
Final Exam

CS 730, Semester II, 2002–03

May 9, 2003

In answering these questions, quote any results, techniques or algorithms
that you use precisely.

1. Suppose that f is continuously differentiable and there exists a constant
K such that

‖∇f(y) −∇f(x)‖ ≤ K ‖y − x‖

for all x, y ∈ C, a closed convex subset of IRn. Let

x(α) = PC(x − α∇f(x))

where PC denotes the projection operator onto C, α > 0 and x ∈ C.
Show that

(a) f(x(α)) ≤ f(x) − (1/α − K/2) ‖x(α) − x‖2

2
.

(b) x(α) = x if and only if (y − x)T∇f(x) ≥ 0, for all y ∈ C.

(c) If f is also convex on C, then x(α) = x if and only if x solves
minx∈C f(x).

2. Let f : IRn → IR, c: IRn → IR10 be differentiable functions on IRn, with f
convex and c concave. Consider the problem

inf
x
{f(x): c(x) ≥ 0} .

Suppose that
x(α) ∈ arg min {P (x, α): c(x) > 0}

where α is a positive real number and

P (x, α) := f(x) − α
10∑

i=1

log ci(x).
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Specify an explicit value for α that will allow you to determine

inf
x
{f(x): c(x) ≥ 0}

to within 0.5 × 10−3 accuracy. Explain and justify your answer and
give a precise estimate of the infimum in terms of f(x(α)).

3. Consider the problem

min
1

2
(x2

1
+ x2

2
) subject to x1 = 1.

(a) What is the optimal solution x∗ and the optimal Lagrange multi-
plier λ∗?

(b) Write down the augmented Lagrangian L(x, λ; α) for this problem.

(c) If you apply the method of multipliers, give expressions for the
iterates xk and λk − λ∗.

(d) What properties of the sequence (of penalty parameters) {αk} in
the augmented Lagrangian are needed to ensure that xk and λk

converge to x∗ and λ∗ respectively.

(e) Are there any benefits of letting αk → ∞?

2


