
Homework 1

CS 730, Semester II, 2007–08

January 25, 2008

The course requires a certain amount of background knowledge. Section 1.1 of the Bert-
sekas book, or Appendix A of the Nocedal-Wright book will be assumed. A fair amount of
knowledge concerning convexity will also be assumed. This assignment should be a fairly
straightforward review. Draw pictures to help your understanding.

1. A set C ⊂ IRn is a convex set if

(1− λ)x + λy ∈ C,∀x, y ∈ C, 0 ≤ λ ≤ 1.

Show that if C1 and C2 are convex, then so is C1∩C2. (Note that C1∪C2 is not convex
in general for convex C1 and C2.)

2. Show that if Ci, i = 1, . . . ,m are convex sets in IRni thenC = C1 × C2 × . . . × Cm is
convex in IR

P
ni .

3. Prove that {x : Ax ≥ b} is convex for any A ∈ IRm×n, b ∈ IRm. Such a set is an
intersection of half-spaces, and is called polyhedral. Note the definitions of hyperplane,
orthant, linear subspace, intervals, closed and open. Polyhedral sets are closed and
convex. Is {x : Ax = b, x ≥ 0} polyhedral?

4. Show the interior and closure of a convex set are convex. You may want to review
for your own interest when arbitrary/finite unions and intersections of convex (resp
closed, open) sets maintain the given property.

5. A point x ∈ IRn is a convex combination of the points {x1, x2, . . . , xr} in IRn if for some
real numbers λ1, λ2, . . . λr which satisfy

∑
λi = 1 and λi ≥ 0, we have x =

∑r
i=1 λix

i.
Show that a set S in IRn is convex if and only if every convex combination of a finite
number of points of S is in S.

6. Consider the matrix A ∈ IRm×n and the convex set C ⊂ IRn. Show the set AC :=
{Ax : x ∈ C} ⊂ IRm is convex. Is it closed? What if C is compact? Note that this
result can be used to show that C1 + C2 is convex when C1 and C2 are, and that γC
is convex for all γ ∈ IR and C convex.

7. The inverse image of Y under A is A−1(Y ) = {x : Ax ∈ Y }. Is this convex if Y is
convex? What if we replace the linear map by an affine map?
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8. The convex hull of a set S is the intersection of all convex sets containing S, denoted
co S. Show co S equals the set of all convex combinations of points in S. Note also
that co S is compact if S is compact.

9. A set C is a cone if for every λ > 0 and every x ∈ C, λx ∈ C. Prove that a cone is
convex iff it is closed under addition.

10. The cone generated by S is {
∑m

i=1 αix
i : αi ≥ 0}, denoted cone S. Is this set convex?

Is it closed? Is A(cone S) closed for a given linear map A?

11. The function f : IRn → IR is convex if f((1 − λ)x + λy) ≤ (1 − λ)f(x) + λf(y) for
all λ ∈ (0, 1) and all x, y ∈ IRn. Are affine functions convex? Tests for convexity of
a function normally involve second derivatives, and you may want to review what is
meant by a matrix being positive (semi-) definite.

12. Some functions are not defined over IRn but only over a subset X, e.g. − log(x).
Furthermore, if we define a function to be the optimal value of a linear program, for
example, for different values of the right hand side vector, that function may take on
the value of −∞ if the (minimization) problem is unbounded, or +∞ if the problem
is infeasible. We thus consider extended real-valued functions f : IRn → [−∞, +∞],
where by convention f(x) = +∞ if x /∈ X. For such f , its epigraph, epi f , is defined
by {(x, µ) : x ∈ X, µ ∈ IR, f(x) ≤ µ}; f is convex if epi(f) is a convex set. Prove this
is consistent with the previous definition. Care must be exercised in using the tests for
convexity in this context since differentiability is defined on open sets. Note that f is
concave if −f is convex.

13. Prove {x : f(x) ≤ c} is convex if f is convex. Is the converse true? What about
{x : f(x) < c}? Is the effective domain of f (dom f = {x : f(x) < ∞}) a convex set?

14. Review the properties that define a norm function ‖·‖. Is a norm a convex function?
Is the unit ball of a given norm function convex?
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