
Final Exam

CS 525, Semester II, 2011-2012

Tuesday May 15, 2010
2 hours (starting 2:45)

All questions carry equal credit. No calculators allowed. Be sure to quote any results
you use accurately and justify steps clearly. No problem needs more than 4 pivots.

1. Two players play a game. If player I calls ’1’ and player II ’A’, then player I takes $30
from player II. If I calls ’1’ and II calls ’B’, player II takes $10 from player I, but if
II calls ’C’, then $20 goes to player I from player II. If I calls ’2’ and II calls ’A’, $10
gets paid by II to I, if II calls ’B’ then $20 goes to I from II, but if II calls ’C’ then
$20 goes to II from I. Write down the loss matrices for each player. Is this a zero sum
game? For zero sum games, player I’s strategy can be determined from the following
linear program:

maxx,α −α
subject to A′x− αen ≤ 0

−e′mx = −1, x ≥ 0

(We assume A ∈ Rm×n and that e.g. em is a vector of all ones of dimension m.) Show
that x = (4/7, 3/7) solves this problem with α = 0 where A is the loss matrix of the
game. Is this solution unique? Form the dual of the above linear problem, and exhibit
an optimal solution. Use these solutions to construct a Nash equilibrium for the game.

2. Let z(t) be the solution of

minx1,x2

∥∥∥∥( x1 + x2 − t
2x1 − x2 + 2t

)∥∥∥∥
1

subject to (x1, x2) ≥ 0

Find x(t) = (x1(t), x2(t)) and z(t) for all values of t. What properties does z(t) have
(as a function of t).
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3. Consider a network given by N = {1, 2, 3} and A = {(1, 2), (1, 3), (2, 3)} with arc (1, 3)
having capacity 0.5 and all other arcs uncapacitated. Suppose supply of 2 at node 1,
and demand of 1 at nodes 2 and 3.

(a) Write down the flow vector x, the node arc incident matrix I for this network,
and the divergence vector b and the capacity vector u so that the network is
represented by

Ix = b, 0 ≤ x ≤ u

(b) Let f(x) = (x12− 0.5)2 + (x13− 0.5)2. Note that f(x) = 1
2
xTQx+ pTx+α - write

down Q, p and α.

(c) The KKT conditions for

min f(x) s.t. Ix = b, 0 ≤ x ≤ u (1)

are
0 ≤ ∇f(x)− ITλ+ µ ⊥ x ≥ 0

0 = Ix− b
0 ≤ u− x ⊥ µ ≥ 0

What are the dimensions of λ and µ and what do they represent?

(d) Use these KKT conditions to prove that x̄ = (1.5, 0.5, 0.5) solves (1). What is the
optimal value of (1), and is the solution x of (1) unique? What about λ and µ?
Be sure to quote any results that you use accurately.

4. Show that precisely one of (I) and (II) has a solution:

(I) Cx = 0, Ax > 0

(II) ATy + CT z = 0, 0 6= y ≥ 0

You may want to do this via the following steps:

(a) Show that both systems cannot have a solution.

(b) Suppose (II) has no solution. Construct a linear program that under this assump-
tion will be solvable.

(c) Construct the dual of the linear program you formed in (b).

(d) Quote and use appropriate theory to generate a system that has solution, and
then show this implies (I) has a solution.
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