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Abstract. We obtain local estimates of the distance to a set defined by equality constraints under assumptions
which are weaker than those previously used in the literature. Specifically, we assume that the constraints
mapping has a Lipschitzian derivative, and satisfies a certain 2-regularity condition at the point under consid-
eration. This setting directly subsumes the classical regular case and the twice differentiable 2-regular case,
for which error bounds are known, but it is significantly richer than either of these two cases. When applied to
a certain equation-based reformulation of the nonlinear complementarity problem, our results yield an error
bound under an assumption more general than b-regularity. The latter appears to be the weakest assumption
under which a local error bound for complementarity problems was previously available. We also discuss an
application of our results to the convergence rate analysis of the exterior penalty method for solving irregular
problems.

Key words. error bound – C1,1-mapping – 2-regularity – nonlinear complementarity problem – exterior
penalty – rate of convergence

1. Error bounds and their applications

Among the most important tools for theoretical and numerical treatment of nonlinear
operator equations, optimization problems, variational inequalities, and other related
problems, are the so-called error bounds, i.e., upper estimates of the distance to a given
set in terms of some residual function. We refer the reader to [31] for a survey of error
bounds and their applications. When the set is defined by functional constraints, a typical
residual function is some measure of violation of constraints at the given point. When
available, error bounds can often be used to obtain a constructive local description of
the set under consideration. This description, in turn, plays a central role in the theory
of optimality conditions. As another important application of error bounds, we mention
development, implementation, and convergence rate analysis of numerical methods for
solving optimization and related problems.

In this paper, we consider error bounds for sets given by equality constraints. How-
ever, it is worth to point out that this setting implicitly includes sets of more general
structure, namely those whose constraints can be (equivalently) reformulated into equa-
tions. One such example is solution set of the nonlinear complementarity problem,
which we shall study in Sect. 3.
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Let X and Y be Banach spaces, V be an open set in X, F : V → Y be a given
mapping, and consider the set

D = {x ∈ V | F(x) = 0}. (1)

We define the distance function from a point to a set in a usual way:

dist(x, D) = inf
ξ∈D

‖x − ξ‖, x ∈ X.

Given some point x̄ ∈ D, a local error bound is the following property:

dist(x, D) ≤ M‖F(x)‖1/γ ∀ x ∈ U, (2)

where M > 0 and γ > 0 are two constants, and U ⊂ V is a neighborhood of x̄, with
M, γ and U being independent of point x appearing in (2). In this paper, we shall also
obtain somewhat more general forms of error bounds, but they can be all reduced to the
form (2) (this reduction, however, may make them less accurate in certain situations).

In what follows, for a linear operator 	 : X → Y , ker	 = {x ∈ X | 	x = 0} is
its null space, and im	 = {y ∈ Y | y = 	x for some x ∈ X} is its image space. By
F−1(y) we shall denote the complete pre-image of an element y ∈ Y with respect to F,
namely

F−1(y) = {x ∈ V | F(x) = y} .
With this notation, F−1(F(x̄)) is the level surface of F passing through F(x̄).

It is well-known that a Lipschitzian error bound (namely, (2) with γ = 1) holds
under the assumption that F is smooth and regular at x̄, i.e.,

im F′(x̄) = Y. (3)

Specifically, the following result, sometimes referred to as Graves-Lyusternik Theorem,
is classical (e.g., see [15,9,2]).

Theorem 1. Let X and Y be Banach spaces, V be a neighborhood of a point x̄ in X.
Suppose further that the mapping F : V → Y is Fréchet-differentiable on V , its
derivative is continuous at x̄, and F is regular at x̄.

Then there exist a neighborhood U ⊂ V of x̄ in X and a constant M > 0 such that

dist(x, F−1(F(x̄))) ≤ M‖F(x) − F(x̄)‖ ∀ x ∈ U. (4)

In fact, under the regularity assumption (3), we could state a more general property
than the error bound given in Theorem 1. In [2], it is referred to as the pseudo-Lipschitzian
property, and it has been studied extensively in the literature in a variety of settings,
see [31] for some references.

Let us define the tangent cone to D at a point x̄ ∈ D as

TD(x̄) := {h ∈ X | dist(x̄ + th, D) = o(t), t ∈ R+}.
As an immediate application of the error bound given in Theorem 1, we mention the
Graves-Lyusternik theorem [15,9] describing the tangent subspace to a level surface of
a regular mapping.
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Theorem 2. Under the assumptions of Theorem 1, the following equality holds:

TF−1(F(x̄))(x̄) = ker F′(x̄).

The inclusion TF−1(F(x̄))(x̄) ⊂ ker F′(x̄) is standard, and holds without any regularity
assumptions. To see that the error bound (4) implies the opposite inclusion, it is enough
to take x = x̄+th, h ∈ ker F ′(x̄), t ∈ R+, employ the definition of the Fréchet derivative
in the right-hand side of (4), take into account that h ∈ ker F ′(x̄), and use the definition
of the tangent cone. Theorem 2 is an important tool for deriving necessary optimality
conditions for optimization problems with equality constraints.

When regularity condition (3) is not satisfied, the assertions of Theorems 1 and 2
do not hold in general. In particular, a Lipschitzian error bound is not necessarily valid.
This irregular case is the main issue under consideration in the present paper.

Without the regularity assumption (3), error bound (2) is known to hold when F is an
analytic function [23]. Compared to our results (see Theorem 4 and Remark 7), for error
bounds based on analytic functions the constant γ is in general unknown, except in the
quadratic case under a certain positivity condition, in which case γ = 2 (and, of course, in
the affine case with γ = 1). In Sect. 3, we explain that our results are of a rather different
nature than those for analytic functions. We also provide an example where our results
imply an error bound for complementarity problems with non-analytic functions. For the
case of twice Fréchet-differentiable F, certain error bounds were obtained in [5] under
the so-called 2-regularity condition, which is considerably weaker than (3) (see also [18,
19]). These results are directly subsumed in our development below, so we shall not
survey them here. In Sect. 2, we shall obtain error bounds in the considerably much more
general setting where F need not be twice Fréchet-differentiable, but its first Fréchet-
derivative is Lipschitz continuous near the point under consideration. This development
will use the new notion of 2-regularity under relaxed smoothness assumptions introduced
in [17]. We obtain error bounds under regularity/smoothness assumptions for which
no such results were previously available. Specifically, we prove an estimate which
subsumes (2) with at least γ = 2. As its corollary, we recover in the regular case
Theorem 1 (i.e., (2) with γ = 1), Theorem 2, and the generalization of the Graves-
Lyusternik theorem about the tangent cone for the 2-regular case. We emphasize that
our extension of error bound results is significant, as local structure of mappings in our
setting can be considerably more complicated than that of twice differentiable 2-regular
mappings or regular mappings (in the latter two cases the tangent cone to a level surface
is necessarily two-sided, but it need not be two-sided under our assumptions, see [17,
Example 2.1]). In this paper, the significance of the new notion of 2-regularity is further
demonstrated by an application to an equation-based reformulation of the nonlinear
complementarity problem (NCP). It is well-known that useful NCP reformulations are
neither twice differentiable nor regular in the classical sense (except possibly under
certain restrictive assumptions), and so the theory previously available is usually not
directly applicable. In Sect. 3, we obtain a new error bound for NCP under a 2-regularity
condition, which we show to be weaker than b-regularity (we show that b-regularity
implies our condition, and that the converse is not true). To our knowledge, b-regularity
is the weakest condition under which a local error bound for NCP had been known to
hold previously. As another application of our results, in Sect. 4 we discuss exterior
penalty methods and their convergence rate analysis.
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Let us introduce some more notation. By B(x, r)we denote the open ball with center
x ∈ X and radius r > 0, and by 2X we denote the set of all subsets of X. We use the
notationH(D1, D2) for Hausdorff distance between two sets D1, D2 ⊂ X:

H(D1, D2) = max

{
sup

x∈D1

dist(x, D2), sup
x∈D2

dist(x, D1)

}
.

We shall use balls and distances only in space X, so there would be no confusion. By IY ,
we denote the identity operator in Y . Let L(X, Y ) be the space of continuous linear op-
erators from X to Y , normed in the usual manner. For a linear operator	 ∈ L(X, Y ), we
denote by 	−1 its right inverse, that is 	−1 : Y → 2X ,	−1(y) = {x ∈ X | 	x = y}.
Furthermore, we shall use the “norm”

‖	−1‖ = sup
y∈Y,

‖y‖=1

dist(0, 	−1(y)) .

Note that when 	 is one-to-one, ‖	−1‖ can be considered as the usual norm of the
element 	−1 in the space L(Y, X). We denote span {x1 , . . . , xk} := {x ∈ X | x =∑k

i=1 ti xi , ti ∈ R} and cone {x1 , . . . , xk} := {x ∈ X | x = ∑k
i=1 ti xi , ti ∈ R+}. For a

(finite-dimensional) vector x, xi will denote its i-th component.
We complete this section with the following fact which will be used in the subsequent

analysis.

Theorem 3 (Set-Valued Contracting Mapping Principle [15]).
Let X be a Banach space, x0 ∈ X and r > 0. Suppose that 
 : B(x0, r) → 2X is a
(set-valued) mapping such that 
(ξ) is nonempty and closed for every ξ ∈ B(x0, r).
Assume further that there exists a constant θ ∈ (0, 1) such that

H(
(ξ1) ,
(ξ2)) ≤ θ‖ξ1 − ξ2‖ ∀ ξ1, ξ2 ∈ B(x0, r),

dist(x0,
(x0)) < (1 − θ)r.

Then there exists some ψ ∈ B(x0, r) such that

ψ ∈ 
(ψ) , ‖ψ − x0‖ ≤ 2

1 − θ
dist(x0,
(x0)).

Note that in [15], Theorem 3 was established in the more general setting of a complete
metric space, but we do not need this level of generality in the present paper.

2. 2-regularity. Error bounds for 2-regular mappings

Throughout this section we assume the following basic hypotheses.

(H1) X and Y are Banach spaces, V is a neighborhood of a point x̄ in X.
(H2) F : V → Y is Fréchet-differentiable on V , and the mapping F ′ : V → L(X, Y )

is continuous at x̄.
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(H3) The subspace Y1 = im F′(x̄) is closed and has a closed complementary subspace
Y2 in Y .

(H4) Let P be the projector in Y onto Y2 parallel to Y1. Then the mapping PF ′ : V →
L(X, Y ) is Lipschitz continuous on V with a constant L > 0.

Under the assumption (H3), projector P is continuous, and so is IY − P, which is the
projector in Y onto Y1 parallel to Y2. Note that if Y is a Hilbert space and Y1 is closed then
Y1 always has a closed complementary subspace in Y (see hypothesis (H3)). Hypothesis
(H4) always holds when F ′(·) is Lipschitz continuous on V . Note that in the regular
case hypotheses (H3) and (H4) are trivially satisfied (Y1 = Y ,Y2 = {0} , P = 0).

Our analysis will be based on the usual notion of directional derivatives of the
mapping PF ′(·) at the point x̄. Given some direction h ∈ X, the directional derivative
of PF′(·) at x̄ with respect to h is defined by

(PF′)′(x̄; h) = lim
t→0+

PF′(x̄ + th)− PF′(x̄)
t

.

This derivative always exists whenever the corresponding directional derivative of the
mapping F ′(·) exists, but not vice versa: PF′(·) can be directionally differentiable even
if F′(·) is not.

The following definitions are direct extensions of those previously introduced in
the twice differentiable case, see [3–6,18,1,16,19]. If F is twice Fréchet-differentiable
at x̄, our definitions reduce to standard notions of 2-regularity theory. In particular,
all directional derivatives involved will be defined via second Fréchet derivatives; for
example, (PF′)′(x̄; h)ξ = PF′′(x̄)[h, ξ], h, ξ ∈ X. But we stress once again that
the setting (H1)–(H4) is significantly different from the case of twice differentiability.
Moreover, it is also richer when it comes to applications (more on this in Sect. 3).

If (PF′)′(x̄; h) exists, then it is an element ofL(X, Y ), and so the following operator
can be defined:

�2(h) ∈ L(X, Y ), �2(h)ξ := F′(x̄)ξ + (PF′)′(x̄; h)ξ. (5)

This operator is central in the theory of 2-regularity. In this paper, its role will become
clear in Theorem 4, which is our main error bound result.

Let PF′(·) be directionally differentiable at x̄ with respect to an element h ∈ X.

Definition 1. The mapping F is referred to as 2-regular at the point x̄ with respect to
h ∈ X, if im�2(h) = Y.

Remark 1. It is easy to see that if F is 2-regular at x̄ with respect to some h ∈ X, then
it is 2-regular with respect to th for all t > 0 (this fact is based on positive homogeneity
of the directional derivative with respect to a direction).

Remark 2. Consider the case when the mapping F is regular at the point x̄, i.e., when
(3) holds. Then Y1 = Y , Y2 = {0}, P = 0, �2(h) = F′(x̄), and hence, F is 2-regular
with respect to every h ∈ X.

The next notion is well-defined provided PF ′(·) is directionally differentiable at x̄
with respect to every direction in ker F ′(x̄).
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Definition 2. The mapping F is said to be 2-regular at the point x̄ if it is 2-regular at
this point with respect to every element h ∈ T2 \ {0}, where

T2 = {h ∈ ker F′(x̄) | (PF′)′(x̄; h)h = 0}.
The cone T2 and 2-regularity play a central role in the description of tangent direc-

tions to a level surface of a nonlinear mapping (see Theorem 5).

Remark 3. If F is regular at x̄, then P = 0 and so PF ′(·) is certainly (directionally)
differentiable. Taking further into account Remark 2, it follows that if F is regular at x̄,
then it is also 2-regular at x̄. Note that in the regular case T2 = ker F′(x̄).

Finally, the following definition requires directional differentiability of PF ′(·) at x̄
with respect to every direction in X.

Definition 3. The mapping F is referred to as strongly 2-regular at the point x̄ if there
exists ν > 0 such that

sup
h∈T ν2 ,‖h‖=1

∥∥(�2(h))
−1

∥∥ <∞,

where

T ν2 = {h ∈ X | ‖F′(x̄)h‖ ≤ ν, ‖(PF′)′(x̄; h)h‖ ≤ ν}.
Remark 4. Clearly, if the mapping F is regular at the point x̄, then F is strongly 2-
regular at x̄. This follows from the fact that a surjective continuous linear operator from
one Banach space to another has a bounded (set-valued) right inverse in the sense of the
“norm” defined in Sect. 1.

Remark 5. Note that T2 = T 0
2 ⊂ T ν2 for all ν ≥ 0. In the case of a finite-dimensional X,

strong 2-regularity at x̄ is equivalent to 2-regularity at x̄. To see this, one has to recall
the following facts.

1. Under the hypothesis (H4) the mapping (PF ′)′(x̄; ·) : X → L(X, Y ) is continuous
on X (in fact, this mapping is even Lipschitzian, see [34, Lemma 2.1]).

2. A small linear perturbation of a surjective linear operator results in a small pertur-
bation of the norm of its right inverse [18, Theorem 2, p. 26].

3. The unit sphere in a finite-dimensional space is compact.

In general Banach spaces, strong 2-regularity is somewhat stronger than 2-regularity
(see [6,18,16,19] for some examples and more detailed discussion of this issue).

In the sequel, the following useful notion will also be involved. The mapping PF ′(·)
is referred to as B-differentiable at the point x̄ with respect to a cone K in X if it has
a directional derivative at x̄ with respect to every direction h ∈ K , and

PF′(x̄ + h) = PF′(x̄)+ (PF′)′(x̄; h)+ o(‖h‖), h ∈ (V − x̄) ∩ K.

We call PF′(·) B-differentiable at x̄, if it is B-differentiable at this point with respect
to the cone K = X. The notion of B-differentiability (with respect to K = X) was
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introduced in [35]. In the finite-dimensional setting, a mapping which is Lipschitzian
in a neighborhood of a point (recall hypothesis (H4)) is B-differentiable at this point
if, and only if, it is directionally differentiable at this point with respect to any direc-
tion [36].

Before we proceed, two technical lemmas on the properties of mappings with B-
differentiable derivatives are in order.

Lemma 1. Assume that the basic hypotheses (H1)–(H4) are satisfied. Suppose further
that the mapping PF ′(·) is B-differentiable at the point x̄ with respect to a cone K in X.
Then for any ε > 0 there exists a constant δ > 0 such that

B(x̄, δ) ⊂ V,

and for all x ∈ B(x̄, δ) ∩ (x̄ + K ), it holds that

‖(IY − P)(F(x)− F(x̄))− F′(x̄)(x − x̄)‖ ≤ ε‖x − x̄‖,
∥∥∥∥P(F(x)− F(x̄))− 1

2
(PF′)′(x̄; x − x̄)(x − x̄)

∥∥∥∥ ≤ ε‖x − x̄‖2.

Proof. Using the Mean-Value Theorem and the equality PF ′(x̄) = 0, we have that

‖(IY − P)(F(x)− F(x̄))− F′(x̄)(x − x̄)‖ = o(‖x − x̄‖) , (6)

from which follows the first assertion of the lemma.
Using additionally the Newton–Leibniz formula, for all x ∈ (x̄ + K ) sufficiently

close to x̄, we have that

∥∥∥∥P(F(x)− F(x̄))− 1

2
(PF′)′(x̄; x − x̄)(x − x̄)

∥∥∥∥
=

∥∥∥∥
∫ 1

0
P(F′(x̄ + τ(x − x̄))− F′(x̄))(x − x̄)dτ − 1

2
(PF′)′(x̄; x − x̄)(x − x̄)

∥∥∥∥
=

∥∥∥∥
∫ 1

0
(PF′)′(x̄; τ(x − x̄))(x − x̄)dτ − 1

2
(PF′)′(x̄; x − x̄)(x − x̄)

∥∥∥∥ + o(‖x − x̄‖2)

= o(‖x − x̄‖2) , (7)

where the second equality follows from the B-differentiability of PF ′(·) at x̄ with respect
to K , and the last follows from the fact that the mapping (PF ′)′(x̄; ·) : K → L(X, Y )
is positively homogeneous. Relation (7) establishes the second assertion.

��

Remark 6. Obviously, for x �= x̄ one can guarantee strict inequalities in the assertions
of Lemma 1.
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Lemma 2. Under the assumptions of Lemma 1, for any ε > 0 there exist two constants
δ > 0 and γ > 0 such that

B(x̄, (1 + γ)δ) ⊂ V,

and for all x ∈ B(x̄, δ) ∩ (x̄ + K ) and ξ1, ξ2 ∈ B(0, γ‖x − x̄‖), it holds that

∥∥(IY − P)(F(x + ξ1)− F(x + ξ2))− F′(x̄)(ξ1 − ξ2)
∥∥ ≤ ε‖ξ1 − ξ2‖,

‖P(F(x + ξ1)− F(x + ξ2))− (PF′)′(x̄; x − x̄)(ξ1 − ξ2)‖ ≤ ε‖x − x̄‖‖ξ1 − ξ2‖.

Proof. The argument is analogous to Lemma 1.
��

In Theorem 4, we shall need the following regularity assumption. Assuming PF ′(·)
is directionally differentiable at x̄ with respect to every direction in some cone K in X,

∃ ν > 0 such that sup
h∈K ν

2 ,‖h‖=1

∥∥(�2(h))
−1

∥∥ < ∞, (8)

where

Kν
2 = {h ∈ K | ‖F′(x̄)h‖ ≤ ν, ‖(PF′)′(x̄; h)h‖ ≤ ν}.

Note that for K = X this condition is precisely strong 2-regularity of F at x̄ introduced in
Definition 3. In the case of finite-dimensional X, this is further equivalent to 2-regularity
of F at x̄ (recall Remark 5). Another useful observation is that if F is regular at x̄, (8) is
clearly satisfied for K = X with any ν > 0 (recall Remark 4).

The following is our main result. After the proof, in Remark 7, we shall discuss its
relation to the more standard form of error bounds, such as (2).

Theorem 4. Assume that the basic hypotheses (H1)–(H4) are satisfied. Suppose further
that the mapping PF ′(·) is B-differentiable at the point x̄ with respect to a cone K in X,
and that the regularity condition (8) is satisfied.

Then there exist a neighborhood U ⊂ V of x̄ in X and a constant M > 0 such that
for all x ∈ (U ∩ (x̄ + K )) \ {x̄} it holds that

dist(x, F−1(F(x̄))) ≤ M

(
‖(IY − P)(F(x)− F(x̄))‖ + ‖P(F(x)− F(x̄))‖

‖x − x̄‖
)
. (9)

In particular, if K = X (in which case (8) means that F is strongly 2-regular at x̄),
then (9) holds for all x ∈ U \ {x̄}.

Proof. Let ρ > 0 be such that B(x̄, 2ρ) ⊂ V . Fix an arbitrary θ ∈ (0, 1), and denote
the constant in the left-hand side of (8) by C, C > 0. Applying Lemma 2, we conclude
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that there exist two constants δ ∈ (0, ρ] and γ ∈ (0, ρ/δ] such that for all x ∈
B(x̄, δ) ∩ (x̄ + K ) and for all ξ1, ξ2 ∈ B(0, γ‖x − x̄‖) the following relations hold:

∥∥(IY − P)(F(x + ξ1)− F(x + ξ2))− F′(x̄)(ξ1 − ξ2)
∥∥ ≤ θ

2C
‖ξ1 − ξ2‖, (10)

‖P(F(x + ξ1)− F(x + ξ2))− (PF′)′(x̄; x − x̄)(ξ1 − ξ2)‖ ≤ θ

2C
‖x − x̄‖‖ξ1 − ξ2‖.

(11)

Next, choose

ν̄ ∈
(

0, min

{
ν,
(1 − θ)γ

4C

})
. (12)

First, we consider the case when

x − x̄

‖x − x̄‖ ∈ K ν̄
2 . (13)

Define r(x) = γ‖x − x̄‖, x ∈ B(x̄, δ). According to Lemma 1, Remark 6, and (12), there
exists a neighborhood U ⊂ B(x̄, δ) of x̄ in X such that for all x ∈ (U ∩ (x̄ + K )) \ {x̄},
we have that

‖(IY − P)(F(x)− F(x̄))‖ < 1 − θ

2C
r(x), (14)

‖P(F(x)− F(x̄))‖ < 1 − θ

2C
‖x − x̄‖r(x). (15)

For each x ∈ U , define the set-valued mapping


x : B(0, r(x)) → 2X , 
x(ξ) = ξ − (�2(x − x̄))−1(F(x + ξ)− F(x̄)).

For all x ∈ U \ {x̄} satisfying (13), by (8) and (12) (recall also Remark 1), it holds that


x(ξ) �= ∅ ∀ ξ ∈ B(0, r(x)). (16)

In the case of (13), we shall prove our assertion by applying the set-valued contracting
mapping principle (i.e., Theorem 3) to the mapping defined above. To apply Theorem 3,
we have to estimate the (Hausdorff) distance between 
x(ξ

1) and 
x(ξ
2) for each

x ∈ U \ {x̄} satisfying (13) and each ξ1, ξ2 ∈ B(0, r(x)). By the definition, we have
that

η ∈ 
x(ξ) ⇔ �2(x − x̄)η = �2(x − x̄)ξ − F(x + ξ)+ F(x̄).

In particular, for each fixed ξ ∈ B(0, r(x)), 
x(ξ) is a (nonempty, by (16)) affine set
parallel to the subspace ker�2(x − x̄).

For any xi ∈ 
x(ξ
i), i = 1, 2, we have that

�2(x − x̄)(x1 − x2) = �2(x − x̄)(ξ1 − ξ2)− F(x + ξ1)+ F(x + ξ2). (17)
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Observe further that by the definition (5) of �2, for any ξ ∈ X and t > 0, we have that

�2(t(x − x̄))ξ = F′(x̄)ξ + (PF′)′(x̄; t(x − x̄))ξ

= F′(x̄)ξ + t(PF′)′(x̄; x − x̄)ξ.

In particular, multiplication of x − x̄ does not affect the component in Y1 = im F′(x̄),
while the component in Y2 is positively homogenuous. Using this observation and (17),
we have that

�2

(
x − x̄

‖x − x̄‖
)
(x1 − x2) = �2

(
x − x̄

‖x − x̄‖
)
(ξ1 − ξ2)

−(IY − P)(F(x + ξ1)− F(x + ξ2))

−‖x − x̄‖−1 P(F(x + ξ1)− F(x + ξ2)).

Since 
x(ξ
1) and 
x(ξ

2) are two parallel affine sets, we obtain that

H(
x(ξ
1), 
x(ξ

2)) = inf
xi∈
x(ξ

i),
i=1, 2

‖x1 − x2‖

= inf

{
‖ξ‖

∣∣∣∣ ξ ∈ X, �2

(
x − x̄

‖x − x̄‖
)
ξ = �2

(
x − x̄

‖x − x̄‖
)
(ξ1 − ξ2)

− (IY − P)(F(x + ξ1)− F(x + ξ2))

− ‖x − x̄‖−1 P(F(x + ξ1)− F(x + ξ2))

}
≤ C

(∥∥(IY − P)(F(x + ξ1)− F(x + ξ2))− F′(x̄)(ξ1 − ξ2)
∥∥

+‖x − x̄‖−1‖P(F(x + ξ1)− F(x + ξ2))− (PF′)′(x̄; x − x̄)(ξ1 − ξ2)‖)
≤ θ‖ξ1 − ξ2‖, (18)

where the first inequality follows from (8), and the last inequality follows from (10) and
(11).

Similarly, from (14) and (15), it follows that for all x ∈ U \ {x̄} satisfying (13) the
following relations hold:

dist(0, 
x(0)) = inf
{
‖ξ‖

∣∣∣∣ ξ ∈ X, �2

(
x − x̄

‖x − x̄‖
)
ξ = (IY − P)(F(x)− F(x̄))

+ ‖x − x̄‖−1(P(F(x)− F(x̄))

}
≤ C(‖(IY − P)(F(x)− F(x̄))‖ + ‖x − x̄‖−1‖P(F(x)− F(x̄))‖)
< (1 − θ)r(x). (19)

Relations (18) and (19) (also taking into account (16)), imply that for all x ∈ U \ {x̄}
satisfying (13) the mapping
x satisfies in B(0, r(x)) all the assumptions of Theorem 3.
Therefore, for each x ∈ U \ {x̄} satisfying (13), 
x has a fixed point in B(0, r(x)).
Specifically, there exists an element ψ(x) ∈ B(0, r(x)) such that

ψ(x) ∈ 
x(ψ(x)), ‖ψ(x)‖ ≤ 2

1 − θ
dist(0, 
x(0)).
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By the definition of 
x , it now follows that

F(x + ψ(x)) = F(x̄), (20)

and, using the next to last inequality in (19),

‖ψ(x)‖ ≤ 2C

1 − θ

(‖(IY − P)(F(x)− F(x̄))‖ + ‖x − x̄‖−1‖P(F(x)− F(x̄))‖). (21)

Obviously, (20) and (21) imply the estimate (9) with M = 2(1 − θ)−1C (for those
x ∈ (U ∩ (x̄ + K )) \ {x̄} that satisfy (13)).

Next we turn our attention to the second case, namely when x ∈ (V ∩ (x̄ + K ))\ {x̄}
is sufficiently close to x̄ and

x − x̄

‖x − x̄‖ �∈ K ν̄
2 . (22)

Using (6) and (7), (22) implies that one of the following two relations must hold:

‖(IY − P)(F(x)− F(x̄))‖ = ‖F′(x̄)(x − x̄)‖ + o(‖x − x̄‖)
> ν̄‖x − x̄‖ + o(‖x − x̄‖),

or

‖P(F(x)− F(x̄))‖ = 1

2
‖(PF′)′(x̄; x − x̄)(x − x̄)‖ + o(‖x − x̄‖2)

>
ν̄

2
‖x − x̄‖2 + o(‖x − x̄‖2).

Hence,

‖(IY − P)(F(x)− F(x̄))‖ + ‖x − x̄‖−1‖P(F(x)− F(x̄))‖ > ν̄

2
‖x − x̄‖ + o(‖x − x̄‖),

and the desired estimate (9) is now obvious, as x̄ ∈ F−1(F(x̄)). In particular, we have
proved that for any M ∈ (2/ν̄ ,+∞) there exists a neighborhood U ⊂ V of x̄ in X such
that (9) holds under the additional assumption (22).

Combining the two cases (13) and (22) completes the proof.
��

Note that in the regular case, because of Remark 4 and since P = 0, Theorem 4
reduces to the classical error bound result given by Theorem 1.

Remark 7. The estimate (9) in Theorem 4 implies the following error bound (possibly
with different M and U), which is in general somewhat weaker but may be more
convenient in applications:

dist(x, F−1(F(x̄))) ≤ M
(‖(IY − P)(F(x)− F(x̄))‖ + ‖P(F(x)− F(x̄))‖1/2)

∀ x ∈ U ∩ (x̄ + K ) . (23)

To verify that (23) follows from (9), denote a := dist(x, F−1(F(x̄))), b := M‖(IY − P)
(F(x) − F(x̄))‖, and c := M‖P(F(x) − F(x̄))‖. Since ‖x − x̄‖−1 ≤ a−1, from (9) we
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obtain that a ≤ b+c/a. Resolving the quadratic inequality in a, namely a2−ba−c ≤ 0,
we obtain that a ≤ b/2 + √

b2/4 + c ≤ b + √
c, from which the bound (23) follows,

recalling definitions of the quantities involved.
To see that bound (23) can be weaker than (9), consider the case when x̄ is not an

isolated point of the set F−1(F(x̄)). Then dist(x, F−1(F(x̄))) can tend to zero without
‖x − x̄‖ tending to zero, in which case (9) gives a linear error bound, while (23) contains
also a term of order 1/2. In the case when x̄ is an isolated point of F−1(F(x̄)), the two
error bounds can be regarded as equivalent.

Clearly, error bound (23) can be further simplified as follows:

dist(x, F−1(F(x̄))) ≤ M‖F(x) − F(x̄)‖1/2 ∀ x ∈ U ∩ (x̄ + K ). (24)

However, the latter bound is, in turn, weaker than (23). When K = X and F(x̄) = 0, we
obtain a bound in the form (2) with γ = 2.

Applying Theorem 4 with the cone K = {th | t ∈ R+}, h ∈ X, we can establish
the following generalization of the Graves-Lyusternik theorem describing the tangent
directions to a level surface of a nonlinear mapping. This theorem was first obtained
in [17] using another approach, not based on error bounds.

Theorem 5. Assume that the basic hypotheses (H1)–(H4) are satisfied, and that the
mapping PF ′(·) has the directional derivative at the point x̄ with respect to a direction
h ∈ X.

Then the following statements hold.

(a) If h ∈ TF−1(F(x̄))(x̄), then h ∈ ker F ′(x̄) and (PF ′)′(x̄; h)h = 0.
(b) If h ∈ ker F ′(x̄) and (PF ′)′(x̄; h)h = 0, and the mapping F is 2-regular at x̄ with

respect to h, then h ∈ TF−1(F(x̄))(x̄).

In particular, if PF′(·) is directionally differentiable at x̄ with respect to every direction
in ker F′(x̄), and the mapping F is 2-regular at x̄, then

TF−1(F(x̄))(x̄) = T2.

Proof. The proof of the necessary conditions of tangency (part (a)) is quite straight-
forward, and can be found in [17]. Sufficient conditions of tangency (part (b)) follow
immediately from Theorem 4 (specifically, error bound (23)), Lemma 1, and the defin-
ition of the tangent cone.

��
By Remark 3, in the regular case we have that T2 = ker F′(x̄), and so Theorem 5

takes the form of the classical Graves-Lyusternik theorem describing the tangent sub-
space (Theorem 2). Under the assumptions of twice Fréchet-differentiability of F at x̄,
Theorem 5 was proved in [39] (for the special case when F ′(x̄) = 0), and in [3] (without
the latter assumption). Some earlier version of this result under even stronger smooth-
ness assumptions can be found in [24]. For other related material see also [38,8,4–6,
18,1,16,19].

Theorem 5 can be used to derive optimality conditions for 2-regular problems,
including a special form of primal-dual conditions. We refer the reader to [17], where also
an application to optimality conditions for mathematical programs with complementarity
constraints is discussed.
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3. A new error bound for the nonlinear complementarity problem

In this section, as an application of our general results, we obtain a new error bound
for the classical nonlinear complementarity problem [30,11] (NCP). Given a (smooth)
mapping g : Rm → Rm , this problem consists of finding a point x ∈ Rm such that

g(x) ≥ 0, x ≥ 0, 〈g(x), x〉 = 0. (25)

While there exists a wide range of approaches to solving the NCP, one of the most
successful and widely used is reformulation of the NCP as a system of equations or
an optimization problem, see [27,25,20,13,10,37], the collection [14], and references
therein. Among other things, such reformulations often lead to error bounds for NCP
(i.e., estimates of the distance to its solution set) in terms of the objective function in
optimization-based reformulations, or in terms of the equation residual in equation-based
reformulations [13,31].

To our knowledge, the weakest condition under which a local error bound for NCP
was previously available is b-regularity, introduced in [32]. Actually, there appears to be
no explicit reference in the literature to an error bound for NCP under this assumption.
However, the result is known to experts in the field, and it follows readily from some
well-known facts, which we shall cite below.

Let x̄ be a solution of the NCP, and define the three index sets

I0 := {i = 1, . . . , m | gi(x̄) = 0, x̄i = 0},
I1 := {i = 1, . . . , m | gi(x̄) = 0, x̄i > 0},
I2 := {i = 1, . . . , m | gi(x̄) > 0, x̄i = 0}.

Definition 4. A solution x̄ of NCP is called b-regular, if for every A ⊂ I0 the submatrix
comprised by elements Gi j , i, j ∈ A ∪ I1, is nonsingular, where G is the Jacobian
matrix of g at x̄.

By direct observation, it is easy to check that Definition 4 can be equivalently stated
in the following form (which will be more convenient for our purposes): for any pair
(A, B) of index sets such that A ∪ B = I0, A ∩ B = ∅, it holds that for h ∈ Rm

〈g′
i(x̄), h〉 = 0, i ∈ A ∪ I1

hi = 0, i ∈ B ∪ I2

}
⇐⇒ h = 0 . (26)

Or equivalently,

g′
i(x̄) , i ∈ A ∪ I1 , ei , i ∈ B ∪ I2 are linearly independent in Rm , (27)

where e1, . . . em is the standard basis in Rm , and the index sets A and B vary as specified
above.

If x̄ is a b-regular solution of NCP, then it is known that it is locally unique.
Furthermore, the norm of the natural residual

S : Rm → Rm, Si(x) = min{xi, gi(x)}, i = 1, . . . , m,
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provides a local error bound: there exist a constant M > 0 and a neighborhood U of x̄
such that

‖x − x̄‖ ≤ M‖S(x)‖ ∀ x ∈ U. (28)

This error bound follows from the following facts.

1. Let Q(x̄) = 0, and suppose that Q is semismooth [29,34] at x̄, and x̄ is BD-regular
(as defined in [34]). Then the equation residual provides a local error bound [33,
Proposition 3], i.e., ‖x − x̄‖ ≤ M‖Q(x)‖ for all x in some neighborhood of x̄ and
some M > 0.

2. If x̄ is a b-regular solution of NCP, then x̄ is a BD-regular solution of S(x) = 0 [21,
Proposition 3.4](see also [22, Proposition 2.10]).

3. If g(·) is continuously differentiable then the mapping S(·) is semismooth (e.g.,
see [22, Proposition 2.7]).

In this section, we shall obtain an error bound for NCP under an assumption weaker
than b-regularity. Specifically, we shall derive an error bound using the 2-regularity
condition studied in Sect. 2, and show that it is implied by b-regularity, but not vice
versa. Our error bound will be based on the following C 1, 1-equation-based reformulation
of NCP. Define the mapping

F : Rm → Rm, Fi(x) = 2gi(x)xi − (min{0, gi(x)+ xi})2, i = 1, . . . , m.

It is known [20], and easy to check, that solution set of NCP coincides with the set

D = {x ∈ Rm | F(x) = 0}. (29)

We believe that our analysis can also be applied to some other appropriate C1, 1 refor-
mulations, such as in [27,20], but we shall consider only one of them for the clarity of
presentation.

We assume that g is differentiable on some neighborhood V of x̄ in Rm , its derivative
is Lipschitzian on V , and g is twice differentiable at x̄. Then it is easy to see that F
satisfies all the smoothness assumptions of Theorem 4 (with K = Rm). Hence, an
error bound for NCP in terms of the residual function ‖F(·)‖ follows immediately
from Theorem 4, whenever F is 2-regular at x̄ (recall that in the finite-dimensional
setting 2-regularity is equivalent to strong 2-regularity). It remains to understand what
2-regularity means in the context of this section. Let P and T2 be as defined in Sect. 2.
Recall also Definition 2 and (5). Observe that if h ∈ T2, then necessarily h ∈ ker�2(h)
(this follows directly from the definitions). Since in the case under consideration the
linear operator �2(h) is from Rm to Rm , if h ∈ T2 and h �= 0 then ker�2(h) �= {0},
and hence, im�2(h) �= Rm . It follows that F cannot be 2-regular with respect to any
h ∈ T2 \ {0}. On the other hand, if

T2 = {0}, (30)

then Definition 2 of 2-regularity is always (trivially) satisfied. Hence, the mapping F
under consideration is 2-regular at x̄ if, and only if, (30) holds.

We are now ready to state our error bound for NCP. Afterwards, we shall compare
our new regularity condition (30) with the condition of b-regularity defined above. In
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particular, we shall establish that the former implies the latter, and that the converse is
not true. Some examples will be given to illustrate those facts.

Note that if (30) holds then x̄ is an isolated point of the set D (this follows from
Lemma 1 and compactness property of the unit sphere in Rm). Applying now Theorem 4
(see also Remark 7), we readily obtain the following error bound.

Theorem 6. Let V be a neighborhood of a point x̄ in Rm, which is a solution of NCP.
Let g : V → Rm be differentiable on V , its derivative be Lipschitz continuous on V , and
let g be twice differentiable at x̄. Suppose further that F is 2-regular at x̄ (i.e., condition
(30) is satisfied).

Then there exist a neighborhood U of x̄ in Rm and a number M > 0 such that

‖x − x̄‖ ≤ M(‖(I − P)F(x)‖ + ‖PF(x)‖1/2) ∀ x ∈ U. (31)

Note that according to Remark 7, we can replace estimate (31) by a weaker one:

‖x − x̄‖ ≤ M‖F(x)‖1/2 ∀ x ∈ U. (32)

We proceed to establish the relationship between 2-regularity of F at x̄ and b-
regularity.

The first derivative of F is given by

F′
i (x) = 2

(
xi g

′
i(x)+ gi(x)e

i − min{0, gi(x)+ xi}
(
g′

i(x)+ ei)),
i = 1, . . . , m, x ∈ V,

where e1, . . . em is again the standard basis in Rm . As before, let x̄ be a solution of NCP
(equivalently, x̄ ∈ D), and let the index sets I0 , I1 and I2 be as defined above. With this
notation, we have that

F′
i (x̄) = 2




0, if i ∈ I0,

x̄i g′
i(x̄), if i ∈ I1,

gi(x̄)ei , if i ∈ I2.

(33)

Observe that F cannot be regular at x̄ when I0 �= ∅. Among other things, this implies
that an error bound in terms of ‖F(·)‖ could not have been obtained using the classical
results.

Obviously, the null-space of F ′(x̄) is given by

ker F′(x̄) =
{

h ∈ Rm
∣∣∣∣
〈
g′

i(x̄), h
〉 = 0, i ∈ I1,

hi = 0, i ∈ I2

}
. (34)

By (33), it is further evident that

im F′(x̄) ⊂ span
{
ei | i ∈ I1 ∪ I2

}
. (35)

By the directional differentiability of F ′, we have that for any h ∈ Rm

(PF′)′(x̄; h)h = 0 ⇐⇒ (F′)′(x̄; h)h ∈ im F′(x̄) $⇒ (
F′

i

)′
(x̄; h)h = 0 ∀ i ∈ I0 ,
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where the last implication follows from (35). Hence, by the definition of T2,

T2 ⊂ Q := {
h ∈ ker F′(x̄)

∣∣(F′
i

)′
(x̄; h)h = 0 , i ∈ I0

}
. (36)

Hence, a sufficient condition for 2-regularity of F at x̄ is Q = {0}. Note that under the
assumption that

g′
i(x̄) , i ∈ I1 , ei , i ∈ I2 are linearly independent in Rm , (37)

the inclusions in (35) and (36) hold as equalities. In that case, the condition Q = {0} is
also necessary for 2-regularity of F at x̄. However, we point out that the linear indepen-
dence assumption (37) is not necessary for the reformulation of NCP to have 2-regularity
properties (see Example 1 below). On the other hand, it simplifies a comparison with
the b-regularity condition (27), which itself certainly subsumes (37).

By direct calculations, we obtain the following formula for the directional derivatives
of F′

i (·) : V → Rm , i ∈ I0:

(
F′

i

)′
(x̄; h) = 2

(
hi − min

{
0,

〈
g′

i(x̄), h
〉 + hi

})
g′

i(x̄)

+2
(〈

g′
i(x̄), h

〉 − min
{
0,

〈
g′

i(x̄), h
〉 + hi

})
ei,

i ∈ I0, h ∈ Rm .

Using the latter formula, and taking also into account (34), it is easy to verify that

Q =


h ∈ Rm

∣∣∣∣∣∣∣
min

{〈
g′

i(x̄), h
〉
, hi

} = 0, i ∈ I0,〈
g′

i(x̄), h
〉 = 0, i ∈ I1,

hi = 0, i ∈ I2.


 .

It is now clear that the condition Q = {0}, which is sufficient for 2-regularity of F
at x̄, can be stated as follows: for any pair of index sets (A, B) such that A ∪ B = I0,

A ∩ B = ∅, it holds that for h ∈ Rm

〈
g′

i(x̄), h
〉 = 0, hi ≥ 0, i ∈ A〈

g′
i(x̄), h

〉 ≥ 0, hi = 0, i ∈ B〈
g′

i(x̄), h
〉 = 0, i ∈ I1

hi = 0, i ∈ I2




⇐⇒ h = 0 . (38)

By direct comparison of (26) and (38), we conclude that the b-regularity of x̄ always
implies 2-regularity of F at x̄. We have therefore established the following.

Proposition 1. Let V be a neighborhood of a point x̄ in Rm, and suppose that g : V →Rm

is differentiable on V with its derivative being Lipschitz continuous on V , and g is twice
differentiable at x̄.

If x̄ is a b-regular solution of NCP, then F is 2-regular at x̄.
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Combining Proposition 1 and Theorem 6, we obtain, as a corollary, a local error
bound for NCP in terms of ‖F(·)‖ under the assumption of b-regularity of x̄. We note
that this bound also follows from different considerations. Indeed, as discussed above,
an error bound under the assumption of b-regularity is known to hold in terms of the
natural residual ‖S(·)‖. Hence, it also holds in terms of any other residual whose local
growth rate is at least of the same order. We refer the reader to [40], where some relevant
comparisons can be found. In particular, it holds that ‖F(x)‖1/2 ≥ ‖S(x)‖ for all x ∈ Rm .
Hence, if x̄ is b-regular then error bound (32) follows from (28) (but note that the sharper
bound (31) does not readily follow from (28)). In any case, we stress once again that
our general result (Theorem 6) is applicable beyond the case of b-regularity of x̄.

We could also state a corollary of Theorem 6, where the projector P is evaluated ex-
plicitly, at least under the assumption (37). Let FI1, I2(·) and FI0 (·) denote the mappings
with components Fi(·), where i ∈ I1 ∪ I2 and i ∈ I0, respectively. Under the hypotheses
of Theorem 6, and the additional assumption (37), error bound (31) takes the form

‖x − x̄‖ ≤ M
(‖FI1, I2(x)‖ + ‖FI0 (x)‖1/2) ∀ x ∈ U. (39)

As before, the above bound can be replaced by a weaker bound (32), which does not
involve projectors.

The following two examples show that 2-regularity is indeed weaker than b-
regularity. The first example demonstrates that 2-regularity condition (30) can hold
even without the linear independence assumption (37), in which case b-regularity can-
not hold. The second example illustrates that even if the linear independence assumption
(37) holds, it is still possible to have 2-regularity without b-regularity. The two exam-
ples therefore indicate that 2-regularity is a significantly less restrictive assumption than
b-regularity.

Example 1. Let m = 2 and consider NCP associated with the function

g(x) = (
x1, −(x2 − a)2

)
, x ∈ R2,

with a > 0 being any given number. Consider the point x̄ = (0, a), which clearly is
a solution of NCP. Obviously, I0 = {1}, I1 = {2}, I2 = ∅, and g′

2(x̄) = 0, so (37)
is violated. In particular, x̄ is not a b-regular solution of NCP. Nevertheless, it is not
difficult to evaluate T2 here. We have: F′(x̄) = 0, hence ker F ′(x̄) = R2, Y1 = {0},
Y2 = R2, P is the identity operator in R2. By direct computation, we obtain that(

F′
1

)′
(x̄; h) = 4h1(h1 − min{0, 2h1}), h ∈ R2.

Furthermore, F ′
2(·) is smooth at x̄, and

F′′
2 (x̄)[h, h] = 8ah2

2, h ∈ R2.

It is now obvious that (30) holds, and so F is 2-regular at x̄. It is further easy to see that
the error bound (32) is valid.

Note that error bound (28) using the natural residual S does not hold in this case.
Indeed, consider the sequence of points {xk}, where xk

1 = 0 and xk
2 = a − 1/k , k =

1, 2, . . . . Then ‖xk − x̄‖ = 1/k, while ‖S(xk)‖ = 1/k2.
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Before stating our second example, let us consider yet another characterization of
2-regularity (under the additional assumption (37)). Notice that (38) is equivalent to
saying that there exist no q ∈ Rm such that the following system has a solution in
h ∈ Rm :

〈q, h〉 > 0,〈
g′

i(x̄), h
〉 = 0, hi ≥ 0, i ∈ A,〈

g′
i(x̄), h

〉 ≥ 0, hi = 0, i ∈ B,〈
g′

i(x̄), h
〉 = 0, i ∈ I1,

hi = 0, i ∈ I2.

By the Motzkin theorem of the alternatives [26], the latter is equivalent to the following
system (in λ ,µ) having a solution for all q ∈ Rm :∑

i∈A
λi ei + ∑

i∈B
λi g′

i(x̄)+
∑

i∈A∪I1

µi g′
i(x̄)+

∑
i∈B∪I2

µiei = q,

λi ≥ 0 , i ∈ A ∪ B = I0.

In other words,

Rm = cone{ei | i ∈ A} + cone
{
g′

i(x̄)
∣∣i ∈ B

}
+ span

{
g′

i(x̄)
∣∣i ∈ A ∪ I1

} + span
{
ei

∣∣i ∈ B ∪ I2
}
. (40)

Note that this is another way to see that b-regularity implies 2-regularity. Indeed, (27)
clearly guarantees (40), regardless of the cones in the right-hand side. On the other hand,
if b-regularity does not hold, the last two terms in (40) span a proper subspace of Rm .
But it is still possible that the sum of this subspace and the cone given by the first two
terms in the right-hand side of (40), gives the whole space Rm . The following example
illustrates this case.

Example 2. Let m = 2 and consider NCP associated with the function

g(x) = (−x2, −x1), x ∈ R2.

Clearly, x̄ = (0, 0) is a solution of this NCP. We have that I0 = {1, 2}, g′
1(x̄) = (0,−1),

and g′
2(x̄) = (−1, 0). Since I1 = I2 = ∅, the linear independence assumption (37) is

satisfied. Take A = {1} ⊂ I0, and consider the submatrix Gi j , i, j ∈ A ∪ I1, where
G is the Jacobian matrix of g at x̄. This submatrix consists of one element, which is
(g′

1(x̄))1 = 0. Hence, x̄ is not a b-regular solution.
However, F is 2-regular at x̄. Indeed, under the condition (37) 2-regularity is equiva-

lent to (40). We have to consider the four possible cases in choosing index sets A and B.
If B = {1, 2}, or A = {1, 2}, then it is easy to see that span{ei | i ∈ B} = R2, or

span{g′
i(x̄) | i ∈ A} = R2, respectively.

Consider now the case where A = {1} , B = {2}. In that case, we have

cone{(1, 0)} + cone{(−1, 0)} + span{(0,−1)} + span{(0, 1)} = R2,

and notice that the conic part is crucial for the equality to hold.
The case A = {2} , B = {1} is similar:

cone{(0, 1)} + cone{(0,−1)} + span{(−1, 0)} + span{(1, 0)} = R2.
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Observe that g in Examples 1 and 2 is an analytic function, and so local error bounds
of some sort can also be obtained using the results of [23]. But note that in the setting of
this section 2-regularity of F at x̄ obviously is not affected if we add to g any function
which is zero at x̄, and whose first two derivatives vanish at x̄. Now, if this function is not
infinitely differentiable (say, the third derivative does not exist), then it is not analytic. If
we modify g in Examples 1 and 2 in this way, all our results still apply, while the NCP
function is no longer analytic.

4. Convergence rate of penalty methods

For the sake of simplicity, we shall again consider the finite-dimensional setting only.
Let V be an open set in Rn , F : V → Rm be a given mapping. Consider an equality-
constrained optimization problem

minimize f(x)
subject to x ∈ D,

(41)

where the (feasible) set D is defined in (1) and f : V → R is a given (objective)
function.

Similar to the standard exterior penalty framework [12,7,28], define the family of
functions

ϕα, β : V → R, ϕα, β(x) = f(x)+ α‖F(x)‖β, (42)

where α > 0 is the penalty parameter, and β > 0 is the power of the penalty function.
For simplicity, we shall assume β to be fixed. Consider the family of (unconstrained)
optimization problems

minimize ϕα, β(x)
subject to x ∈ Rn,

and an associated trajectory of (possibly inexact) solutions of those problems. Specific-
ally, we assume that trajectory x(·) : R+ → V satisfies the following conditions:

ϕα, β(x̄) ≥ ϕα, β(x(α)) ∀α > 0 sufficiently large, (43)

x(α) → x̄ as α → +∞, (44)

where x̄ is a local solution of problem (41), (1). We note that property (43) is standard
in exterior penalty methods [28] (for example, it is trivially satisfied if x(α) is a global
minimizer of ϕα, β(x) over any set containing x̄). Condition (44) is a natural assumption
in the context of estimating local rate of convergence of the algorithm. Some conditions
under which it holds can be found in [7, Proposition 2.2] ((44) is particularly easy to
guarantee if solutions of (41), (1) are isolated).

We assume x(·) satisfying (43), (44) to be given, and our goal is to estimate the
rate of convergence in some way. Error bound (2) is the key for such an estimation. We
start with a general rate of convergence result, which perhaps should not be considered
conceptually original (although, we could not find it in this form in the literature). We
include it here to make precise the subsequent application of our error bound to obtain
a convergence rate result for a penalty method in the irregular case.
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Theorem 7. Let V be a neighborhood of a point x̄ in Rn. Let a function f : V → R be
Lipschitz continuous on V with a constant l > 0, a mapping F : V → Rm be continuous
on V , and let x̄ be a local solution of problem (41), (1). Suppose further that there exist
a neighborhood U ⊂ V of x̄ in Rn and numbers M > 0 and γ > 0 such that (2) is
satisfied.

Let x(·) : R+ → V be a trajectory of the penalty method defined by (42)–(44), with
β > 0 fixed. Then the following statements hold.

(a) If βγ ≤ 1, then

x(α) ∈ D, f(x(α)) = f(x̄) ∀α > 0 sufficiently large. (45)

In particular, if x̄ is an isolated local solution of problem (41), (1), then

x(α) = x̄ ∀α > 0 sufficiently large.

(b) If βγ > 1, then

0 ≤ f(x̄)− f(x(α)) ≤ (Ml)βγ/(βγ−1)

α1/(βγ−1)
∀α > 0 sufficiently large.

Proof. By the inclusion x̄ ∈ D, (43), (44) and (2), we obtain that for any α > 0
sufficiently large

f(x̄) = f(x̄)+ α‖F(x̄)‖β
= ϕα, β(x̄)

≥ ϕα, β(x(α))

= f(x(α))+ α‖F(x(α))‖β
≥ f(x(α))+ α

Mβγ
(dist(x(α), D))βγ . (46)

Since F is continuous on V and X is finite-dimensional, there exists a (possibly not
unique) metric projection πD(x(α)) of x(α) on D. Furthermore, x̄ ∈ D and (44) imply
that

πD(x(α))→ x̄ as α → +∞.

Hence, as x̄ is a local solution of problem (41) and f is Lipschitz continuous on V , we
conclude that

f(x̄)− f(x(α)) ≤ f(πD(x(α)))− f(x(α))

≤ l dist(x(α), D). (47)

Combining (46) and (47), we further obtain

f(x̄)− f(x(α)) ≥ α

(Ml)βγ
( f(x̄)− f(x(α)))βγ ∀α > 0 sufficiently large. (48)

Define

A := {α > 0 | f(x̄) �= f(x(α))}.
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Relation (48), together with (46), imply that

0 ≤ ( f(x̄)− f(x(α)))βγ−1 ≤ (Ml)βγ

α
∀α ∈ A sufficiently large. (49)

Let βγ ≤ 1. Then, by (44), the left-hand side of (49) does not tend to 0 as α → +∞,
while the right-hand side does. This means that A is necessarily bounded in that case,
i.e., f(x̄) = f(x(α)) for all α large enough. Furthermore, by the third equality in (46),
we have that f(x̄) − f(x(α)) ≥ α‖F(x(α))‖β , and it follows that x(α) is also feasible
whenever f(x̄) = f(x(α)). Assertion (a) is established.

Assertion (b) follows immediately from (49) for α ∈ A, and it is trivial for α �∈ A.
��

According to Theorem 7, decreasing parameter β increases the guaranteed conver-
gence rate of the penalty method (in fact, exact solution is obtained for all values of
β > 0 sufficiently small). On the other hand, decreasing β negatively affects smooth-
ness of the penalty function, which makes the problem less tractable numerically. The
estimate obtained in Theorem 7 gives an opportunity to find a compromise between the-
oretical rate of convergence of the method and numerical issues related to smoothness
properties of subproblems, provided γ is available. This is precisely the case when there
are reasons to expect F to be regular or 2-regular at x̄.

We next discuss applications of Theorem 7 to problems with regular and 2-regular
constraints.

Assume that F : V → Rm is differentiable on V and regular at x̄, and its derivative
is continuous at x̄. Then Theorem 1 guarantees that error bound (2) holds with γ = 1.
Hence, by Theorem 7, in that case

(a) If β ≤ 1, then (45) holds.
(b) If β > 1, then

0 ≤ f(x̄)− f(x(α)) ≤ (Ml)β/(β−1)

α1/(β−1)
∀α > 0 sufficiently large.

Note that this result could also be obtained combining Theorem 7 with Theorem 4, as
the latter subsumes Theorem 1.

Consider now the 2-regular case. Specifically, assume that F : V → Rm is differ-
entiable on V , its derivative is continuous at x̄, and the mapping PF ′(·) is Lipschitz
continuous on V and B-differentiable at x̄, where P is the projector in Rm onto com-
plementary subspace of im F ′(x̄) parallel to im F′(x̄). Assume that the mapping F is
2-regular at x̄ (note that, by Remark 5, in the finite-dimensional case this is equivalent
to strong 2-regularity). Then Theorem 4 (recall also Remark 7) guarantees that error
bound (2) holds with γ = 2. Hence, by Theorem 7, we have that

(a) If β ≤ 1/2, then (45) holds.
(b) If β > 1/2, then

0 ≤ f(x̄)− f(x(α)) ≤ (Ml)2β/(2β−1)

α1/(2β−1)
∀α > 0 sufficiently large.
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Note that the case of β = 2 is of special interest as this is the smallest value of β
for which the penalty function is smooth, provided F is smooth. For this value of β, in
the regular case we obtain the estimate with the term in the right-hand side of the order
O(α−1). In the 2-regular case, the term in the right-hand side is of the order O(α−1/3),
and this estimate cannot be improved, as illustrated by the following example.

Example 3. Let n = m = 1, V = R,

f(x) = x, F(x) = x2, x ∈ R,

and consider the point x̄ = 0. It is easy to check that F is 2-regular at x̄. For every
α > 0, the penalty function ϕα, 2 has unique critical point x(α) = −(4α)−1/3 (which is
in fact its global minimizer), and we have that f(x̄)− f(x(α)) = (4α)−1/3.
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