
Final Exam

CS 730, Semester II, 2003–04

May 7, 2004

Answer the following questions, justifying your answers. You may use
known theorems, but if you do then you must clearly describe them.

1. (a) Write down the augmented Lagrangian for the equality constrained
problem

min
x

f(x) s.t. h(x) = 0

(b) For the inequality constrained problem

min
x

f(x) s.t. gj(x) ≤ 0, j = 1, . . . , m

the square of auxiliary variables sj can be added to each inequality
to obtain the following equivalent equality constrained problem

min
x,s

f(x) s.t. gj(x) + s2

j = 0, j = 1, . . . , m

Form the augmented Lagrangian Le(x, s, λ; γ) for this latter prob-
lem, where λ are the multipliers on the constraints.

(c) Carry out an explicit minimization of Le with respect to the s
variables to form

Li(x, λ; γ) = min
s

Le(x, s, λ; γ)

(d) How is Li related to the augmented Lagrangian for the inequality
constrained problem?

(e) Suppose f and g are convex on IRn and that for fixed λ, γ:

x(λ, γ) ∈ arg min
x∈IRn

Li(x, λ; γ)

Give a lower bound to the minimum of the inequality constrained
problem in terms of

(

x(λ, γ), λ, γ
)

.
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2. Consider the problem of minimizing (locally) the function

f(x, y) = (1/2){p(x2 + y2 − 2x − 2y) + (xy − 1)2},

where x and y are real numbers and p is a real parameter.

(a) What are values x0 and y0 such that f has a stationary point at
(x0, y0) for every value of p?

(b) For which value(s) of p does (x0, y0) satisfy the second-order nec-
essary condition?

(c) For which value(s) of p does (x0, y0) satisfy the second-order suf-
ficient condition?

(d) For which values(s) of p can you be certain that f is convex in a
neighborhood of (x0, y0)?

(e) For which value(s) of p can you be certain that Newton’s method,
if started sufficiently close to (x0, y0), will converge quadratically
to (x0, y0)?

3. Let H be a positive definite symmetric matrix. Show that the pair
(x∗, λ∗) is a KKT point for

min
x

f(x) s.t. gj(x) ≤ 0, j = 1, . . . , m

if and only if 0 is the unique global minimizer with optimal multiplier
λ∗ of the quadratic program

min
d

∇f(x∗)′d +
1

2
d′Hd

s.t. gj(x
∗) + ∇gj(x

∗)′d ≤ 0, j = 1, . . . , m

What is the relevance of this result to SQP algorithms?
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