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where F: Rn-»Rn is a continuously differentiable function and < . , . >
denotes the usual inner product. We assume that the solution set S of (1)
is nonempty. In the case where F(.) is affine, NCP(F) reduces to the linear
complementarity problem (Ref. 7).
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Abstract. We consider two merit functions which can be used for solv-
ing the nonlinear complementarity problem via nonnegatively con-
strained minimization. One of the functions is the restricted implicit
Lagrangian (Refs. 1-3), and the other appears to be new. We study the
conditions under which a stationary point of the minimization problem
is guaranteed to be a solution of the underlying complementarity prob-
lem. It appears that, for both formulations, the same regularity condition
is needed. This condition is closely related to the one used in Ref. 4 for
unrestricted implicit Lagrangian. Some new sufficient conditions are also
given.
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1. Introduction

The classical nonlinear complementarity problem NCP(F) (Refs. 5-6)
is to find a point xe9T such that
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A popular approach to solving NCP(F) is to construct a merit function
f(.) such that solutions of (1) are related in a certain way to the optimal
set of the problem of minimizing f(.) over some set C. Typically, Cis either
W itself or the nonnegative orthant Rn. In the first case, an unconstrained
reformulation is obtained; papers developing this approach include Refs. 2
and 8-13. In the second case, nonnegatively constrained problems have to
be solved; work in this direction can be found in Refs. 1 and 2. Yet other
approaches are nonsmooth and semismooth methods (Refs. 14-19). A recent
survey of merit functions and related issues can be found in Ref. 20. While
reformulating the problem, it is often desirable to preserve the smoothness
of F( .) and the dimensionality n of the variables space. In this paper, we
shall consider only some nonnegatively constrained smooth reformulations.

It is known that NCP(F) can be cast as a problem of minimizing the
following restricted implicit Lagrangian function f1( .) (Refs. 1-3) over the
nonnegative orthant Rn:

where w 2 :R 2 -»R is given by

This function is nonnegative on Rn, and as we shall see, its minimal values
of zero also identify solutions of NCP(F). This second reformulation
appears to be new, so further study of its properties may be needed, including
the study of numerical performance.

NCP(F) can be solved via smooth bound constrained minimization,

where y1: R2 --R is given by

with a >0 being a parameter and ( . ) + denoting the orthogonal projection
map onto the nonnegative orthant Rn. In this form, the merit function was
introduced in Ref. 2. In the case where a = 1, it is equivalent to the merit
function introduced in Ref. 1 for general variational inequality problems. It
is known that f 1 , ( . ) is nonnegative on Rn and assumes the value of zero
precisely at the solutions of NCP(F). Moreover, f1(.) is continuously differ-
entiable whenever F ( . ) is; see Refs. 1-2.

In this paper, we will also consider the following merit function:



Definition 1.1. Let M be an « x « real-valued matrix. Then:

(i) M is a P-matrix if, Vz£<Rn , z =0, 3i such that z,[Mz],> 0;
(ii) M is a strictly semimonotone matrix if, VzeSRn, z =0, 3i such that

In Ref. 4, regularity conditions for both the unconstrained and nonnegatively
constrained cases are given. However, the restricted implicit Lagrangian (2)
is a more natural choice for the nonnegatively constrained optimization; we
will therefore consider this function. Curiously, it turns out that f1(.) and
f2( . ) require the same regularity condition (see Definition 3.1) for a KKT
point of (4) to solve NCP(F). Furthermore, this condition appears to be
closely related to the one used in Ref. 4 for f3(.). However, the regularity
condition employed here is, in a sense, independent of the merit function
[in Ref. 4, it is tied to y/3( .,.)].

A few words about our notation. For a real-valued matrix A of any
dimension, A7 denotes its transpose. For a differentiable function f: Rn-<R,
V/ will denote the ^-dimensional vector of partial derivatives with respect
to x. For a differentiable vector function F: Rn->Rn, VF will denote the
n x n Jacobian matrix whose rows are the gradients of the components of
F. For a vector zeRn and an index set I<= (1,. . . ,n}, zI will stand for the
vector obtained by removing the components of z whose indices are not in
the set I. We will also adopt the notation <x, y>i :=<xI,yI>.

We finally define some classes of matrices which will be used in the
paper.

with

fory= 1 or j= 2. In particular, the set of global solutions of (4) coincides
with the set S of solutions of (1). Because, in general, most optimization
techniques are only guaranteed to find a stationary [Karush-Kuhn-Tucker
(Ref. 21), or KKT for short] point of (4), the question arises as to when
such a point is a solution of the underlying complementarity problem. In
Refs. 1 and 3, it was shown for f1(.) that, if x is a KKT point of the
minimization problem and VF(x) is positive definite, then x is indeed a
solution of NCP(F). Here, we give a more general regularity condition which
is both necessary and sufficient and applies to either of the two reformula-
tions; see Section 3. Our analysis is motivated by Ref. 4 where stationary
points of the (unrestricted) implicit Lagrangian f3( . ) , introduced in Ref. 2,
and further studied and extended in Refs. 8, 13 and 22-26, are considered:
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Proof. The fact that ty, (a, b) > 0 for all (a, b) eR+x R and the equiva-
lence of the first and second statements have been established in Refs. 1 and
2. For the third statement, observe that

Clearly, the class of P-matrices is contained in the class of Po-matrices
and the class of strictly semimonotone matrices. Also, P0 and strictly semi-
monotone matrices are subclasses of Po-matrices. We refer the reader to
Ref. 7 for a detailed discussion.

2. Preliminary Results

We start with some preliminary results.

Lemma 2.1. Letye{l,2}. Then, yj(a, b)>0 for all (a,6)e9Ux<R,
and the following statements are equivalent:

(iii) M is a /Vmatrix if, VzeSRn, z = O , Bi such that z,^0 and
z,[Mz],>0;

(iv) M is a PO -matrix if, VzeSRn, z=0, 3i such that z=O and
z,[Mz],£0;

(v) M is a strictly copositive matrix if, VzeRn , z = O , <z, Mz>>0.
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It is well known that the condition a-(a-ab)+ = Q is equivalent to the
second statement above [note that, for y1(a, b), condition a>0 in the last
statement is extraneous].

Now, we consider the second function. Since both terms in (3) are
nonnegative on R+ x R, it follows that \if2(a, b)>0 on that set. Next, we
will show that the first condition implies the second, the second implies the
third, and the third implies the first.

Suppose that a^O and v/2(a, b) = 0. Then, a(b)2+ = Q and (-b)2 = 0.
Hence b>0, and we have 0 = a(b)2=ab2 , which further implies that ab = Q.



Lemma 2.2. Let je {1,2}. The following statements are equivalent:

(i) a point xeRn solves NCP(F);
(ii) xeRn and FJ(x)=0;

Therefore, (-b)2, = 0 and a(b)2 = 0, which imply that ^2(0, b) = 0. The proof
is complete. 

We will adopt the following notation:

which is a contradiction. Hence fc>0, and we have

If fc<0, then

Finally, suppose that

Since b^Q, it follows that

Now, let a>O, b>0, ab = 0. Note that
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which means that x solves the NCP(f). 

We will need another intermediate result.

Lemma 2.3. Let je {1,2} and a>0. Then, the following properties
hold:

if and only if

which means that x solves the NCP(F).

We now prove that the first and third statements are equivalent. By
Lemma 2.1,

Again applying Lemma 2.1, we obtain that the latter is equivalent to

if follows from Lemma 2.1 that

Proof. Suppose xeRn and Fj(x) = 0. Since
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Given that a>0, this can only happen when b<0. On the other hand, when
b < 0, we have that

For the last assertion, note that

in the first case we have

On the other hand, if

Thus, a>0, b>0 imply that

Proof. First note that Part (ii) has already been proven in Lemma 2.1.
We start with the first function. By (5), we obtain that
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and in the second case we have

It follows that a>0, b>0.
Now, suppose that



This completes the proof. D

It is possible to establish some additional properties for our merit
functions. For example, using the fact that i//2(a, b)->oo if ab^co and a>0,
it can be shown that the level sets of f2( .) are bounded if F( .) is monotone
and NCP(.F) is strictly feasible. The argument is similar to that in Ref. 27,
Theorem 4.1. However, in this paper, we focus on the study of stationary
points.

which is always nonnegative. Note that

Finally,

and given that o>0,

Now, consider the second function. By (6),

Finally, note that when b<0, we have that a-ab>0, and therefore

It follows that

In the case where a-ab<0,

In the case where a-ab>0, we have that
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3. Regularity Conditions

We now give a definition of a regular point which does not explicitly
depend on the merit function used. Conditions of this type for various merit
functions have been employed in Refs. 4, 10, 12, 14, 16, 18.

Definition 3.1. A point xeRn is said to be regular if vT(x)T reverses
the sign of no nonzero vector zeRn satisfying

where

We recall that the matrix VF(x)J is said to reverse the sign of a vector zeRn

(Ref. 7) if

Definition 3.1 states that a point xeRn is regular if the only vector zeW
satisfying both (9) and (10) is the zero vector.

We note that, in Ref. 4, the following definition of a regular point was
used in connection with the implicit Lagrangian, i.e., for j=3.

Definition 3.2. Given xeRn, let

The point xeRn is said to be regular if, for any nonzero vector zeRn

satisfying

there exists a vector yeRn satisfying



which contradicts (13). Hence, x is regular in the sense of Definition
3.1. 

It is worth pointing out that for the implicit Lagrangian f3( .), Defini-
tions 3.1 and 3.2 are not equivalent; in fact, for the unrestricted implicit
Lagrangian, the first definition is not even well posed because a stationary
point need not belong to the nonnegative orthant.

We now state our main result. The proof is similar to the one in Ref. 4.

we obtain that

Because by (12),

As we shall see, in the case of our merit functions f1 (.) nd f2( .), the
two definitions are equivalent. However, for the implicit Lagrangian f3( .),
they are not. Definition 3.1 appears to be more elegant as it does not depend
on the merit function used and does not involve an extra auxiliary vector
y. Also, it has a clear connection to one of the characterizations of P-
matrices [recall that a P-matrix reverses the sign of no nonzero vector (Ref.
7)]. Thus, if VF(x) is a P-matrix, then the regularity condition is satisfied
automatically.

Lemma 3.1. For ye {1,2} and xeWl, Definitions 3.1 and 3.2 are
equivalent.

Proof. First note that, by Lemma 2.3, the index sets P, C, N in the
two definitions coincide. Thus, every zeRn which satisfies (9) also satisfies
(11), and vice versa.

First, suppose that x is regular according to Definition 3.1. Then, for
any nonzero z satisfying (9), there exists an index ieP such that
[VF(jc)Tz],>0, or an index ieN such that [VF(x)Tz]i<0. Take y such that
yi>0 in the first case and yi<0 in the second case; in both cases, set y*:=0
for all k&i. Clearly, such y satisfies (12) and also (13) holds.

Suppose now that x is regular according to Definition 3.2. If x were
not regular in the sense of Definition 3.1, then there would exist a z^O
satisfying (9) and (10). This implies that

and such that
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Note that

By regularity, for this z there exists a yeRn satisfying (12) and (13), Note
that, since I<=(CrN),it follows that ji<0. Hence,

By (14), clearly xI = 0. Therefore Ic(Cu N). Hence, by Lemma 2.3,

Let

Then, x solves NCP(F) if and only if x is regular.

Proof. If x solves NCP(F), it immediately follows that xeRn, C=
{1 n}, and P= 0, N= 0. Thus, there exists no nonzero vector satisfy-
ing (9). Hence, x is regular.

Now, suppose that x is a regular stationary point. By the first-order
optimality conditions (Ref. 21), it follows that

Theorem 3.1. Let ye{1,2}, and let xeRn be a KKT point of the
problem

JOTA: VOL. 94, NO. 2, AUGUST 1997 459

Suppose that x is not a solution of NCP(F). Then, by Lemma 2.2,



which contradicts (15). Hence, x must be a solution of NCP(.F). 

Remark 3.1. We note that, in Ref. 28, a different constrained optimiza-
tion reformulation of an NCP is considered. This reformulation is based on
the squared Fischer-Burmeister function and requires a somewhat weaker
regularity condition.

Another curious observation is that strict complementarity in the KKT
conditions (14) of the minimization problem (4) holds whenever a solution
of NCP(F) is nondegenerate. This can be seen as follows. If xeS then, by
Lemma 2.2,

Hence,

Hence, by (13),

Therefore,
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Suppose that x is a nondegenerate solution of NCP(F), that is,
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Then, if xi, = 0 for some i, we have

Hence, the KKT conditions (14) are satisfied with strict complementarity.
We now give some sufficient conditions for regularity.

Corollary 3.1. Let je {1,2}, and let x be a KKT point of (4). Then, the
following statements hold:

(i) if VF(x) is a P-matrix, then x solves NCP(F);
(ii) if x is feasible [i.e., F(x) S: 0] and if VF(x) is strictly semimonotone,

then x solves NCP(F).

Proof. The first assertion follows immediately from Definition 3.1 and
the characterization of P-matrices (Ref. 7). The second assertion can be
proven the same way as in Ref. 4. 

We now give a new sufficient condition for the function f2( .).

Corollary 3.2. Let x be a KKT point of (4) for j=2. Then, the follow-
ing properties hold:

(i) if x is feasible [i.e., F(x) >0] and if VF(x) is a P+ -matrix, then x
solves NCP(F);

(ii) if VF(x) is positive semidefinite and strictly copositive, then x
solves NCP(F).

Proof. First, note that F(x)>0 implies that N=0. In particular, we
have

Suppose that x does not solve NCP(F). By Lemma 2.2,



Hence, because jeP,

Furthermore, observe that

Then, we have that

and

Note thatjeP. Now, choose yeRn so that

and

so P=0. Since VF(x) is a PO -matrix, it follows that, for some index j,
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By Lemma 2.3,

We first consider the case where P=0. As we have already established,

By (14) and the fact that I c ( C u N ) , we have

which contradicts (17). Hence, x must be a solution of NCP(F).
Now, we prove the second assertion. Suppose that x does not solve

NCP(F). Let

On the other hand, jeP implies that xj>0, and hence by (14), [f2(x)]j = 0.
Therefore,

Combining the latter relation with (16), we obtain
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Therefore,

Also by Lemma 2.3.

It follows from strict copositiveness of VF(x) that

and by Lemma 2.2,

which is in contradiction with (18). Hence, in the case P=0, x must be a
solution of NCP(F).

Now, suppose that P = 0. Then,

Taking into account that VF(x) is positive semidefinite, we obtain
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But the latter relation again contradicts (18); therefore, it must be the case
that jc solves NCP(F). 

Remark 3.2. Note that the first assertion of Corollary 3.2 is stronger
than the corresponding result in Corollary 3.1. It is an open question whether
the same is true for the restricted implicit Lagrangian f1( . ) .

4. Concluding Remarks

Two nonnegatively constrained minimization reformulations for non-
linear complementarity problems were considered. A regularity condition
was established which is necessary and sufficient for a stationary point of the
minimization problem to be a solution of the underlying complementarity
problem.

References

1. FUKUSHIMA, M., Equivalent Differentiate Optimization Problems and Descent
Methods far Asymmetric Variational Inequality Problems, Mathematical Pro-
gramming, Vol. 53, pp. 99-110, 1992.

2. MANGASARIAN, O. L., and SOLODOV, M. V., Nonlinear Complementarity as
Unconstrained and Constrained Minimization, Mathematical Programming, Vol.
62, pp. 277-297, 1993.

3. TAJI, K., and FUKUSHIMA, M., Optimization Based Globally Convergent
Methods for the Nonlinear Complementarity Problem, Journal of the Operations
Research Society of Japan, Vol. 37, pp. 310-331, 1994.

4. FACCHINEI, F., and KANZOW, C., On Unconstrained and Constrained Stationary
Points of the Implicit Lagrangian, Technical Report A-97, Institute of Applied
Mathematics, University of Hamburg, Hamburg, Germany, 1995.

5. COTTLE, R., GIANNESSI, F., and LIONS, J. L., Variational Inequalities and Com-
plementarity Problems: Theory and Applications, Wiley, New York, New York,
1980.

6. PANG, J. S., Complementarity Problems, Handbook of Global Optimization,
Edited by R. Horst and P. Pardalos, Kluwer Academic Publishers, Boston,
Massachusetts, pp. 271-338, 1995.

7. COTTLE, R., PANG, J. S., and STONE, R., The Linear Complementarity Problem,
Academic Press, New York, New York, 1992.

8. KANZOW, C., Nonlinear Complementarity as Unconstrained Optimization, Jour-
nal of Optimization Theory and Applications, Vol. 88, pp. 139-155, 1996.

9. GEIGER, C., and KANZOW, C., On the Resolution of Monotone Complementarity
Problems, Computational Optimization and Applications, Vol. 5, pp. 155-173,
1996.

JOTA: VOL. 94, NO. 2, AUGUST 1997 465



10. Luo, Z. Q., and TSENG, P., A New Class of Merit Functions for the Nonlinear
Complementarity Problem, SIAM Journal on Optimization (to appear).

11. LI, W, A Merit Function and a Newton-Type Method for Symmetric Linear
Complementarity Problems, SIAM Journal on Optimization (to appear).

12. MORE, J., Global Methods for Nonlinear Complementarity Problems, Technical
Report MCS-P429-0494, Mathematics and Computer Sciences Division,
Argonne National Laboratory, 1994.

13. TSENG, P., YAMASHITA, N., and FUKUSHIMA, M., Equivalence of Complemen-
tarity Problems to Differentiate Minimization: A Unified Approach, SIAM Jour-
nal on Optimization, Vol. 6, pp. 446-460, 1996.

14. FERRIS, M., and RALPH, D., Projected Gradient Methods for Nonlinear Comple-
mentarity Problems via Normal Maps, Recent Advances in Nonsmooth Optimi-
zation, Edited by D. Z. Du, L. Qi, and R. Womersley, World Scientific
Publishers, Singapore, pp. 1-29, 1994.

15. FISCHER, A., An NCP Function and Its Use for the Solution of Complementarity
Problems, Recent Advances in Nonsmooth Optimization, Edited by D. Z. Du,
L. Qi, and R. Womersley, World Scientific Publishers, Singapore, pp. 88-105,
1995.

16. LUCA, T. D., FACCHINEI, F., and KANZOW, C., A Semismooth Equation
Approach to the Solution of Nonlinear Complementarity Problems, Technical
Report, Dipartimento di Informatica e Sistemistica, Universita di Roma "La
Sapienza", Rome, Italy, 1995.

17. FACCHINEL, F., FISCHER, A., and KANZOW, C., Inexact Newton Methods for
Semismooth Equations with Applications to Variational Inequality Problems,
Technical Report, Institute of Numerical Mathematics, Dresden University of
Technology, Dresden, Germany, 1995.

18. PANG, J. S., and GABRIEL, S., NE/SQP: A Robust Algorithm for the Nonlinear
Complementarity Problem, Mathematical Programming, Vol. 60, pp. 295-337,
1993.

19. JIANG, H., and Qi, L., A New Nonsmooth Equations Approach to Nonlinear
Complementarities, Technical Report AMR94/31, School of Mathematics, Uni-
versity of New South Wales, Sydney, NSW, Australia, 1994.

20. FUKUSHIMA, M., Merit Functions for Variational Inequality and Complementar-
ity Problems, Nonlinear Optimization and Applications, Edited by G. D. Pillo
and F. Giannessi, Plenum Publishing Corporation, New York, New York, 1996.

21. MANGASARIAN, O. L., Nonlinear Programming, McGraw-Hill, New York, New
York, 1969.

22. Luo, Z. Q., MANGASARIAN, O. L., REN, J., and SOLODOV, M. V., New Error
Bounds for the Linear Complementarity Problem, Mathematics of Operations
Research, Vol. 19, pp. 880-892, 1994.

23. YAMASHITA, N., and FUKUSHIMA, M., On Stationary Points of the Implicit
Lagrangian for Nonlinear Complementarity Problems, Journal of Optimization
Theory and Applications, Vol. 84, pp. 653-663, 1995.

24. JIANG, H., Unconstrained Minimization Approaches to Nonlinear Complementari-
ties, Technical Report AMR94/33, School of Mathematics, University of New
South Wales, Sydney, NSW, Australia, 1994.

JOTA: VOL. 94, NO. 2, AUGUST 1997466



25. PENG, J. M., The Convexity of the Implicit Lagrangian, Technical Report, State
Key Laboratory of Scientific and Engineering Computing, Academia Sinica,
Beijing, China, 1995.

26. YAMASHITA, N., TAJI, K.., and FUKUSHIMA, M., Unconstrained Optimization
Reformulations of Variational Inequality Problems, Technical Report, Graduate
School of Information Science, Nara Institute of Science and Technology, Nara,
Japan, 1995.

27. KANZOW, C, YAMASHITA, N., and FUKUSHIMA, M., New NCP Functions and
Their Properties, Technical Report TR-IS-96010, Nara Institute of Science and
Technology, Nara, Japan, 1996.

28. FISCHER, A., A New Constrained Optimization Reformulation for Complementar-
ity Problems, Technical Report MATH-NM-10-1995, Institute for Numerical
Mathematics, Technical University of Dresden, Dresden, Germany, 1995.

JOTA: VOL. 94, NO. 2, AUGUST 1997 467


