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Abstract. The D-gap function has been useful in developing unconstrained descent methods for solving strongly
monotone variational inequality problems. We show that the D-gap function has certain properties that are useful
also for monotone variational inequality problems with bounded feasible set. Accordingly, we develop two un-
constrained methods based on them that are similar in spirit to a feasible method of Zhu and Marcotte based on the
regularized-gap function. We further discuss a third method based on applying the D-gap function to a regularized
problem. Preliminary numerical experience is also reported.

Keywords: monotone variational inequalities, implicit Lagrangian, D-gap function, stationary point, descent
methods

1. Introduction

Consider the monotone variational inequality problem (VI) of finding anx ∈ X satisfying

F(x)T (y− x) ≥ 0 ∀y ∈ X,

whereF = (F1, . . . , Fn)
T : <n 7→<n is a given continuously differentiable monotone map-

ping and X is a nonempty closed convex set in<n. This is a well-known problem in
optimization (see [7] and references therein). For eachα > 0, denote

yα(x) := ProjX[x − αF(x)] ∀x ∈ <n, (1)

where ProjX[z] = miny∈X ‖y − z‖. It is well known and easily shown thatx solves VI if
and only ifx = yα(x).

A popular approach to solving VI entails reformulating VI as an equivalent minimization
problem. In particular, Auslender [3] suggested the equivalent problem of minimizing the
(nondifferentiable, and possibly extended-valued)gapfunction:

g(x) := max
y∈X

F(x)T (x − y),
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subject tox ∈ X. To overcome the nondifferentiability ofg, Fukushima [8] and Auchmuty
[2] independently proposed theregularized-gapfunction:

gα(x) := max
y∈X

F(x)T (x − y)− 1

2α
‖x − y‖2

= F(x)T (x − yα(x))− 1

2α
‖x − yα(x)‖2, (2)

which is continuously differentiable. Moreover, Fukushima showed that any stationary
point x∗ of the problem minx∈X gα(x) with ∇F(x∗) positive definite is a solution of VI.
Fukushima further developed a feasible descent method, based on the (derivative-free)
descent directionyα(x) − x, for solving VI and showed convergence whenF is strongly
monotone. Zhu and Marcotte [33] proposed an interesting modification of Fukushima’s
method whereby, given a current iteratex ∈ X, it either takes a descent step with direction
yα(x) − x or increasesα. Convergence of this method was shown assumingX bounded
(F need not be strongly monotone).

In the above reformulations,x is constrained to the feasible setX. More recently,
Mangasarian and Solodov [16] proposed in the case of NCP (i.e.,X = <n

+) a reformulation
involving the unconstrained minimization of an implicit Lagrangian. This was subsequently
extended by Peng [20] and then Fukushima et al. [31] to theD-gapfunction:

hα,β(x) := gα(x)− gβ(x) ∀x ∈ <n, (3)

with α >β >0. The implicit Lagrangian corresponds to the caseα >1 andβ = 1/α (see
[24] for a survey of its properties and further references). It was shown [20, 30, 31] that
this function is continuously differentiable and any stationary pointx∗ of the problem
minx∈<n hα,β(x) with ∇F(x∗) positive definite is a solution of VI. And ifX is a box,
then∇F(x∗) only needs to be aP-matrix [11]. Based on this fact, unconstrained descent
methods were developed to solve VI, and convergence to a solution was shown whenF
is strongly monotone or, ifX is a box, whenF is a uniformly P-function. The reference
[11] reported particularly promising numerical results with a truncated Gauss-Newton-type
method. Other properties of the D-gap function such as boundedness of level sets and
error bounds were also studied in these references, as well as [12, 21, 22]. [Fukushima
et al. considered the more general setting where‖x − y‖2/2 is replaced by a class of
distance-like functionsφ(x, y) studied by Wu et al. [28].] Extensions of some of the
results to nonsmoothF were given by Jiang [10] and Xu [32]. Sun et al. [27] introduced a
computable generalized Hessian of the D-gap function, based on which a (local) generalized
Newton method and a (global) trust-region algorithm for solving VI were developed. Peng
and Fukushima [21] proposed a hybrid Josephy-Newton method, with the D-gap function
acting as a merit function and its negative gradient used as a safeguard descent direction.
AssumingF strongly monotone, global convergence and local superlinear convergence to
a solution are shown. Peng et al. [22] refined this result for the case of box constraints, with
strong monotonicity replaced byF being a uniformlyP-function. For the box-constrained
case, Kanzow and Fukushima [12] proposed an alternative Newton method based on the
B-subdifferential of the natural residual. Accordingly, global convergence (to stationary
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point of D-gap function), local superlinear convergence (to b-regular solution), and finite
termination (at b-regular solution, assumingF is affine) are shown. Promising numerical
results are reported in [12, 22]. The survey papers [9, 14] give additional references on
merit functions for VI.

The following (slightly modified) example of Yamashita and Fukushima [30]:

n = 1, F(x) = (x − 1)3− 1, X = <+, (4)

shows that computing a stationary point of the implicit Lagrangian and the D-gap function
may not be suitable whenF is only monotone. Here,x = 1 is a stationary point ofhα,β for
all α > β > 0 but is not a solution of the VI, which occurs atx = 2. A closer examination
of this example reveals thatX being unbounded is also critical. In particular, if we replace
X by a bounded subset containing the solutionx = 2, sayX = [0, u] with u> 2, then for
anyα ≥ u and 0< β < α, we have thatx = 2 is the unique stationary point ofhα,β . This
suggests that, forX bounded andα sufficiently large, it may still be possible to solve the
VI by computing a stationary point ofhα,β . In this paper, we show that this intuition is
essentially valid. Based on this, we develop two methods, in the spirit of the Zhu–Marcotte
method but using the D-gap function, to solve monotone VI with bounded feasible setX.
The key to our methods is a strategy for adjustingα andβ when a stationary point ofhα,β is
not a solution of VI. For the purposes of comparison, we also study a regularization method
based on computing an approximate stationary point of the D-gap function associated with
a regularized VI. Preliminary numerical experience with the two methods is reported in the
last section.

The assumption ofX being bounded seems reasonable since in practice, upper bounds
are frequently placed on variables based on physical considerations. IfX is unbounded
but it is known that the solution setSmakes a nonempty intersection with the interior of a
closed bounded convex setB, then we can replace the feasible setX by X ∩ B and the new
VI would haveS∩ B as its solution set.1 Thus, if we have ana priori error bound of the
form:

‖x0− x∗‖ < τgα(x
0) ,

with x0∈ X andα >0, τ >0 known andx∗ an (unknown) solution, then we can takeB to be
the closed Euclidean ball of radiusτgα(x0) and centered atx0. The above error bound holds
in the case whereF is strongly monotone [26] or whereX is a box andF is a uniformly
P-function (see Theorem 1). Of course, an error bound based on any other merit function
can be used (although other bounds typically require stronger assumptions than the one
using the regularized-gap function). For the case of monotone LCP, even more choices are
available (see the survey paper [19] and references therein).

In our notation, all vectors are column vectors,<n denotes the space ofn–dimensional
real column vectors,T denotes transpose,<n

+ denotes the nonnegative orthant in<n. For
any vectorx ∈ <n, we denote byxi thei th component ofx and by‖x‖ the Euclidean norm
of x, so‖x‖ =

√
xT x. We denote the Jacobian ofF by∇F = [∇F1 · · · ∇Fn], where∇Fi

denotes the gradient ofFi . Also, we denote diam(X) = maxx,y∈X ‖x − y‖.
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2. Regularized-gap function

By definition of yα(x) and properties of projection, we have(
F(x)+ 1

α
(yα(x)− x)

)T

(x − yα(x)) ≥ 0 ∀x ∈ X,

so that (2) yields

gα(x) ≥ 1

2α
‖x − yα(x)‖2 ∀x ∈ X . (5)

Thus, for anyα > 0, x ∈ X andgα(x) = 0 imply x solves VI.
It is well known thatgα is continuously differentiable on<n and that

∇gα(x) = ∇F(x)(x − yα(x))+ F(x)+ 1

α
(yα(x)− x) ∀x ∈ <n. (6)

Then (6) and the positive semidefinite property of∇F(x) yield

∇gα(x)
T (x − yα(x))

= (x − yα(x))
T∇F(x)(x − yα(x))+ F(x)T (x − yα(x))− 1

α
‖x − yα(x)‖2

≥ F(x)T (x − yα(x))− 1

α
‖x − yα(x)‖2

= gα(x)− 1

2α
‖x − yα(x)‖2, (7)

where the last equality uses (2). Thus, for any fixedγ ∈ (0, 1),

either (i) ∇gα(x)T (yα(x)− x) ≤ −γgα(x) ,

or else (ii) (1− γ )gα(x) ≤ 1
2α‖x − yα(x)‖2 .

This fact was shown by Zhu and Marcotte [33, Cor. 1], although our proof seems simpler.
AssumingX is bounded, Zhu and Marcotte then used this fact to develop a modification of
a feasible descent method of Fukushima [8] that, given a current iteratex ∈ X andα >0,
either takes a feasible descent step with directionyα(x) − x (and usinggα as the merit
function) if case (i) occurs or else increasesα with x fixed until case (i) occurs.2

We conclude this section with an error bound result for the case whereX is a box andF
is a uniformlyP-function on the setX, i.e., there exists someµ > 0 such that

∀ x, y ∈ X ∃ j ∈ {1, . . . ,n} such that(Fj (x)− Fj (y))(xj − yj ) ≥ µ‖x − y‖2 .

This result seems to be the first error bound for the case of box-constrained VI which does
not requireF to be Lipschitz continuous. For the case of NCP, such bounds (based on other
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merit functions) have been obtained in [13, 29]. Our proof is in the spirit of one used in
[26, Prop. 3.4] for the case whereF is strongly monotone.

Theorem 1. Assume X=5n
i=1[l i , ui ] for some−∞≤ l i < ui ≤∞, and F is a uniformly

P-function on X with modulusµ > 0. Then for anyα > 1/(2µ) it holds that

∀x ∈ X, gα(x) ≥
(
µ− 1

2α

)
‖x − x∗‖2 ,

where x∗ is the solution of VI(known to exist and be unique).

Proof: Sincex∗ is the solution of VI andX is a box, it is known and easily seen that

∀x ∈ X , Fi (x
∗)(xi − x∗i ) ≥ 0, i = 1, . . . ,n .

SinceF is a uniformlyP-function onX, for any fixedx ∈ X we have that there exists some
index j such that

(Fj (x)− Fj (x
∗))(xj − x∗j ) ≥ µ‖x − x∗‖2 .

Adding the two inequalities, we obtain that

Fj (x)(xj − x∗j ) ≥ µ‖x − x∗‖2 . (8)

Observe further that

gα(x) = max
y∈X

F(x)T (x − y)− 1

2α
‖x − y‖2

= max
y∈X

n∑
i=1

(
Fi (x)(xi − yi )− 1

2α
(xi − yi )

2

)
=

n∑
i=1

max
l i≤yi≤ui

(
Fi (x)(xi − yi )− 1

2α
(xi − yi )

2

)
=

n∑
i=1

gi
α(x),

where

gi
α(x) := max

l i≤yi≤ui

(
Fi (x)(xi − yi )− 1

2α
(xi − yi )

2

)
.

Clearly, if x ∈ X thengi
α(x) ≥ 0 for all i (becauseyi = xi is feasible). Hence,

gα(x) ≥ gj
α(x) . (9)
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Furthermore, sincex∗ ∈ X we have that

gj
α(x) = max

l j≤yj≤u j

(
Fj (x)(xj − yj )− 1

2α
(xj − yj )

2

)
≥ Fj (x)(xj − x∗j )−

1

2α
(xj − x∗j )

2

≥ µ‖x − x∗‖2− 1

2α
‖x − x∗‖2

=
(
µ− 1

2α

)
‖x − x∗‖2 ,

where the last inequality follows from (8) and from the monotonicity of the norm. Taking
into account (9) completes the proof. 2

3. D-gap function

In this section we derive useful properties of the D-gap functionhα,β which we use in the
next section to develop two methods for solving VI whenX is bounded. We begin with the
following two-sided bound onhα,β , which is an analog of (5).

Lemma 1. For anyα > β > 0 and x∈ <n, we have

hα,β(x) ≥ 1

2

(
1

β
− 1

α

)
‖x − yβ(x)‖2+ 1

2α
‖yα(x)− yβ(x)‖2, (10)

hα,β(x) ≤ 1

2

(
1

β
− 1

α

)
‖x − yα(x)‖2− 1

2β
‖yα(x)− yβ(x)‖2. (11)

Proof: First note that by (3) and (2), we have that

hα,β(x) = F(x)T (yβ(x)− yα(x))− 1

2α
‖x − yα(x)‖2+ 1

2β
‖x − yβ(x)‖2.

Using this relation, the projection properties ofyα(x) imply

0 ≤
(

F(x)+ 1

α
(yα(x)− x)

)T

(yβ(x)− yα(x)) (12)

= hα,β(x)− 1

2

(
1

β
− 1

α

)
‖x − yβ(x)‖2− 1

2α
‖yα(x)− yβ(x)‖2 .

This proves (10). Similarly, the projection properties ofyβ(x) imply

0 ≤
(

F(x)+ 1

β
(yβ(x)− x)

)T

(yα(x)− yβ(x)) (13)

= −hα,β(x)− 1

2

(
1

α
− 1

β

)
‖x − yα(x)‖2− 1

2β
‖yβ(x)− yα(x)‖2 ,

which proves (11). 2
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Thus, for anyα > β > 0, hα,β(x) = 0 impliesx solves VI. The bounds in Lemma 1 are
tight. In particular, supposeF is a constant (but nonzero) function andx = x∗ − tF(x∗),
wherex∗ is any solution of the VI andt is any positive number. Thenxα(x) = xβ(x) = x∗

for everyα > β > 0, so (10) and (11) hold with equality. Notice thatx is far away fromX
for larget .

Using (3) and (6), we have thathα,β is continuously differentiable on<n and that

∇hα,β(x) = ∇F(x)(yβ(x)− yα(x))+ 1

α
(yα(x)− x)− 1

β
(yβ(x)− x) ∀x ∈ <n.

(14)

Then (14) and the positive semidefinite property of∇F(x) yield

∇hα,β(x)
T (yβ(x)− yα(x))

= (yβ(x)− yα(x))
T∇F(x)(yβ(x)− yα(x))

+
(

1

α
(yα(x)− x)− 1

β
(yβ(x)− x)

)T

(yβ(x)− yα(x))

≥
(

1

α
(yα(x)− x)− 1

β
(yβ(x)− x)

)T

(yβ(x)− yα(x))

=: eα,β(x) ≥ 0 , (15)

where nonnegativity ofeα,β(x) follows from adding the inequalities (12) and (13) (see also
[31, Lemma 3.2]). The inequality (15) is somewhat analogous to (7). In particular, either
eα,β(x) is above a toleranceε > 0, in which caseyα(x)− yβ(x) is a direction of sufficient
descent forhα,β at x or else, as we show in the lemmas below,x is an approximate solution
of the VI with accuracy depending onε, α, β. This result will lead to our methods based
on the D-gap function.

Lemma 2. For anyα > β > 0 and x∈ <n, we have

‖x − yβ(x)‖ ≤
√

2hα,β(x)/(1/β − 1/α) and (16)

rα,β(x) ≤ gα(x) ≤ rα,β(x)+ eα,β(x)+ 1

2α
‖yα(x)− yβ(x)‖2 , (17)

where we let rα,β(x) := F(x)T (x − yβ(x))− 1
2α‖x − yβ(x)‖2.

Proof: Inequality (16) follows immediately from (10) of Lemma 1.
The definition of the regularized-gap function (2) implies that

gα(x) = max
y∈X

F(x)T (x − y)− 1

2α
‖x − y‖2 ≥ rα,β(x) ,

proving the first inequality in (17).



262 SOLODOV AND TSENG

Sinceeα,β(x) is the sum of the nonnegative quantity(F(x)+ 1
α
(yα(x)− x))T (yβ(x)−

yα(x)) with another nonnegative quantity (see (12) and (13)), we have

eα,β(x) ≥
(

F(x)+ 1

α
(yα(x)− x)

)T

(yβ(x)− yα(x))

= gα(x)− rα,β(x)− 1

2α
‖yα(x)− yβ(x)‖2,

where the equality also uses (2). Thus,

gα(x) ≤ rα,β(x)+ eα,β(x)+ 1

2α
‖yα(x)− yβ(x)‖2 ,

which is the second inequality in (17). 2

In the special case whereX is a box, we can sharpen Lemma 2 further to obtain explicit
bounds onyα(x)− x andyβ(x)− x in terms ofeα,β(x), α, β.

Lemma 3. Assume X=5n
i=1[l i , ui ] for some−∞< l i < ui <∞. For anyα >β >0 and

x ∈<n, we have for each i∈ {1, . . . ,n} that

either |(yα(x)− x)i | ≤
√

eα,β(x)+
√

2hα,β(x)/(1/β − 1/α)

or
1

β
|(yβ(x)− x)i | ≤

√
eα,β(x)+ 1

α
(ui − l i +

√
2hα,β(x)/(1/β − 1/α)). (18)

Proof: First, it is easily seen that the projection operator in this case is separable, and
therefore the right-hand side of (15) is nonnegative componentwise, i.e.,(

1

α
(yα(x)− x)i − 1

β
(yβ(x)− x)i

)
(yβ(x)− yα(x))i ≥ 0, i = 1, . . . ,n.

Since their sum equalsε := eα,β(x), then each term is belowε. Thus, for eachi ∈ {1, . . . ,n},
either (i)| 1

α
(yα(x)− x)i − 1

β
(yβ(x)− x)i | ≤ √ε or (ii) |(yβ(x)− yα(x))i | ≤ √ε. In case

(ii),

√
ε ≥ |(yα(x)− yβ(x))i | = |(yα(x)− x)i + (x − yβ(x))i |
≥ |(yα(x)− x)i | − |(x − yβ(x))i | ,

so that (10) yields

|(yα(x)− x)i | ≤
√
ε + |(x − yβ(x))i | ≤

√
ε +√2hα,β(x)/(1/β − 1/α) .

In case (i),

√
ε ≥

∣∣∣∣ 1β (yβ(x)− x)i − 1

α
(yα(x)− x)i

∣∣∣∣ ≥ 1

β
|(yβ(x)− x)i | − 1

α
|(yα(x)− x)i |,
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so that (10) yields

1

β
|(yβ(x)− x)i | ≤

√
ε + 1

α
|(yα(x)− x)i |

≤ √ε + 1

α
(|(yα(x)− yβ(x))i | + |(yβ(x)− x)i |)

≤ √ε + 1

α
(ui − l i +

√
2hα,β(x)/(1/β − 1/α)). 2

Lemmas 2 and 3 show that the accuracy of solutionx depends onα, β. In particu-
lar, to improve on the accuracy, we need to increaseα and/or decreaseβ and decrease
hα,β(x)/(1/β − 1/α). The next lemma shows that, forx fixed, we can increaseα and
decreaseβ without increasinghα,β(x)/(1/β − 1/α). In fact, the latter would go to zero
whenx ∈ X. This is key to developing a strategy for adjustingα andβ to improve the
accuracy of solution.

Lemma 4. Assume X is bounded. For anyα > β > 0 and x∈ <n, we have

lim
β ′→0

sup
α′≥α

hα′,β ′(x)/(1/β
′ − 1/α′) ≤ hα,β(x)/(1/β − 1/α),

with equality holding only if yα(x) = yβ(x) = ProjX[x]. If x ∈ X, then the left-hand side
equals zero.

Proof: Let x̄ = ProjX[x]. We have from (10) that

2hα,β(x)/(1/β − 1/α) ≥ ‖x − yβ(x)‖2+ 1

α(1/β − 1/α)
‖yα(x)− yβ(x)‖2

≥ ‖x − x̄‖2,

with equality holding throughout only ifyα(x) = yβ(x) = x̄. [Notice that‖x − yβ(x)‖ ≥
‖x − x̄‖, with equality holding if and only ifyβ(x) = x̄.] Using (2) and (3), we also have
for all α′ ≥ α and 0< β ′ ≤ β that

2hα′,β ′(x)/(1/β
′ − 1/α′)

≤ 2hα′,β ′(x)/(1/β
′ − 1/α)

=
(

2F(x)T (yβ ′(x)− yα′(x))− 1

α′
‖x − yα′(x)‖2+ 1

β ′
‖x − yβ ′(x)‖2

)
×(1/β ′ − 1/α)−1

≤
(

2‖F(x)‖diam(X)+ 1

β ′
‖x − yβ ′(x)‖2

)/
(1/β ′ − 1/α).

The right-hand side approaches‖x − x̄‖2 asβ ′ → 0, yielding an upper bound. A similar
argument shows this is also a lower bound. Ifx ∈ X, thenx = x̄ and the right-hand side
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approaches zero asβ ′ → 0. [In fact, it can be seen that‖x − yβ ′(x)‖ ≤ β ′‖F(x)‖, so the
right-hand side is in the order ofβ ′.] 2

Recall that a stationary pointx of hα,β is a global minimum whenever∇F(x) is positive
definite [20, 30, 31]. The following lemma extends this result to give an explicit bound
on hα,β(x) in terms of‖∇hα,β(x)‖ whenever∇F(x) is positive definite (x need not be a
stationary point). This bound will suggest good choices of the functionφ used in Algorithm 2
(see Theorem 3(b)).

Lemma 5. For anyα > β > 0 and x∈ <n, if min‖u‖=1 uT∇F(x)u ≥ σ for someσ > 0,
then

hα,β(x)

1/β − 1/α
≤ 1

2

(‖∇F(x)‖
σ

+ 1

βσ
+ 1

)2(‖∇hα,β(x)‖
1/β − 1/α

)2

.

Proof: First note that by (11),

hα,β(x) ≤ 1

2

(
1

β
− 1

α

)
‖x − yα(x)‖2 . (19)

We have from (15) that

∇hα,β(x)
T (yβ(x)− yα(x)) = (yβ(x)− yα(x))

T∇F(x)(yβ(x)− yα(x))+ eα,β(x)

≥ σ‖yβ(x)− yα(x)‖2.

Letting ε := ‖∇hα,β(x)‖, this implies

‖yβ(x)− yα(x)‖ ≤ ‖∇hα,β(x)‖/σ = ε/σ,

which together with (14) yields

ε =
∥∥∥∥(∇F(x)− 1

β
I

)
(yβ(x)− yα(x))+

(
1

α
− 1

β

)
(yα(x)− x)

∥∥∥∥
≥
(

1

β
− 1

α

)
‖yα(x)− x‖ −

∥∥∥∥∇F(x)− 1

β
I

∥∥∥∥ ‖yβ(x)− yα(x)‖

≥
(

1

β
− 1

α

)
‖yα(x)− x‖ −

(
‖∇F(x)‖ + 1

β

)
ε

σ
.

Rearranging terms gives(
1

β
− 1

α

)
‖yα(x)− x‖ ≤

(‖∇F(x)‖
σ

+ 1

βσ
+ 1

)
ε.

Combining the latter relation with (19) yields the desired result. 2
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4. Two methods based on D-gap function

We formally describe our first method below. We then analyze its convergence using
Lemma 2.

Algorithm 1. Choose any x0 ∈ <n, anyα0 > β0 > 0. Choose any sequences of numbers
εk > 0, ηk ≥ 0, θk ∈ [0, 1), k = 1, 2, . . . , such that

lim
k→∞

εk = lim
k→∞

ηk/(1− θk) = 0,
∞∑

k=1

(1− θk) = ∞. (20)

For k = 1, 2, . . . , we iterate as follows:

Iteration k. Choose anyαk ≥ αk−1. Chooseβk ≤ βk−1 andx̂k ∈ <n satisfying

hαk,βk(x̂k)/(1/βk − 1/αk) ≤ ηk + θkhαk−1,βk−1(xk−1)/(1/βk−1− 1/αk−1), (21)

Apply a descent method to the unconstrained minimization of the function hαk,βk , with x̂k

as the starting point and using yαk(x)− yβk(x) as a safeguard descent direction at x, until
the method generates an x∈ <n satisfying eαk,βk(x) ≤ εk. The resulting x is denoted xk.

Note1. Since we apply a descent method at iterationk, we havehαk,βk(xk) ≤ hαk,βk(x̂k),
so (21) implies

hαk,βk(xk)/(1/βk − 1/αk) ≤ ηk + θkhαk−1,βk−1(xk−1)/(1/βk−1− 1/αk−1) . (22)

In fact, this andeαk,βk(xk) ≤ εk are the only conditions onxk needed for the convergence
proof of Theorem 2 so, in particular, the descent method can use nonmonotone linesearch
for practical efficiency [11].

Note2. There are many choices forεk, such asεk= 1/k or εk= (1/2)k, and similarly for
ηk. We can also choose them adaptively, say, depending onxk−1. For example, we can
setεk = εk−1 if ‖xk−1− yβk−1(xk−1)‖/βk−1 is below a desired threshold; otherwise we set
εk = εk−1/2, say. Alternatively, as will be clear from the subsequent analysis, we can set
εk to be any quantity that is known to go to zero wheneverak := hαk,βk(xk)/(1/βk−1/αk)

goes to zero. For example,εk can be any forcing function ofak or of ‖xk − yβk(xk)‖.

Note3. There are many choices forαk. For example, we can choose it adaptively such as

αk =
{
αk−1 if hαk−1,βk−1(xk−1) ≤ νk−1

µαk−1 else,
(23)

whereµ > 1 and{νk}k=0,1,... is a sequence of positive numbers tending to zero. Givenαk,
we can choosêxk to be any element ofX and then chooseβk ≤ βk−1 sufficiently small so
that (21) holds. By Lemma 4, this is possible. For warm start, the choices

x̂k = yβk−1(xk−1) or x̂k = ProjX[xk−1]
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are possibilities. Ifhαk,βk(xk−1)/(1/βk − 1/αk) is strictly less than the right-hand side of
(21), we can alternatively choose

x̂k = xk−1

and chooseβk ≤ βk−1 sufficiently small so that (21) holds. By Lemma 4, this is possible.

Note4. Algorithm 1 is aderivative-freemethod in the sense that one need not compute
the gradient of the D-gap function (and hence, the Jacobian ofF) to obtain a direction of
descent or to perform a linesearch along this direction. This is a useful feature for the case
where the gradient is not available or is costly to compute. In this respect, the method is
much in the spirit of the algorithms in [8, 15, 17, 29, 30].

Theorem 2. Assume X is bounded. Let{(xk, αk, βk, εk, ηk, θk)}k=0,1,... be generated by
Algorithm 1. Then, {xk} is bounded and its every cluster point is in X. If we choose
αk →∞ or αk is chosen by(23), then every cluster point of{xk} is a solution of VI.

Proof: Denoteak := hαk,βk(xk)/(1/βk − 1/αk). By (22), we haveak ≤ ηk + θkak−1

for k = 1, 2, . . . , and it follows from (20) thatak → 0 [23, Lemma 3, p. 45]. For each
k ∈ {1, 2, . . .}, we have from Lemma 2 that (16) and (17) hold withα = αk, β = βk,
x = xk. This together witheαk,βk(xk) ≤ εk and‖yαk(xk)− yβk(xk)‖ ≤ diam(X) yields

‖xk − yβk(xk)‖ ≤
√

2ak, r k ≤ gαk(xk) ≤ r k + εk + diam(X)2

2αk
, (24)

wherer k := F(xk)T (xk−yβk(xk))− 1
2αk ‖xk−yβk(xk)‖2. Sinceak → 0, the first inequality

in (24) impliesxk is bounded and its every cluster point is inX. Moreover, this also implies
r k → 0.

Thus, ifαk → ∞, then the last two inequalities in (24) yieldgαk(xk) → 0. Since for
eachy ∈ X, we have from (2) that

gαk(xk) ≥ F(xk)T (xk − y)− 1

2αk
‖xk − y‖2,

this yields 0≥ F(x∞)T (x∞ − y) for each cluster pointx∞ of {xk}. Thus, each cluster
point x∞ solves VI.

Alternatively, ifαk is chosen by (23), withµ > 1 andνk → 0, then either (i)αk →∞,
which can be treated as above, or (ii)αk is constant for allk exceeding somēk, which
implies for allk ≥ k̄ thathαk̄,βk(xk) ≤ νk → 0. Since, by (10),

hαk̄,βk(xk) ≥ 1

2αk̄
‖yαk̄(xk)− yβk(xk)‖2 ∀k ≥ k̄,

it follows that in case (ii)‖yαk̄(xk) − yβk(xk)‖ → 0. Taking further into account the first
relation in (24) andak → 0, we conclude that‖xk − yαk̄(xk)‖ → 0 in this case, so each
cluster pointx∞ of {xk} satisfiesx∞ = yαk̄(x∞) and hence solves the VI. 2
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If in Algorithm 1 we chooseηk = 0 andθk ≤ θ < 1 for all k, thenak → 0 linearly and,
by (24),‖xk − yβk(xk)‖ → 0 linearly (in the root sense) as doesr k. Thus if we further
chooseεk → 0 and 1/αk → 0 linearly, then, by (24),gαk(xk)→ 0 linearly.

Below we consider a second method that increasesα and decreasesβ whenever
‖∇hα,β(x)‖ is too small relative tohα,β(x) to achieve sufficient descent. Unlike Algorithm 1,
this method always usesxk−1 to initialize iterationk.

Algorithm 2. Choose any x0 ∈ <n, anyα0 > β0 > 0, and two sequences of nonnegative
numbersρk, ηk, k = 1, 2, . . . , such that

ρk + ηk > 0 ∀k,
∞∑

k=1

ρk <∞,
∞∑

k=1

ηk <∞ . (25)

Choose any continuous functionφ : <+ 7→ <+ withφ(t)= 0⇔ t = 0 and anyω ∈ (0, 1).
For k = 1, 2, . . . , we iterate as follows:

Iteration k. Choose anyαk ≥ αk−1 and then choose0< βk ≤ ωβk−1 satisfying

hαk,βk(xk−1)/(1/βk − 1/αk) ≤ (1+ ρk)hαk−1,βk−1(xk−1)/(1/βk−1− 1/αk−1)+ ηk.

(26)

Apply a descent method to the unconstrained minimization of the function hαk,βk ,with xk−1

as the starting point. We assume the descent method has the property that the amount
of descent achieved at x per step is bounded away from zero whenever x is bounded and
‖∇hαk,βk(x)‖ is bounded away from zero. Then, either the method in a finite number of
steps generates an x satisfying

‖∇hαk,βk(x)‖ ≤ φ(hαk,βk(x)/(1/βk − 1/αk)) , (27)

which we denote by xk, or else hαk,βk(x) must decrease towards zero,3 in which case any
cluster point of x solves VI.

Note5. Sinceρk + ηk > 0, Lemma 4 shows that, for anyαk ≥ αk−1, (26) is satisfied by
choosingβk sufficiently small.

Note6. There are many choices for the descent method. For example, we can use any gra-
dient method whose direction is, in the terminology of [4, Section 1.2], “gradient-related”
and whose stepsize is chosen by the Armijo rule or the Goldstein rule. Such a method has
the desired properties, as can be seen from the proofs of [4, Propositions 1.2.1 and 1.2.2].

Note7. If the descent method is memoryless, Algorithm 2 may alternatively be written
in a form similar to the Zhu-Marcotte method: Givenk, αk, βk andx, update these four
quantities as follows:

if (27), then (null step) setxk = x, incrementk by 1, chooseαk ≥ αk−1, and then choose
0< βk ≤ ωβk−1 satisfying (26). [x is unchanged.]
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else (descent step) apply one step of the descent method tohαk,βk at x to obtain direction
d ∈ <n and stepsizeλ > 0. Replacex by x + λd. [k, αk, βk are unchanged.]

Analogous to Algorithm 1 (see Note 1),hαk,βk(xk) ≤ hαk,βk(xk−1) and (27) are the only
conditions onxk needed for the convergence proof of Theorem 3 so, in particular, the de-
scent method can use nonmonotone linesearch.

Note8. We can modify the criterion (27) by adding to its right-hand side a positive scalar
εk tending to zero. This modified criterion does not affect the convergence result below
(i.e., Theorem 3(a)) and is always satisfied after a finite number of steps of the descent
method. However, this would entailβk → 0 always and would preclude the possibility of
finding a solution of the VI at some iterationk, i.e., a finite number of null steps.

Theorem 3. Assume X is bounded. Let{(xk, αk, βk, ρk, ηk)}k=0,1,... be generated by
Algorithm2.
(a). Suppose xk is obtained for all k. Then, {xk} is bounded, βk → 0, and every cluster
point of {xk} is in X. If we chooseαk → ∞ or αk is chosen by(23), then every cluster
point of{xk} is a solution of VI.
(b). Suppose xk is not obtained for some k. Then, the descent method generates a bounded
sequence of x with hαk,βk(x)→ 0 (so every cluster point of x solves the VI). In particular,
this occurs when F is strongly monotone and we chooseφ such thatlimt→0 supφ(t)/

√
t = 0.

Proof: (a). Since we use a descent method at iterationk to obtainxk from xk−1, then
hαk,βk(xk) ≤ hαk,βk(xk−1), so (26) yields

hαk,βk(xk)/(1/βk − 1/αk) ≤ (1+ ρk)hαk−1,βk−1(xk−1)/(1/βk−1− 1/αk−1)+ ηk .

Denoteak := hαk,βk(xk)/(1/βk−1/αk). This can then be written asak ≤ (1+ρk)ak−1+ηk

for k = 1, 2, . . .Usingak ≥ 0 and (25), it follows that the sequence{ak} converges to some
ā ≥ 0 [23, Lemma 2, p. 44]. Since (16) implies

‖xk − yβk(xk)‖ ≤
√

2ak, ∀k , (28)

the sequence{xk} is bounded.
We claim that̄a = 0. Suppose the contrary. Then for allk sufficiently large, it holds that

ak ≥ ā/2> 0. Then, (2) and (3) imply

ā

2
≤
(

2F(xk)T (yβk(xk)− yαk(xk))− 1

αk
‖xk − yαk(xk)‖2+ 1

βk
‖xk − yβk(xk)‖2

)
×(1/βk − 1/αk)−1 .

Since, by the construction of the algorithm,βk → 0 andαk ≥ α0, and we already established
thatxk is bounded (as areyβk(xk) andyαk(xk)), we obtain in the limit

0<
ā

2
≤ lim inf

k→∞
‖xk − yβk(xk)‖2 .
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Then limk→∞ ‖xk − yβk(xk)‖/βk = ∞, so (14) implies

lim
k→∞
‖∇hαk,βk(xk)‖ = ∞.

Sincexk satisfies (27) so that‖∇hαk,βk(xk)‖ ≤ φ(ak) for all k, this contradicts convergence
of {φ(ak)} (recall thatφ is a continuous function). Hence,ā = 0.

For eachk ∈ {1, 2, . . .}, we have from Lemma 2 that (17) holds withα = αk, β = βk,
x = xk and from (15) thateαk,βk(xk) ≤ εk := ∇hαk,βk(xk)T (yβk(xk) − yαk(xk)). This
together with‖yαk(xk)− yβk(xk)‖ ≤ diam(X) yields

r k ≤ gαk(xk) ≤ r k + εk + diam(X)2

2αk
, (29)

wherer k := F(xk)T (xk − yβk(xk)) − 1
2αk ‖xk − yβk(xk)‖2. Sinceak → 0, (28) implies

{xk} is bounded and every one of its cluster points is inX. Moreover, (28) impliesr k → 0.
Also, we have‖∇hαk,βk(xk)‖ ≤ φ(ak)→ 0, soεk → 0.

If αk →∞, then (29) andr k → 0, εk → 0 yield gαk(xk)→ 0. Since for eachy ∈ X,
we have from (2) that

gαk(xk) ≥ F(xk)T (xk − y)− 1

2αk
‖xk − y‖2,

this yields 0≥ F(x∞)T (x∞ − y) for each cluster pointx∞ of {xk}. Thus, each cluster
point x∞ solves VI.

If αk is chosen by (23), then, by an identical argument as in the last paragraph of the
proof of Theorem 2, we obtain that each cluster point of{xk} is a solution of the VI.

(b). It suffices to show thatxk is not obtained for somek under the assumptions onF
andφ. Suppose the contrary, soxk is obtained for allk. Then, as in (a), we obtain

‖∇hαk,βk(xk)‖ ≤ φ(ak) ∀k, ak → 0 , (30)

andβk → 0, {xk} is bounded. Since limt→0 supφ(t)/
√

t = 0, thenφ(ak)/
√

ak → 0.
Also, strong monotonicity ofF and Lemma 5 imply that there existsσ > 0 such that

φ(ak) = φ(ak)√
ak

√
ak

≤ φ(ak)√
ak

(‖∇F(xk)‖/σ + 1/(βkσ)+ 1

1/βk − 1/αk

)
‖∇hαk,βk(xk)‖ ∀k. (31)

Since{xk} is bounded,βk → 0, andαk ≥ α0, it follows that the right-hand side of (31)
tends to zero faster than‖∇hαk,βk(xk)‖, and hence so doesφ(ak). On the other hand, by
(30)φ(ak) tends to zero no faster than‖∇hαk,βk(xk)‖, which gives a contradiction. 2

Observe further that ifF is strongly monotone, thenhαk,βk(x)→ 0 (with k fixed) imme-
diately implies thatx converges to the unique solution of VI. In fact, the rate of convergence
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in this case is linear, assuming that at every step the descent method achieves decrease of the
objective function in the order of‖∇hαk,βk(x)‖2 at x (which is true for most gradient-type
descent methods using an Armijo-type stepsize rule). This is because Lemma 5 implies
that the amount of decrease is in the order ofhαk,βk(x), from which linear convergence of
hαk,βk(x) readily follows. SinceF being strongly monotone andX being bounded implies
that the distance fromx to the solution of VI is in the order of

√
hαk,βk(x) [31], it follows

thatx converges to the solution at a linear rate (in the root sense).
We conclude this section with a finite termination result, assuming the followingnonde-

generacycondition: there exists a solutionx∗ of VI satisfying

−F(x∗) ∈ intNX(x
∗) , (32)

whereNX denotes the normal cone to the (convex) setX, and “int” stands for its interior.
Note that this condition and the monotonicity ofF imply that the solution is unique. Condi-
tion (32) was used in [1] to force finite termination of convergent algorithms by modifying
them to periodically solve an auxiliary linearized subproblem. Here, we show that no such
modification is needed to obtain finite termination. A weaker nondegeneracy condition is
used in the recent paper [18]. However, there it assumes thatF is “pseudomonotone+”
which need not hold under our assumption ofF being monotone. We note that finite ter-
mination has been studied fairly extensively in the context of optimization problems (see,
e.g., [5] and references therein).

Theorem 4. Suppose F is monotone and continuous, and there exists a solution x∗ of VI
satisfying(32). Let {xk}k=0,1,... be any bounded sequence of points in<n such that every
cluster point of{xk} is a solution of VI. Then, for eachᾱ > 0, there exists an index̄k such
that yα(xk) = x∗ for all α ≥ ᾱ and k≥ k̄.

Proof: Fix any ᾱ > 0. Since every cluster point of{xk} is a solution of VI, andx∗ is
the unique solution by (32), it follows that{xk} converges tox∗. Furthermore, (32) implies
there exists someδ > 0 such that

−F(x∗)+ b ∈ NX(x
∗) ∀b with ‖b‖ ≤ δ .

This remains true when the left-hand side is scaled by anyα >0 and it can be written
equivalently as

x∗ = ProjX[x∗ − αF(x∗)+ αb] ∀α > 0, ∀b with ‖b‖ ≤ δ . (33)

On the other hand,

yα(x
k) = ProjX[xk − αF(xk)] = ProjX[x∗ − αF(x∗)+ αbk] , (34)

wherebk := (xk − x∗)/α − F(xk)+ F(x∗). Forα ≥ ᾱ, we further obtain

‖bk‖ ≤ ‖xk − x∗‖/ᾱ + ‖F(xk)− F(x∗)‖ ≤ δ ,
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where the last inequality holds for allk exceeding some index̄k, due to{xk} converging to
x∗ andF being continuous. Then (33) and (34) yield thatyα(xk) = x∗ for all α ≥ ᾱ and
k ≥ k̄. 2

Theorem 4 establishes finite termination of any convergent algorithm for solving a mono-
tone VI satisfying the nondegeneracy condition (32), provided one monitors the value of
the projection residual in the stopping test. For example, for{xk} generated by either of
our two algorithms, we can test periodically whetheryαk(xk) or yβk(xk) satisfiesy1(x) = x
and terminate accordingly.

5. Methods based on D-gap function applied to regularized VI

Another approach to solving monotone VI is to regularize the problem by adding to the
mappingF a positiveδ multiple of the identity mapping (or any Lipschitz continuous
strongly monotone mapping), thus obtaining the strongly monotone mapping:

F δ(x) = F(x)+ δx ∀x ∈ <n,

and to use the D-gap function to solve the regularized VI approximately. As the regulariza-
tion parameterδ and the solution accuracy go to zero, any cluster point of the approximate
solution of the regularized problem would approach a solution of the original VI. Billups
and Ferris [6] reported good numerical experience using this regularization technique in a
QP-based method for solving box-constrained VI. We study this in more depth below.

We defineyδα(x), gδα(x), hδα,β(x) analogously as in (1), (2), (3), but withF replaced by
F δ. This leads to the following method:

Algorithm 3. Choose any x0 ∈ <n, anyα0 > β0 > 0. Choose any sequence of positive
numbersεk, δk, k = 1, 2, . . . , tending to zero. For k= 1, 2, . . . , we iterate as follows:

Iteration k. Choose anαk ≥ αk−1, anβk ≤ βk−1 and anx̂k ∈ <n. Apply a descent method
to the unconstrained minimization of the function hδk

αk,βk , with x̂k as the starting point. We
assume the descent method has the property that the amount of descent achieved at x per
step is bounded away from zero whenever x is bounded and‖∇hδ

k

αk,βk(x)‖ is bounded away
from zero. Then, the method in a finite number of steps generates an x satisfying

hδ
k

αk,βk(x) ≤ εk. (35)

The resulting x is denoted xk.4

Note 9. There are many choices for the descent method used in Algorithm 3, as was
discussed in Note 6. For example, it can be any descent method using−∇hδ

k

αk,βk(x) as a
safeguard direction atx and an Armijo-type stepsize rule, such as Algorithm 7.1 in [11].
The derivative-free descent method proposed in [31] is another possibility. Also, one can
replace the left-hand side in the accuracy criterion (35) by either the projection residual
‖x − yδ

k

1 (x)‖ or ‖∇hδ
k

αk,βk(x)‖.
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Note10. Instead of using the Tikhonov regularizationF δk
(x) = F(x) + δkx at iteration

k, we can alternatively use the proximal regularization

F δk
(x) = F(x)+ δk(x − xk−1).

The convergence result below still applies and, in fact, can be strengthened by invoking
convergence theory for (inexact) proximal point algorithms. Furthermore, in that caseδk

need not go to zero and more adaptive accuracy criteria involvingxk−1 instead ofεk can be
used (e.g., [25]).

Note11. There are many choices forαk, βk andx̂k. For warm start, we can choose

x̂k = xk−1.

However, unlike Algorithms 1 and 2 (see Lemma 4), we do not have active control on the
growth inhδα,β(x) as we adjustδ.

Theorem 5. Let {(xk, αk, βk, εk, δk)}k=0,1,... be generated by Algorithm3. If the param-
eters are chosen so that

lim sup
k→∞

αk <∞ or lim
k→∞

εk/βk = 0 ,

then every cluster point of{xk} is a solution of VI.

Proof: Sincexk satisfies (35) andεk → 0, thenhδ
k

αk,βk(xk)→ 0. Using (10) withhδα,β in
place ofhα,β , we then obtain(

1

βk
− 1

αk

)∥∥xk − yδ
k

βk(xk)
∥∥2→ 0,

1

αk

∥∥yδ
k

αk(xk)− yδ
k

βk(xk)
∥∥2→ 0. (36)

In particular, the first inequality implies that{xk} is bounded.
If lim k→∞ supαk<∞, then (36) together withβk ≤ β0, δk → 0 and continuity ofyδβ(x)

in (x, β, δ) would imply that any cluster pointx of {xk} satisfies‖x − yβ(x)‖ = 0 and
‖xα(x)− yβ(x)‖ = 0 for someα > 0 and someβ ≥ 0. Hencex solves VI.

If lim k→∞ εk/βk = 0, then using (10) withhδα,β in place ofhα,β gives

1

βk

∥∥xk − yδ
k

βk(xk)
∥∥ ≤ 1

βk

√
2hδ

k

αk,βk(xk)

1/βk − 1/αk
≤
√

2εk

βk − (βk)2/αk
,

where the second inequality is due toxk satisfying (35). Sinceεk/βk → 0 andαk ≥ α0,
this implies‖xk− yδ

k

βk(xk)‖/βk → 0. By definition ofyδ
k

βk(xk) and properties of projection,
we have(

F(xk)+ δkxk + (yδk

βk(xk)− xk
)/
βk
)T(

y− yδ
k

βk(xk)
) ≥ 0 ∀y ∈ X,
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so this together with{xk} being bounded andδk → 0 yields that every cluster pointx of
{xk} satisfiesF(x)T (y− x) ≥ 0 for all y ∈ X. Hencex solves VI. 2

6. Preliminary numerical results

To gain some understanding of the numerical behavior/performance of Algorithms 1 and
2, we implemented these methods in Matlab and ran them on a set of test problems. In this
section we describe the implementation and report on our preliminary numerical experience
with them.

In our Matlab implementation of Algorithm 2, we choose the parameters

ρk := 1/k2, ηk := 0, φ(t) := t2, ω := .5,

To ensureβ is not decreased too rapidly, we modify (27) by taking the minimum of the
right-hand side with.01‖x− y1(x)‖. It can be seen that this does not affect the convergence
properties. We adjustαk by (23) withµ := 2 andνk := ‖x0 − y1(x0)‖/ ln(k + 1), and
we chooseβk to be the largest element of{ωβk−1, ω2βk−1, . . .} for which (26) holds. For
the descent method, we use a slightly modified version of the Gauss-Newton method of
[11], which was shown to have good numerical performance on MCPLIB problems. More
precisely, for a fixedα > β > 0, the method minimizeshα,β by successively applying the
(nonmonotone) descent step:

xnew := x + td, (37)

wheret is the largest element of{1, .1, (.1)2, . . .} such that

hα,β(x + td) ≤ R+ 10−4tdT∇hα,β(x), (38)

and

d :=


d̃ if d̃T∇hα,β(x) ≤ −10−8‖d̃‖2.1
d̂ else ifd̂T∇hα,β(x) ≤ −10−8‖d̂‖2.1
−∇hα,β(x) else

HereR is updated as described in [11, pp. 81, 83];Ṽ is an element of̃V(x) as defined in
[11, p. 75];

Ṽ d̃ = −∇hα,β(x),

if cond(Ṽ) ≤ 109 and otherwisẽd is obtained by applying preconditioned conjugate gra-
dient (CG) algorithm to the above equation until either the residual is below the threshold
given in [11, p. 81] or the number of CG steps exceeds 2n; and

d̂ = −(I + 10Ṽ/‖Ṽ‖)−1∇hα,β(x).
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Table 1. Performance of Algorithm 2 on eight test problems, as indicated by the number of iterations to termi-
nation (nit), the number of descent steps (nstep), the number ofF-evaluations (nf), and the residual‖x − y1(x)‖
upon termination (res).

Problem (nit/nstep/nf/res)

Name n x0 = (.1, . . . , .1)T x0 = (1, . . . ,1)T x0 = (10, . . . ,10)T

Yamashita-Fukushima 1 0/5/6/1× 10−4 22/15/48/3× 10−5 2/8/13/7× 10−4

Kojima-Shindo 4 1/26/43/2× 10−4 0/10/16/3× 10−7 1/24/38/2× 10−4

Watson 5 0/59/82/3× 10−9 0/15/15/1× 10−4 0/89/600/1× 10−4

Nash-Cournot 10 0/9/9/3× 10−5 0/6/6/8× 10−6 0/24/46/5× 10−5

Lemke 30 0/55/102/1× 10−16 0/1/1/0.00 0/1/1/4× 10−14

Harker-Pang 30 0/8/15/6× 10−11 0/7/12/4× 10−10 0/10/18/6× 10−11

SkewSymLCP 30 0/23/32/1× 10−6 0/54/94/2× 10−6 0/44/72/7× 10−7

SymPSDLCP 30 0/7/7/4× 10−6 0/11/11/5× 10−4 0/22/36/2× 10−4

The regularized Gauss-Newton directiond̂, not used in [11], helps to accelerate the con-
vergence on a few problems. For problems whereF is undefined or highly nonmonotone
outside of<n

+, we use a gradient projection technique to maintainx nonnegative. In partic-
ular, we replace “x+ td” in (37) and (38) by “max{0, x+ td}” and accordingly replace “tdT ”
in (38) by “(max{0, x + td} − x)T ”. This technique was beneficial on the Kojima-Shindo
problem. We also experimented with an alternative technique described in [11, p. 83], but
it was less successful. We remark that, while the above parameter choices are reasonable,
they were made without much fine-tuning and can conceivably be improved.

In our tests, we set the starting pointx0 to be(1, . . . ,1)T multiplied by either.1 or 1 or
10, and chooseα0 = 1/.9 andβ0 = 1/1.1, as suggested by [11]. We terminate a method
whenever‖x− y1(x)‖ ≤ 10−3 is satisfied. For comparison, we also ran the Gauss-Newton
method by itself (with fixedα = 1/.9, β = 1/1.1). The performance of the methods on a
set of eight NCP test problems is summarized in Table 1. Since the feasible set should be
bounded, we put an artificial upper bound of 105 on each variable, so for all our problems,
X = [0, 105]n. For the first problem,F is given by (4). For the remaining seven problems,
F is as described in [15, §5].

As can be seen from Tables 1 and 2, Algorithm 2 has better performance than the
Gauss-Newton method in three cases and in other cases the two methods have identical
performance. In the three cases, the Gauss-Newton method converged to a non-solution
that is a stationary point ofhα,β , and at which∇F is not positive definite but positive
semidefinite (or nearly so). In two cases, onlyβ is adjusted in Algorithm 2, but on the
Yamashita-Fukushima problem, adjustingα is also needed (and the correct solutionx = 2
is generated). This shows that dynamically adjustingα andβ can perhaps improve the
performance of descent methods based on the D-gap function, specifically when these
methods are attracted to stationary points which are not solutions of the underlying VI. For
most cases, the number of steps (each step requires one evaluation of the Jacobian∇F(x)
and one/twon × n linear-equations solve), seems reasonable for the level of accuracy
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Table 2. Performance of Gauss-Newton method on eight test problems, as indicated by the the number of descent
steps (nstep), the number ofF-evaluations (nf), and the residual‖x − y1(x)‖ upon termination (res).

Problem (nstep/nf/res)

Name n x0 = (.1, . . . , .1)T x0 = (1, . . . ,1)T x0 = (10, . . . ,10)T

Yamashita-Fukushima 1 5/6/1×10−4 stationarya 8/13/7×10−4

Kojima-Shindo 4 stationaryb 10/16/3×10−7 stationaryb

Watson 5 59/82/3×10−9 15/15/1×10−9 89/600/1×10−4

Nash-Cournot 10 9/9/3×10−5 6/6/8×10−6 24/46/5×10−5

Lemke 30 55/102/1×10−16 1/1/0.00 1/1/4×10−14

Harker-Pang 30 8/15/6×10−11 7/12/4×10−10 10/18/6×10−11

SkewSymLCP 30 23/32/1×10−6 54/94/2×10−6 44/72/7×10−7

SymPSDLCP 30 7/7/4×10−6 11/11/5×10−4 22/36/2×10−4

aIterates remain at non-solutionx = 1.
bIterates converge to non-solutionx = (0, 0, 0.54, 1.64)T .

achieved. The slow convergence of the methods on SkewSymLCP and on Lemke (with
starting point(.1, . . . , .1)T ) appears to be due tõV having a large condition number, in the
order of 106, during the early iterations. Similar difficulty is encountered on the Watson
problem with poor starting point. For Algorithm 2 and Gauss-Newton method, the direction
d̂ and the safeguard steepest-descent direction−∇hα,β(x) were invoked on the first three
test problems only.

We also experimented with a derivative-free version of Algorithm 1, but it was overall
less successful. In our implementation, we choseηk = 0, θk = .9 for allk. The parameters
αk, βk were obtained by increasingαk−1 by multiples of 2 and decreasingβk−1 by factors
of 1.2 until (21) is satisfied. The descent method was based on the derivative-free direction
yαk(x) − yβk(x) and a monotone linesearch rule. The descent method was terminated,
andαk, βk updated, when the criterion specified in Algorithm 4 was satisfied withεk =
eαk,βk(x̂k)/10. The method was restarted from̂xk = ProjX[xk−1], although this restart
was rarely necessary unless the initialx0 is chosen outside ofX. For smaller problems
(e.g., our first four test problems), the performance was satisfactory and not much different
from Algorithm 2. However, convergence on bigger LCPs was rather slow. We therefore
would not recommend using the derivative-free version of Algorithm 1 unless computing
the derivatives ofF is impossible or cost-prohibitive. When we changed the descent method
in this algorithm to the Gauss-Newton method described above, the performance was very
similar to that reported for Algorithm 2. However, in that experiment we also changed the
safeguard descent direction to the direction of steepest descent. So strictly speaking, this
implementation is not within the framework of Algorithm 1.

To summarize, our numerical experience seems to confirm that dynamically adjustingα

andβ while minimizing the D-gap functionhα,β helps to ensure convergence to solutions
of the underlying VI. This is precisely one the main messages of this paper. Our strategy
is of particular relevance in the case when the D-gap function has stationary points which
are not solutions of VI (i.e., not global minima of the D-gap function).
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Notes

1. Why? LetS′ denote the solution set of the new VI. It is easy to see thatS∩ B ⊂ S′. To see the converse,
consider anyx∗ ∈ S′ ∩ intB. Suchx∗ exists by our choice ofB. Then, for anyy ∈ X we can findt ∈ (0, 1]
such thatyt = x∗ + t (y−x∗) ∈ B, yieldingyt ∈ X∩B and hence 0≤ F(x∗)T (yt −x∗) = t F(x∗)T (y−x∗),
implying x∗ ∈ S∩ B. Thus,S′ ∩ intB ⊂ S∩ B. SinceS′ is closed convex, it is the closure ofS′ ∩ intB. Since
S∩ B is closed, this showsS′ ⊂ S∩ B.

2. Asα is increased, the right-hand side of the inequality describing case (ii) tends to zero, while the left-hand
side is nondecreasing and hence is bounded away from zero (assumingx is not a solution of VI). Thus, forα
sufficiently large, case (ii) cannot occur and so case (i) must occur.

3. This is because, by (16) and assumingX is bounded,x is bounded and, by assumption on the descent method,
‖∇hαk,βk (x)‖ must go to zero.

4. This is because, by (16),‖x− yβk (x)‖ is bounded, so assumingX is bounded orF is Lipschitz continuous on
<n, thenx is bounded (see, e.g., [31, Lemma 4.1]). By assumption on the descent method,‖∇hδ

k

αk,βk (x)‖must
go to zero and, using the strong monotonicity ofF , it can be shown (e.g., [31, Theorem 3.3]) thathδ

k

αk,βk (x)
also goes to zero.
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