄ of the sequence
(x̂k | k ∈ K) is a 2η-solution to problem (17).

We remark that (x̂k) is guaranteed to be bounded (and thus have ac-
cumulation points) if f has bounded level sets. Indeed, since vk is nonneg-
ative at serious steps, fx̂k

≤ fx̂0
≤ f(x̂0) + η for all k. This shows that

f(x̂k) ≤ f(x̂0) + 2η for all k.
On the other hand, Theorem 4.5 in [63] does not even assume that the

problem has a solution to prove that lim supK3k→∞ fx̂k
≤ infx∈G f(x) + η.

For this, the stopping test of Algorithm 2 has to be changed to the following:
stop when ‖ξ̂k‖ and max{0, êk + 〈ξ̂k, x̂k〉} are small enough. Employing the
latter quantities is useful for proving convergence without imposing bound-
edness on the sequence of serious steps; see [63, Section 4.2] for details.

4.4 Inexact proximal bundle method variants

As for the level bundle method, the proximal bundle algorithm also has many
variants as discussed, for example, in [63, Section 7]. Below we list some of
them. But first, let us note that with exact oracles, Algorithm 2 becomes
one of the usual exact proximal bundle methods. In particular, the noise
attenuation procedure in Step 3 is never triggered (because the aggregate
error is always nonnegative in the exact convex case). Then, Theorem 4 holds
with η = 0.

4.4.1 Partially inexact proximal bundle method

Let the inexact oracle satisfy (2) and (15) with f tark := fx̂k
− κvk. Then,

Algorithm 2 becomes a partially inexact method, in which at serious iterates
evaluations are by an oracle with on-demand accuracy, but null iterates are
of the general inexact type. It can be shown that in this setting the algorithm
computes an exact solution to problem (17), see [63, Section 7.1].
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4.4.2 Incremental proximal bundle method

Suppose that the objective function in (17) has the additive structure, i.e.,
f(x) :=

∑m
i=1 f

i(x), with f i : Rn → R, i = 1, . . . ,m, being convex functions.
For example, this is the case in Lagrangian relaxation of multistage stochastic
integer programming, where every component function f i is the optimal value
of a mixed-integer suproblem

f i(x) :=

{
maximize ϕi(u) + 〈x, ci(u)〉
subject to u ∈ U i ⊂ Rn1 × Zn2 .

(23)

We assume that it is possible for any x and η > 0 to find η-solutions uix to
the problems (23), that is,

uix ∈ U i : ϕi(uix) + 〈x, ci(uix)〉 ≥ f i(x)− η, (24)

yielding f ix = ϕi(uix) and ξix := ci(uix) .

However, the computational effort required may be substantial and will de-
pend on the choice of η. The number of subproblems m may be large, adding
further difficulty to the oracle. It may be possible to simultaneously carry
out more than one such calculation using parallel computing.

In the context in consideration, the only favorable properties of f are its
convexity and the additive structure. Incremental bundle methods [16,60,78]
take advantage of this structure using (possibly inexact) information about
some of the functions f i and their subgradients, but trying to avoid evaluating
all the m functions (i.e., solving all the m subproblems (23)), at least at
certain “unpromising” trial points.

At the k-th iteration of the algorithm, having generated trial points
x1, . . . ,xk and the corresponding lower-oracle pairs (f ixj

, ξixj
) as defined in

(24), the disaggregate model for f is obtained as follows:

fmmmk (x) :=

m∑
i=1

f̂ ik(x) with f̂ ik(x) := max
j∈J i

k

{f ixj
+ 〈ξixj

,x− xj〉} (25)

for some J ik ⊆ {1, . . . , k}. Since the oracle is of the lower type, it can be
shown (see, e.g., [60, Lemma 2.3]) that if J ik ⊃ Jk for all i = 1, . . . ,m, then

f̂k(x) ≤ fmmmk (x) ≤ f(x) for all x, i.e., the inexact disaggregate model fmmmk is a

better approximation of f than f̂k.
Aside from offering greater accuracy, the disaggregate model has another

advantage, which has already been exploited in [16]: it allows for “partial”
oracle evaluations in which information about the value of f at a new trial
point xk+1 may be obtained without calling all the m individual subproblem
oracles (24). Specifically, for any Ik+1 ⊆ {1, . . . ,m}, we have
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fIk+1
:=

∑
i∈Ik+1

f ixk+1︸ ︷︷ ︸
|Ik+1| oracle calls

+
∑

j 6∈Ik+1

f̂ jk(xk+1)

︸ ︷︷ ︸
m−|Ik+1| model
approximations

≤ f(xk+1) . (26)

The inequality (26) holds because f ixk+1
≤ f i(xk+1) and f̂ ik(xk+1) ≤ f i(xk+1)

for i = 1, . . . ,m. Note that the component functions f j with j 6∈ Ik+1 are
not accessed by the oracles.

When examining an iterate xk+1, the method will sometimes not require
the exact value f(xk+1), and will be able to discard the point based only on
the information that f(xk+1) > f tark for some “target” value. If we can check
this condition using a bound of the form fIk+1

as defined in (26), we may
be able to save on oracle calls by calling |Ik+1| < m subproblem oracles at
xk+1, instead of all the m oracles. The pseudo-code below outlines a class of
procedures for attaining this goal by incrementally enlarging the set Ik+1, as
needed.

Algorithm 3: Managing oracle calls

Input: a point xk+1 ∈ G, a target value f tark ∈ R, bounds ηik+1,
i = 1, . . . ,m for the oracle errors.
Initialize Ik+1 ← ∅ and fIk+1

:= f̌k(xk+1)
while |Ik+1| < m and fIk+1

≤ f tark do
Select some nonempty J ⊆ {1, . . . ,m}\Ik+1

for i ∈ J do

Call oracle (24) to compute (f ixk+1
, ξixk+1

) with accuracy

ηik+1 ≥ 0

Set Ik+1 := Ik+1 ∪ J and compute fIk+1
from (26)

Set fxk+1
:= fIk+1

and return Ik+1, fxk+1
, and {(f ixk+1

, ξixk+1
)}
i∈Ik+1

Initially, the algorithm above approximates the value f(xk+1) by using the

cutting-plane models f̂ i, i = 1, . . . ,m. It then selects a set of subproblems
J ⊆ {1, . . . ,m} and calls their oracles. Next, it includes J into the set Ik+1

and updates its estimate fIk+1
of f(xk+1). If this calculation is sufficient to

establish that f(xk+1) > f tark , or already all subproblem oracles have been
called, it exits. Otherwise, it repeats this procedure with another subset J of
oracles.

In serial computing, it would be most economical to fix |J | = 1 and thus
evaluate a single subproblem oracle per iteration. In a parallel setting, it
might be advantageous to choose |J | > 1, and perform the oracle calls con-
currently.

Note that Algorithm 3 is not specific about how to select the set J of
subproblem oracles to invoke at each iteration. Determining the best strategy
for selecting J will likely require some experimental study and could well
be application-dependent. One can imagine greedy strategies in which one
attempts to first select oracles that seem likely to be quick to evaluate, or to
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yield a large increase in the objective estimate, or some combination of these
criteria.

If U i in (23) is a compact set, ci is a continuous function, and errors
ηi ≥ 0 chosen in Algorithm 3 are bounded, then the overall error of the
lower oracle scheme above is bounded regardless of the size of the index set
Ik+1, [60, Lemma 2.5]. Thus, Algorithm 2 can possibly be employed with
Algorithm 3 to explore additive structures in difficult optimization problems.

The recent work [78] proposes a more general family of incremental bundle
methods for problems with additive structure. The methods in [78] require
two additional assumptions, that are satisfied in many relevant applications.
One is that the Lipschitz constant of the functions must be available. The
other is that oracles must also produce upper estimates on the function val-
ues. Exploiting upper estimates is an interesting feature that allows to ap-
proximate function values at points where the oracle had not been called.
Furthermore, the methods in [78] can skip oracle calls entirely for some of
the component functions, not only at null steps as in [60] (and Algorithm 2
above combined with Algorithm 3), but also at serious steps. These meth-
ods can work with oracles whose error bound is either known or unknown.
Furthermore, such oracles may not necessarily be able to attain arbitrary
precision requested by the user/algorithm, or even provide reliable upper
bounds. Of course, when dealing with such general oracles, some properties
of the incremental algorithm might be lost (e.g., exactness of the computed
solution).

4.4.3 Nonlinearly constrained problems

We next comment briefly on inexact proximal bundle methods for nonlinearly
constrained problems of the form (1) where, mostly for simplicity, we consider
that G = Rn.

If the Slater condition holds, i.e., h(z) < 0 for some z ∈ Rn, then the exact
penalty approach can be used. Recall that the Slater condition ensures that
the set of Lagrange multipliers associated to any solution of (1) is nonempty
and bounded [73]. Then, for any ρ greater than the largest Lagrange mul-
tiplier associated to some solution to (1), in principle, problem (1) can be
solved minimizing the exact penalty function

F (x) := f(x) + ρmax{h(x), 0} ,

i.e., the original problem is reduced to the unconstrained setting (17), with
f replaced by F . Note, however, that Lagrange multipliers are obviously
unknown (just like the solution itself), and thus a suitable value of the penalty
parameter ρ is unkown as well. It thus needs to be adjusted along iterations,
using appropriate strategies.
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A more general approach is presented in [72], where a bilevel problem is
considered (i.e., that of minimizing one function over the set of minimizers
of another). The usual constrained optimization case is obtained taking the
lower-level function as a penalization of infeasibility, e.g., max{h(x), 0}. The
method in [72] does not require constraint qualifications, though “penaliza-
tion” is not exact. In [72] exact oracles are assumed, but it should be possible
to introduce inexactness along of nowadays well understood patterns.

Approximations of the constrained problem by bundle-like linearly con-
strained subproblems introduces an exogenous inaccuracy that can be eas-
ily handled together with the genuine errors in the f - and h-oracles. With
a model of the form F̂k(x) := f̂k(x) + ρmax {ĥk(x), 0}, the property that
F̂k(·) ≤ F (·) + ηF (for some overall error ηF ≥ 0) follows from the f - and
h-models and oracles. As already noted, the difficulty lies in estimating the
penalty parameter. Also, in the inexact case, it appears that a more accu-
rate F -oracle is needed. A possible update is ρk = max{ρk−1, λk + 1}, where
λk ≥ 0 is a Lagrange multiplier associated to the solution xk+1 of the QP{

minimize f̂k(x) + 1
2tk
‖x− x̂k‖22

subject to ĥk(x) ≤ 0.

This QP is feasible (by the Slater assumption), and its solution also solves

minimize f̂k(x) + ρk max{ĥk(x), 0}+
1

2tk
‖x− x̂k‖22 ,

for sufficiently large ρk. For the approach to work as the exact penalty
method, ρk needs to stabilize eventually, which requires the Lagrange multi-
plier sequence (λk) to be bounded, e.g., [63, Lemma 7.1]. Once the penalty
parameter stabilizes at a value ρ, Theorem 4 applies to the function F . In
particular, accumulation points of the sequence (x̂k) solve the constrained
problem within an accuracy bound depending also on the asymptotic error
made when estimating the penalty parameter at serious steps.

A specialized inexact proximal bundle method that does not require pe-
nalization is proposed in [3]. Therein, the authors deal with nonlinearly con-
strained convex programs by employing an improvement function that is
slightly more general than the one considered in Section 3.

5 Doubly stabilized bundle method

Consider problem (1) with no h-constraint. As seen in the previous sections,

level bundle methods employ the model f̂k of f in the subproblem’s con-
straints:
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minimize ‖x− x̂k‖22
subject to x ∈  Lk := {x ∈ G | f̂k(x) ≤ f levk }.

(27)

The proximal bundle methods use the model in the the objective function of
the subproblem: {

minimize f̂k(x) + 1
2tk
‖x− x̂k‖22

subject to x ∈ G.
(28)

It is worth to mention that the choice of the parameter tk in the proximal
variant is quite a delicate task. Although the simplest choice tk = t > 0 (for
all k) is enough to prove theoretical convergence, it is well understood that
for practical efficiency tk must be properly updated along iterations. For
level bundle algorithms a fixed level parameter f levk is not possible as this
may give infeasible level sets. But as seen in Section 3, there exist strategies
that manage f levk by simple explicit calculations. To simultaneously compute
trial points and obtain a meaningful update for the prox-parameter tk, the
doubly stabilized bundle method - DSBM - of [14] combines level and proximal
regularizations by adding to (28) the level constraint. More specifically, the
method defines trial points by solving{

minimize f̂k(x) + 1
2tk
‖x− x̂k‖22

subject to x ∈ G and f̂k(x) ≤ f levk .
(29)

We first observe that the above doubly stabilized subproblem can be repre-
sented by 

minimize r + 1
2tk
‖x− x̂k‖22

subject to fxj + 〈ξxj
,x− xj〉 ≤ r, j ∈ Jk,

x ∈ G , r ∈ R and r ≤ f levk .

This QP has just one extra scalar bound constraint compared to the QP
resulting from (28), and one more variable compared to (27). Thus, (29) is
no harder (or at least, cannot be much harder) to solve than (28) or (27).

Overall, there seems to be some consensus that for solving unconstrained
problems proximal bundle methods are very good choices (though updating
tk is not straightforward), while for constrained problems level bundle meth-
ods might be preferable. The doubly stabilized bundle method combines the
attractive features of both approaches in a single algorithm [14]. One advan-
tage when compared to the proximal approach is that the level set constraint
provides a certain Lagrange multiplier, which is used to update the proximal
parameter in a simple manner. When compared to level bundle methods, the
objective function f̂k(x) + 1

2tk
‖x− x̂k‖22 with proximal regularization allows
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for searching for good points inside of the level set  Lk of (27), and not only
on its boundary, as the level method does.

Another interesting feature of the doubly stabilized bundle method is that
exact and inexact data are handled in the same manner, as is the case for
the level variant and in contrast to the proximal.

5.1 Optimality certificate and more

We first state some properties of the minimizer xk+1 in (29).

Proposition 5. If  Lk = {x ∈ G | f̂k(x) ≤ f levk } 6= ∅ then problem (29) has
the unique solution xk+1. In addition, if G is polyhedral or riG∩ {x ∈ Rn :

f̂k(x) 6 f levk } 6= ∅ then there exist pfk ∈ ∂f̂k(xk+1) and pGk ∈ ∂iG(xk+1), and
(scalar) Lagrange multipliers µk > 1 and λk > 0 such that

xk+1 = x̂k − tkµkξ̂k, with ξ̂k = pfk +
1

µk
pGk , (30)

µk = λk + 1 and λk(f̂k(xk+1)− f levk ) = 0.

Furthermore, the aggregate linearization f̄ka(·) := f̂k(xk+1)+〈ξ̂k, ·−xk+1〉
satisfies f̄ka(x) 6 f̂k(x) 6 f(x) + iG(x) + η for all x ∈ Rn, where we assume
that (2) holds for the oracle.

Proof. See [14, Proposition 1].

Interestingly, the Lagrange multiplier µk in Proposition 5 indicates that
the solution xk+1 of (29) either solves the proximal master problem (28), or
the level one (27).

Lemma 3. For tk > 0 and f levk ∈ R, let xprox ∈ G and xlev ∈ G be the
(unique) solutions of problems (28) and (27), respectively. Let xk+1 ∈ G be
the unique solution of problem (29). Then it holds that

xk+1 =

{
xprox if µk = 1,
xlev if µk > 1,

where µk is the Lagrange multiplier defined in Proposition 5.

Proof. The result follows by comparing the optimality conditions of the three
strongly convex subproblems (28), (27) and (29). See [14, Lemma 1] for full
details. ut

It is thus clear that each iteration of the doubly stabilized algorithm makes
either a step of the associated proximal bundle method, or of the level method.
At every iteration, the algorithm makes this choice automatically.
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Once the iterate xk+1 is computed, the oracle provides the new estimate
function value fxk+1

. As in the proximal bundle methods, we shall change
the stability center when the descent test (20) is verified:

fxk+1
6 fx̂k

− κvk .

As before, κ ∈ (0, 1) and vk = fx̂k
− f̂k(xk+1) is the decrease predicted by

the model. It is worth to mention that the level parameter f levk also provides
expected decrease

vlevk := fx̂k
− f levk > 0,

where the inequality follows from the fact that level parameters are chosen
to satisfy f levk < fx̂k

for all k. The following result establishes helpful con-
nections among the predicted decrease vk, the expected decrease vlevk and the
aggregate error

êk = fx̂k
− f̄ka(x̂k).

Proposition 6. It holds that

vk = êk + tkµk‖ξ̂k‖22 > vlevk ,

where µk is the Lagrange multiplier defined in Proposition 5. Moreover, if
µk > 1 then vk = vlevk . Furthermore, it holds that

ξ̂k ∈ ∂(êk+2η)[f(x̂k) + iG(x̂k)].

Proof. It follows from the definition of êk and the left-most formula in (30)
that

êk = fx̂k
− f̄ka(x̂k) = fx̂k

− [f̂k(xk+1) + 〈ξ̂k, x̂k − xk+1〉] = vk − tkµk‖ξ̂k‖22.

In addition, since xk+1 is feasible in (29), we have that f̂k(xk+1) 6 f levk =
fx̂k
− vlevk , which implies vlevk 6 vk. Recall also that if µk > 1 then λk > 0,

in which case (30) implies f̂k(xk+1) = f levk , so that vlevk = vk. The inclusion

ξ̂k ∈ ∂(êk+2η)[f(x̂k) + iG(x̂k)] follows from the same steps in the proof of
Lemma 2. ut

As in the proximal bundle method, we can stop the method when both êk
and ξ̂k are small enough. An alternative stopping test is borrowed from the
level variant: the management of the level parameter f levk provides (inexact)
lower bound f lowk and thus DSBM can stop when fx̂k

− f lowk is small enough.

5.2 Doubly stabilized bundle algorithm

We now present the inexact doubly stabilized algorithm of [14] for convex
problems in the form (17).
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Algorithm 4: Doubly Stabilized Bundle Method

Data: Stopping tolerances δtol1 , δtol2 , δtol3 ≥ 0, descent parameters κ, γ ∈ (0, 1), a
stepsize t0 ≥ t > 0, τ ∈ [1

2
, 1) and vlev0 > 0.

Step 0 (Initialization) Choose a starting point x0 ∈ G, set x̂0 := x0, and call the
oracle to compute (fx0

, ξx0
). Set J0 := {0} and k := 0.

Step 1 (First stopping criterion) Set ∆k := fx̂k
− f low

k . If ∆k ≤ δtol3 , stop.
Step 2 (Trial point computation) Set f lev

k := fx̂k
− vlevk and try to solve (29) to

obtain xk+1 and a Lagrange multiplier λk associated to the level constraint

f̂k(x) 6 f lev
k . Set µk := λk + 1, ξ̂k := (x̂k − xk+1)/(tkµk) and

êk := vk − tkµk‖ξ̂k‖22. If (29) is infeasible set f low
k := f lev

k , vlevk := (1− γ)∆k

and go back to Step 1.
Step 3 (Second stopping criterion) If ‖ξk‖2 ≤ δtol1 and êk ≤ δtol2 , stop.
Step 4 (Oracle call and descent test) Call the inexact oracle (2) to compute

(fxk+1
, ξxk+1

). Set f low
k+1 = f low

k .

• (Serious step) If the descent test (20) holds, then set x̂k+1 := xk+1,
tk+1 := µktk and vlevk+1 := min{vlevk , (1− γ)(fx̂k+1

− f low
k+1)}.

• (Null step) Otherwise, set x̂k+1 := x̂k. If µk > 1 (level iterate) and

êk ≥ −τtkµk‖ξ̂k‖22, set vlevk+1 := γvlevk ; otherwise set vlevk+1 := vlevk . Choose
tk+1 ∈ [t, tk].

Step 5 (Bundle management) Same as Step 5 of Algorithm 2.
Increase k by 1 and go to Step 1.

Observe that the lower bound f lowk is only updated when the level set  Lk is
empty in Step 2. It thus follows from a similar analysis to the one presented
in Lemma 1 that f lowk ≤ f∗+η for all k as long as f low0 is a valid lower bound.
(Note that Algorithm 4 accepts the choice that f low0 := −∞.) Therefore, if
the algorithm stops at Step 1, we have that

δtol3 ≥ fx̂k
− f lowk ≥ f(x̂k)− η − (f∗ + η) ,

i.e., x̂k is a (δtol3 + 2η)-approximate solution to problem (17).
We point out that vlevk > 0 as long as ∆k > 0. This property with Propo-

sition 6 ensures that vk > 0 for all k, i.e., the decent test (20) makes sense
always. This is why Algorithm 4 does not need any additional procedure to
handle inexact data, such as noise attenuation in Algorithm 2.

Step 5 increases the proximal parameter tk only after descent steps result-
ing from level iterations (µk > 1). On the other hand, tk can be decreased
only after null steps. A simple rule used in the numerical experiments of [14]
is tk+1 := max{t, tkvlevk /vk}, which decreases the proximal parameter only
after null steps resulting from proximal iterations (vk > vlevk is only possible
when µk = 1, see Proposition 6). In this manner, the level parameter f levk
and the multiplier µk indicate how to update the proximal parameter tk. This
simple strategy has shown good performance in practice.
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It is interesting to note that if at Step 2 (for all k) one sets f levk = ∞,
Algorithm 4 becomes a proximal bundle algorithm, c.f. Lemma 3.

5.3 Convergence analysis

Convergence analysis of the doubly stabilized bundle method has to account
for all the possible combinations of level and proximal steps, whether null
or descent, and the possibility of empty level sets. To that end the following
three possible cases are considered: (i) the level sets  Lk are empty infinitely
many times; (ii) item (i) does not happen, and infinitely many descent steps
are generated; (iii) in the same situation, finitely many descent steps are
generated. In what follows, we assume that δtol1 = δtol2 = δtol3 = 0 and that
Algorithm 4 does not stop. If the algorithm stops for zero tolerances in Step
1 or Step 3, then the last descent iterate is a 2η-solution to the problem, as
previously mentioned.

Proposition 7 (Infinitely many empty level sets). Suppose the level set
 Lk is empty infinitely many times. Then ∆k → 0.

Proof. Every time  Lk is found to be empty, the lower bound is increased
by vlevk > 0. Since f∗ + η ≥ f lowk for all k, then vlevk → 0. The definition
vlevk := (1− γ)∆k (and monotonicity of (fx̂k

)) yields ∆k → 0. ut

Consider now the case where  Lk 6= ∅ for all k large enough, and there is a
finite number of descent steps.

Proposition 8 (Infinite loop of null steps). If the algorithm generates
an infinite sequence of null steps after a last serious iterate, then (21) holds
with K = {0, 1, . . .}.

The proof of Proposition 8 is rather technical; see [14, Lemma 7].

Proposition 9 (Infinitely many serious steps). If the algorithm gener-
ates an infinite sequence of serious steps, then ∆k → 0 or/and (21) holds for
K = {k ∈ N | the descent test (20) is satisfied for k}.

Proof. Analogously to the proof of Proposition 4, one obtains that vk → 0
as K 3 k → ∞. Proposition 6 then ensures that vlevk → 0 as K 3 k → ∞. If
there exists an infinite subset K′ ⊂ K such that

vlevk+1 = min{vlevk , (1− γ)(fx̂k+1
− f lowk+1)}

for all k ∈ K′ in Step 2, then ∆k → 0 as K′ 3 k → ∞, as well as for
K 3 k →∞. Otherwise, vlevk is decreased during null steps. In the latter case,

the condition êk ≥ −τtkµk‖ξ̂k‖22 holds. Then, as in the proof of Proposition 3,
vk → 0 as K 3 k →∞ implies (21). ut
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Combining all the cases considered above, we conclude the following.

Theorem 5. Suppose that problem (17) has bounded level sets, the inexact
oracle satisfies (2) and that in Algorithm 4 one sets δtol1 = δtol2 = δtol3 = 0.
Then ∆k → 0 or/and the optimality certificate (21) holds for some index
set K. Furthermore, every accumulation point x̄ of the sequence (x̂k) is a
2η-solution to problem (17).

6 Nonconvex objective functions

Consider the problem {
minimize f(x)

subject to x ∈ G,
(31)

where the feasible set G ⊂ Rn is convex and compact, and the objective
function f : Rn → R is proper [66, p. 5], regular [66, Definition 7.25], and
locally Lipschitz-continuous with full domain. Note that f need not be convex.
In this situation, the Clarke subdifferential ∂f(x) is well-defined for x ∈ Rn,
and it can be considered as the convex hull of all possible limits of gradients
at points of differentiablity, for all sequences of such points converging to x.
For alternative definitions of the subdifferential of regular functions, see [66,
Chapter 8].

Again, we are interested in the situations where for a given point, only some
inexact information about the function and subgradient values is available.
For function values, this is modeled the same way as in the convex case above:
for each given x ∈ Rn an oracle returns some estimate fx such that

fx = f(x)− ηvx, (32)

where the sign of errors ηvx ∈ R is not specified (so that the true function
value can be either overestimated or underestimated).

As for approximate subgradients, we note that in the nonconvex case, a
number of different interpretations of inexactness is possible. Here, we adopt
the rather natural view of, e.g., [29, 74]. In particular, we consider that at a
point x ∈ Rn, an element ξx ∈ Rn approximates within tolerance ηsx ≥ 0
some subgradient of f at x if

ξx ∈ ∂f(x) + B̄(0; ηsx), (33)

where B̄(0; ηsx) is the closed (Euclidean) ball of radius ηsx centered at the ori-
gin. This means that there exists some exact subgradient z ∈ ∂f(x) such that
‖ξx − z‖2 ≤ ηsx, i.e., ξx approximates this subgradient z with the tolerance
ηsx ≥ 0.
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The error terms in (32) and (33) are assumed to be uniformly bounded on
the feasible set: for all x ∈ G, it holds that

|ηvx| ≤ ηv and 0 ≤ ηsx ≤ ηs. (34)

However, the error terms themselves, or even their bounds ηv and ηs, are
usually unknown.

6.1 Some examples of inexact nonconvex oracles

Next, we briefly discuss some situations which naturally lead to the setting
of (32), (33) and (34).

Example 6 (Derivative-free optimization). Suppose f is twice continuously
differentiable (generally nonconvex), but only its (exact) function values are
accessible, with no derivatives information available. This is the framework
of derivative-free optimization; see [6, 12]. In this setting, the gradients are
approximated by finite differences, linear interpolation, or other techniques.
Suitable error bounds can be given for a good number of such techniques;
see [12, § 2–5] for some examples. Similar error bounds exist also for a variety
of other (sub-)gradient approximation methods [7, 25, 26, 27, 42]. In general,
these error bounds involve the Lipschitz constant of the true gradient, the
geometry of the sample set of points used to create the approximation, and
the diameter of the sample set. As the sample set is created by the user, its
geometry and diameter are controlled. The compactness of G, in turn, yields
a bound on the Lipschitz constant. One has then the error bound for the
approximated gradients, but the value of the bound is unknown, of course.

ut

Example 7 (H∞-control). In H∞-control [4, 56], certain nonconvex functions
can be locally approximated by using the support function of a compact
set. A detailed explanation of this approximation technique is given in [56,
§ 1.9]. An error bound of the form (32), (33) and (34), is provided in [4,
Lemma 2.1]. Moreover, the function in question is lower-C2 (and therefore
locally Lipschitz) [56, Lemma 9]. ut

Example 8 (Stochastic simulations). When the objective function is provided
through stochastic simulation, the errors in the function and subgradient
evaluations are understood through probability distribution functions. This
encompasses Example 5 above, where also some details are given. ut
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6.2 Models: handling nonconvexity and inexactness

Bundle methods for nonconvex functions using exact information have been
considered in [4, 22,28,36,41,46,47,50,77]. Note that because of nonconvex-
ity, even when exact function and subgradient values are used to build the
cutting-plane model of f , this model can cut the graph of the function (and
thus its minima). In other words, unlike in the convex case, the so-called lin-
earization errors can be negative, even when the data is exact. To deal with
this issue, most methods “downshift” the model, i.e., negative linearization
errors are made nonnegative by “brute force” of downshifting. The method
of [28] also tilts the slopes of the cutting planes, in addition to downshifting.

In the nonconvex case with inexact oracles, negative linearization errors
may be caused by nonconvexity of the function, by inexact data, or by both.
This presents additional challenges. To the best of our knowledge, the only
works which deal with inexact information in bundle methods for nonconvex
functions are [29] and [56]. The method of [56] employs the downshift mecha-
nism that modifies linearization errors if they are negative. The method of [29]
uses the ideas of [28]; in particular, it both downshifts the cutting-planes and
tilts their slopes. We next outline the algorithm of [29].

As in the usual proximal bundle methods, at iteration k one has available
information computed at some previous iterations: in our case, fxj and ξxj

,
j ∈ Jk (j ≤ k), which are the approximate function and subgradient values
satisfying the relations (32), (33), (34) written for x = xj . Among the pre-
vious iterates, one is designated as the stability center x̂k ∈ G (the “best”
point computed so far, with the approximate function value fx̂k

).
Note that the usual cutting-plane model of the objective function f ob-

tained from this information would be given by

max
j∈Jk

{fxj
+ 〈ξxj

, · − xj〉} = fx̂k
+ max
j∈Jk

{−ekj + 〈ξxj
, · − x̂k〉},

where
ekj = fx̂k

− fxj
− 〈ξxj

, x̂k − xj〉 (35)

are the linearization errors. These linearization errors would have been non-
negative in the convex case with exact data, but not in our setting. We thus
introduce the following modified cutting-plane model:

f̂k(x) := fx̂k
+ max
j∈Jk

{−ckj + 〈skj ,x− x̂k〉}, (36)

where in each affine piece both the intercept ckj and the slope skj correspond,
respectively, to the linearization error and an approximate subgradient of
the “locally convexified” function f(·) + βk

2 ‖· − x̂k‖22. The convexification
parameter βk > 0 is adjusted dynamically along iterations, and is taken
sufficiently large to make the intercept ckj nonnegative. Accordingly, each
affine piece has a shifted nonnegative intercept
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0 ≤ ckj := ekj + bkj , where bkj :=
βk
2
‖xj − x̂k‖22, (37)

with ekj given by (35), and a modified slope

skj := ξxj
+ βk(xj − x̂k), (38)

which results from tilting the given approximate subgradient ξxj
at xj by

means of the convexification parameter βk. Any choice of βk that makes cjk
in (37) nonnegative is acceptable; we take

βk ≥ max

{
max

j∈Jk,xj 6=x̂k

−2ekj
‖xj − x̂k‖22

, 0

}
+ γ , (39)

for a (small) positive parameter γ.
Once the cutting-plane model is set up, choosing a prox-parameter tk > 0,

the new iterate is given by xk+1, the solution of the usual subproblem of the
proximal bundle method:{

minimize f̂k(x) + 1
2tk
‖x− x̂k‖22

subject to x ∈ G .
(40)

6.3 Key relations and the stationarity certificate

We next discuss relations between the objects the algorithm constructs based
on solving (40), with the model satisfying (36)–(39), and how these objects
can be related to (approximate) stationarity for problem (31).

First, as (40) has the structure of the usual proximal bundle method sub-
problem, it holds (just as in the convex case), that

xk+1 := x̂k − tkξ̂k, with ξ̂k := pfk + pGk ,

where pGk ∈ ∂iG(xk+1), pfk ∈ ∂f̂k(xk+1), and

pfk :=
∑
j∈Jk

αkj s
k
j ,
∑
j∈Jk

αkj = 1, αkj ≥ 0 j ∈ Jk .

Then the aggregate linearization is given as previously, i.e., f̄ka(x) := f̂k(xk+1)+

〈ξ̂k,x− xk+1〉, and the aggregate error by

êk := f̂k(x̂k)− f̂k(xk+1)− 〈pfk , x̂k − xk+1〉 ≥ 0, (41)
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where the inequality is by the fact that pfk ∈ ∂f̂k(xk+1). It can be further

seen that fx̂k
= f̂k(x̂k), and that

êk = fx̂k
− f̄ka(xk+1) + 〈pfk ,xk+1 − x̂k〉 =

∑
j∈Jk

αkj c
k
j . (42)

For the aggregate linearization, it holds that

f̄ka(x) = fx̂k
+
∑
j∈Jk

αkj (−ckj + 〈skj ,x− x̂k〉) = fx̂k
− êk + 〈pfk ,x− x̂k〉,

where we have used (42). The following result (Lemma 4 below) shows what
the algorithm should aim for, in order to compute (approximate) stationary
points of problem (31).

We note that the proof of Lemma 4 uses the following assumption: “The
number of active indices, i.e., of j ∈ Jk such that αkj > 0, is uniformly
bounded in k”. As a practical matter, this can be readily achieved if D is
polyhedral (the typical case), and an active-set QP solver is employed to
solve subproblems (40) (this is because active-set QP solvers choose linearly
independent bases).

The last assertion in Lemma 4 refers to lower-C1 functions, introduced in
[75]. It is a broad class of locally Lipschitz-continuous functions that contains
lower-C2 functions. One of the equivalent characterizations of f being a lower-
C1 function consists in f being semismooth (see, e.g., [49]) and regular.

Lemma 4. Suppose the cardinality of the set {j ∈ Jk | αkj > 0} is uniformly

bounded in k. If êk → 0 as k → ∞ and, for some subset K ⊂ {1, 2, . . .},
x̂k → x̄, ξ̂k → 0 as K 3 k →∞, with (βk | k ∈ K) bounded, then

0 ∈ ∂f(x̄) + ∂iG(x̄) + B̄(0; ηs). (43)

If, in addition, f is lower-C1, then for each ε > 0 there exists ρ > 0 such
that for all y ∈ G ∩ B̄(x̄; ρ), it holds that

f(y) ≥ f(x̄)− (ηs + ε)‖y − x̄‖2 − 2ηf . (44)

Proof. See [29, Lemma 5]. ut

The result above indicates that to find an approximate stationary point
of problem (31), the algorithm should drive êk and ξ̂k to zero along the
iterations.
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6.4 Inexact nonconvex proximal bundle algorithm

Naturally, êk and ‖ξ̂k‖2 are driven to zero by means of a sufficient descent
condition for the objective function with respect to its value at the stability
center (recall, however, that both are inexact values in our setting). Specifi-
cally, the new iterate xk+1 computed by solving (40) is accepted as the new
stability center if

fxk+1
≤ fx̂k

− κvk, (45)

where κ ∈ (0, 1) and

vk := êk + tk‖ξ̂k‖22. (46)

If (45) does not hold, then a null step is declared and the stability center is
not changed.

Algorithm 5: Inexact Proximal Bundle Method for Nonconvex Func-
tions

Data: Stopping tolerance δtol ≥ 0, a descent parameter κ ∈ (0, 1), convexification
safeguarding parameter γ > 0.

Step 0 (Initialization) Choose a starting point x0 ∈ G, set x̂0 := x0, and call the
oracle to compute (fx0

, ξx0
). Set J0 := {0}, k := 0.

Step 1 (Trial point computation) Find xk+1 solving (40), and let αk
j , j ∈ Jk,

denote the corresponding optimal simplicial Lagrange multipliers. Compute
ξ̂k = (x̂k − xk+1)/tk, êk by (42), and vk by (46).

Step 2 (Stopping criterion) If vk ≤ δtol, stop.
Step 3 (Oracle call and descent test) Call the inexact oracle to compute

(fxk+1
, ξxk+1

). If the descent test (45) holds, then declare the iterate serious: set

x̂k+1 := xk+1. Otherwise, declare the iterate null: set x̂k+1 := x̂k.
Step 4 (Bundle management) Set Jk+1 := {j ∈ J k : αk

j 6= 0} ∪ {k + 1}.
Step 5 (Parameters updating and loop). If the iterate was declared serious, select

tk+1 > 0. If the iterate was declared null, select 0 < tk+1 ≤ tk.
Increase k by 1. Compute the convexification parameter by (39), and the new
intercepts ckj and slopes skj by (37) and (38), respectively.
Go to Step 1.

It is worth noting that, contrary to many nonconvex bundle methods en-
dowed with a linesearch, e.g., [36, 41, 47], Algorithm 5 does not employ line-
search. In [29, Section 5] some explanations are given as to why linesearch is
not required here.
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6.5 Convergence results

Depending on the assumptions about the prox-parameters tk, it can be proven
that the approximate optimality conditions stated in Lemma 4 hold for some
accumulation point of (x̂k); or for all accumulation points of this sequence;
or for the last serious iterate generated. Naturally, it is assumed that δtol = 0
and an infinite sequence (xk) is generated. Convergence results below assume
that the sequence of convexification parameters (βk) is bounded. This had
been shown true for the related algorithm with exact data [28]. In the inexact
setting, no proof is available at this time. The numerical results in [29] indicate
that the assumption is reasonable and appears to hold in computation.

Theorem 6 (Infinitely many serious iterates). Suppose Algorithm 5
generates an infinite number of serious steps. Then vk → 0 as k → ∞. Let
the sequence (βk) be bounded. If

∑∞
k=1 tk = +∞, then as k →∞ it holds that

êk → 0, and there exist K ⊂ {1, 2, . . .} and x̄ such that x̂k → x̄ and ξ̂k → 0
as K 3 k → ∞. In particular, if the cardinality of the set {j ∈ Jk | αkj > 0}
is uniformly bounded in k, then the conclusions of Lemma 4 hold for x̄. If
lim infk→∞ tk > 0, then these assertions hold for all accumulation points of
the sequence (x̂k).

Proof. See [29, Theorem 6].

Theorem 7 (Finite serious steps followed by infinitely many null
steps). Suppose Algorithm 5 generates a finite number of serious iterates,
the last being x̄ := x̂k0 , followed by infinite null steps. Let the sequence (βk)
be bounded and let lim infk→∞ tk > 0. Then xk → x̄, vk → 0, êk → 0 and
ξ̂k → 0. In particular, if the cardinality of the set {j ∈ Jk | αkj > 0} is
uniformly bounded in k, then the conclusions of Lemma 4 hold for x̄.

Proof. See [29, Theorem 7].

We conclude by noting that the convergence results for Algorithm 5 are
quite similar to the ones for the algorithm in [56]. In the latter reference,
the objective function f is either ε-convex or lower-C1, and bounded lower
level sets for f are assumed (instead of boundedness of the feasible set G).
Some details of comparisons between Algorithm 5 and [56] are given in [29,
Section 5].

7 Concluding remarks and research perspectives

We see several possible directions to develop further or broaden optimization
techniques discussed in this work.

One research direction would be extending level bundle methods to deal
with nonconvex objective and/or constraint functions. While proximal bundle
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methods have been adapted to deal with nonconvexity (both in the exact and
inexact settings, see Section 6), no level or doubly stabilized variants exist
for this setting.

Another topic worth to investigate is the handling of inexact oracles in
optimization problems involving Difference-of-Convex (DC) functions. Al-
though practical applications of DC programming involving hard-to-evaluate
functions are known in the literature (see, e.g., [77, Section 5]), currently
available bundle methods for DC programs [13, 23, 34] do not handle noisy
oracles. Extending DC bundle methods to inexact data (with or without on-
demand accuracy) is, in our opinion, a relevant topic for research. Besides,
existent DC bundle methods are all of the proximal type. Investigating level
bundle methods for DC programming may give rise to algorithms possessing
dimension independent iteration complexity, both in the exact and inexact
settings.

Finally, we close this chapter with some words and references on bun-
dle methods software. Due to a large number of possible stability functions,
rules to set parameters, descent and stopping tests, and oracle types, find-
ing the most appropriate (inexact) bundle method for a given application
is not a trivial task for a practitioner, especially when without very spe-
cific knowledge and skills. It therefore would be essential to make available
open-source software (as generic as possible) implementing several variants
of bundle methods. A practitioner could then choose, among many possibili-
ties and upon trying some test problems, the most suitable bundle algorithm
and its parameter settings, to solve her/his problem. Admittedly, there is a
number of bundle software packages that have been around for a while by
now. Still, making available a wide range of options is something that has
not happened as of yet. That said, as many practical problems can be cast
in specific classes of nonsmooth optimization problems such as Lagrangian
relaxation, two-stage stochastic programs and dual decomposition of multi-
stage stochastic programs, some functional and robust computational codes
have been appearing relatively recently, in the last years. Matlab implemen-
tations of some of the algorithms discussed here are freely available on the
first author’s homepage. Other freely available implementations of bundle
methods are:

• C++ codes by Antonio Frangioni can be downloaded from his homepage
http://pages.di.unipi.it/frangio;

• Fortran codes of a variety of bundle methods (convex, nonconvex, mul-
tiobjective, DC) by Napsu Karmitsa and her collaborators can be found
at the link http://napsu.karmitsa.fi;

• Julia codes of several implementations of bundle methods (including the
doubly stabilized bundle method discussed in Section 5) are available in
the open-source and parallel package DSP https://github.com/Argonne-
National-Laboratory/DSP, by Kibaek Kim and Victor M. Zavala.
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18. Fábián, C.I., Wolf, C., Koberstein, A., Suhl, L.: Risk-averse optimization in two-
stage stochastic models: Computational aspects and a study. SIAM Journal on
Optimization 25(1), 28–52 (2015)

19. Fischer, I., Gruber, G., Rendl, F., Sotirov, R.: Computational experience with
a bundle approach for semidefinite cutting plane relaxations of max-cut and
equipartition. Mathematical Programming 105(2), 451–469 (2006)

20. Floudas, C.A.: Generalized Benders Decomposition, 2nd edn. Springer - Verlag
(2009)

21. Frangioni, A.: Generalized bundle methods. SIAM Journal on Optimization
13(1), 117–156 (2002)

22. Fuduli, A., Gaudioso, M., Giallombardo, G.: Minimizing nonconvex nonsmooth
functions via cutting planes and proximity control. SIAM Journal on Optimiza-
tion 14(3), 743–756 (2004)

23. Gaudioso, M., Giallombardo, G., Miglionico, G., Bagirov, A.M.: Minimizing non-
smooth DC functions via successive DC piecewise-affine approximations. Journal
of Global Optimization 71, 37–55 (2018)

24. Genz, A., Bretz, F.: Computation of multivariate normal and t probabilities. No.
195 in Lecture Notes in Statistics. Springer, Dordrecht (2009)

25. Gupal, A.M.: A method for the minimization of almost differentiable functions.
Kibernetika (Kiev) (1), 114–116 (1977)

26. Hare, W., Macklem, M.: Derivative-free optimization methods for finite minimax
problems. Optim. Methods Softw. 28(2), 300–312 (2013)

27. Hare, W., Nutini, J.: A derivative-free approximate gradient sampling algorithm
for finite minimax problems. Computational Optimization and Applications
56(1), 1–38 (2013)
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