
Homework 10

CS 730, Semester II, 2007–08

May 2, 2008

1. (a) Write down the augmented Lagrangian for the equality constrained problem

min
x

f(x) s.t. h(x) = 0

(b) For the inequality constrained problem

min
x

f(x) s.t. gj(x) ≤ 0, j = 1, . . . ,m

the square of auxiliary variables sj can be added to each inequality to obtain the
following equivalent equality constrained problem

min
x,s

f(x) s.t. gj(x) + s2
j = 0, j = 1, . . . ,m

Form the augmented Lagrangian Le(x, s, λ; γ) for this latter problem, where λ are
the multipliers on the constraints.

(c) Carry out an explicit minimization of Le with respect to the s variables to form

Li(x, λ; γ) = min
s

Le(x, s, λ; γ)

(d) How is Li related to the augmented Lagrangian for the inequality constrained
problem?

(e) Suppose f and g are convex on IRn and that for fixed λ, γ:

x(λ, γ) ∈ arg min
x∈IRn

Li(x, λ; γ)

Give a lower bound to the minimum of the inequality constrained problem in

terms of
(
x(λ, γ), λ, γ

)
.

2. State a result linking the penalty function

φ(x, σ) = f(x) +
1

2
σ

∑
i

[max(gi(x), 0)]2

to the problem
min f(x) subject to g(x) ≤ 0
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k σ(k) x1(σ
(k)) x2(σ

(k)) x3(σ
(k))

1 1 0.834379 0.834379 -0.454846
2 10 0.728324 0.728324 -0.087920
3 100 0.709577 0.709577 -0.009864
4 1000 0.707356 0.707356 -0.001017

In particular, detail how the objective function, constraint violation and penalty terms
vary as a function of σ. When the penalty approach is applied to the problem

minx −x1 − x2 + x3

subject to 0 ≤ x3 ≤ 1
x3

1 + x3 ≤ 1
x2

1 + x2
2 + x2

3 ≤ 1

the following data are obtained. Relate this data to the theory you quoted above. Use it
to estimate the optimum solution and multipliers, together with the active constraints
at the solution. Be sure to quote any results that you invoke accurately.

3. Consider the quadratic programming problem

min
x

1

2
xT Qx + cT x subject to Ax ≤ b

where Q is a given n × n positive definite symmetric matrix, and A, b and c are
appropriately given data matrices.

(a) Construct the Wolfe Dual of the problem.

(b) Show by elimination that this dual problem can be written as

min
u≥0

1

2
uT Pu + tT u

Give explicit formulas for P and t respectively.

(c) Suggest a method for solving the dual problem and give 3 reasons why your
method may be attractive for this problem. Give a short justification for your
reasons.

(d) If u∗ is any dual optimal solution, given an expression for an optimal solution of
the primal problem. Is this unique?
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