
TIME-SPACE LOWER BOUNDS FOR SATISFIABILITY AND

RELATED PROBLEMS ON RANDOMIZED MACHINES

by

Scott Diehl

A dissertation submitted in partial fulfillment of

the requirements for the degree of

Doctor of Philosophy

(Computer Sciences)

at the

UNIVERSITY OF WISCONSIN–MADISON

2008





i

ABSTRACT

Computational complexity studies the resources required for computers to solve certain

problems; deciding satisfiability of Boolean formulas is one of the most fundamental such

problems. This thesis proves lower bounds on the time and memory space required to solve

satisfiability and related problems on randomized machines.

We establish the first randomized time-space lower bounds for the problem ΣℓSAT of

deciding the validity of quantified Boolean formulas with at most ℓ−1 quantifier alternations.

We show that for any integer ℓ ≥ 2 and constant c < ℓ, there exists a positive constant d such

that ΣℓSAT cannot be computed by randomized machines with two-sided error in time nc and

space nd. This result also applies to other natural complete problems in the polynomial-time

hierarchy, such as maximizing the number of literals that can be removed from a disjunctive

normal form formula without changing its meaning.

As for ℓ = 1, we argue that similar results for satisfiability or tautologies would fol-

low from a simulation that swaps Arthur and Merlin in two-round Merlin-Arthur games at

subquadratic cost. We prove that the latter requires non-black-box techniques: any Arthur-

Merlin game requires time Ω(t2) to black-box simulate Merlin-Arthur games running in time

t. This proves that known simulations of the latter class by the former with quadratic

overhead are tight within the black-box setting.

In the case of the tautologies problem, we obtain nontrivial time-space lower bounds

for randomized machines with one-sided error, i.e., randomized machines that can only

err on tautological formulas. In fact, we prove new results for nondeterministic machines

solving tautologies, which relates to proof complexity and the NP versus coNP problem: for
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every c < 3
√

4 ≈ 1.587 there exists a positive d such that tautologies cannot be decided by

nondeterministic machines in time nc and space nd.

We can do better in the one-sided error setting: we prove that for every constant c <

2 cos(π/7) ≈ 1.801, there exists a positive constant d such that tautologies cannot be decided

by randomized machines with one-sided error in time nc and space nd.
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Chapter 1

Introduction

Edwin sits in the campus library, trying to work on his last project for the semester. He’s

not having much luck, though. The record-setting snowfall from the last few months is finally

melting off of the ground, people are shedding jackets for t-shirts, and the smell of spring

from outside still lingers in his nose. He can’t focus, so he does what all undergraduates do

in his situation: procrastinate.

He opens his laptop, logs on to the social-networking site-of-the-moment, and clicks on

his friend Imoen’s page. He glances at her newest profile picture (a flattering helicopter shot,

of course) before clicking on one of her friends, then on one of that person’s friends, and so

on without much aim. His mind wanders as he’s doing this, and before long, he realizes that

he’s ended clicking back to his own page.

“Huh, I clicked on ten different pages without repeats and ended up back at my own

page. I wonder if I can do the same thing for one hundred pages,” he idly ponders. Intrigued

by this thought, he tries a few different routes to see if they solve his one-hundred-click

quandary. The first time he always chooses the alphabetically first friend not yet visited,

but this route ends on Branwen’s page. Next, he tries always choosing the person with the

most self-aggrandizing profile picture, but this route ends on Skie’s page.

After a few more unsuccessful strategies, he begins to think that maybe he won’t find a

solution just by following a simple rule: maybe the secret is to choose his moves at random.

Although this idea sounds promising, several trials all end up on non-Edwin pages— fail!
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Edwin stops to take stock of his situation: how many routes would he have to try

before concluding that none of them work? Like most students, he has hundreds of social-

network friends; each of these friends, in turn, has hundreds of friends, and so on. After

one hundred clicks, the number of possibilities accumulates to something like 100100 friend-

routes to explore— that’s a one followed by two hundred zeroes! Edwin blinks a couple of

times, logs out of the social-networking site, and starts working on something slightly less

intractable: his project.

Edwin’s quandary actually shares a property with many computational problems through-

out the sciences: it is easy to check whether or not a potential solution is correct, but actually

discovering one is like looking for a needle in a haystack the size of the entire universe. But

does it have to be that difficult? If we are a little bit more clever, can we find solutions

much more efficiently than by exhaustive search? After all, the entire history of algorithm

design teaches us that a large search space does not necessarily indicate difficulty. Clever

algorithms often take advantage of structure underlying the problems on hand to rapidly

find solutions. However, some problems, including Edwin’s, have long resisted attempts to

engineer such an efficient algorithm.

The infamous P versus NP question asks if the ability to efficiently verify a solution

always implies the ability to efficiently discover a solution. The poster-child representative

of this question is satisfiability, the problem of deciding if a Boolean formula has at least

one satisfying assignment. This thesis studies requirements on the computational resources

— time and memory space — needed to solve satisfiability even when allowed the power of

randomness.

1.1 Satisfiability

Satisfiability is a problem of central importance in computer science. Its applications

throughout the field are numerous and fundamental. As the seminal NP-complete problem,

satisfiability is the most prominent representative of a class that captures the complexity
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of a large number of important problems from graph theory, circuit optimization, artifi-

cial intelligence, network design, databases, game theory, cryptography, logic, and so on.

Understanding the computational resources required to solve satisfiability yields the same

knowledge for these scores of other problems.

It is widely conjectured that any algorithm for satisfiability requires exponential time; in

other words, that the answer to the P
?
= NP problem is strongly negative. Confirming this

belief involves proving lower bounds stating that no algorithm can solve satisfiability within

a certain amount of time; we wish to make these time bounds as large as possible. A trivial

linear time bound follows by observing that, in the worst case, the least that an algorithm

must do to determine satisfiability is look at the entire input formula. Surprisingly, this

bound stands as the best we can currently achieve up to constant factors. Several decades of

effort have yielded no success in proving super-linear time lower bounds for satisfiability on

general machine models. This underscores an enormous gulf between belief — an exponential

time lower bound — and knowledge — a linear time lower bound — and stands as a testament

to the difficulty of proving time lower bounds.

The situation improves if we focus on a large class of important algorithms: those that

are restricted to use a small amount of workspace. A decade ago, Fortnow [For00] estab-

lished nontrivial lower bounds for space-bounded algorithms solving satisfiability. Fortnow’s

technique has its roots in earlier work by Kannan [Kan84] and has been further devel-

oped since then [LV99, FvM00, FLvMV05, Wil06, Wil07b]. For algorithms that use only

a subpolynomial amount of space, the current best time lower bound for satisfiability is

n2 cos(π/7)−o(1) ≈ n1.801.

However, these lower bounds apply only to deterministic algorithms. In practice, we

would be just as happy with a randomized algorithm for satisfiability provided that it has

small probability of error, so our lower bounds should say something about these algorithms

as well. This thesis presents results towards proving lower bounds for satisfiability on ran-

domized machines with two-sided error bounded away from 1/2.
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• Section 1.2 describes time-space lower bounds on randomized machines for problems

that are related to, but harder than, satisfiability, namely quantified Boolean formulas

with few quantifier alternations.

• The task of extending these results to satisfiability is connected to that of swapping

turns in a class of interactive protocols known as Arthur-Merlin games. Section 1.3

explores the latter setting and states a property needed for techniques to realize a lower

bound for satisfiability on randomized machines.

• Finally, Section 1.4 states lower bounds for problems whose hardness is closer to sat-

isfiability than those in Section 1.2, but on more restricted models. In particular,

we prove nontrivial lower bounds for the complement of satisfiability, tautologies, on

randomized algorithms that can only err on tautological formulas.

1.2 Lower Bounds for the Second Level and Higher

Randomized algorithmic techniques have been employed throughout computer science

with great success. Some novel applications include finding primes for the RSA cryptosystem,

polynomial identity testing, approximation algorithms for NP-hard optimization problems,

secure multiparty computation, and powerful search heuristics such as simulated annealing

(cf. [MR97]). Taking these applications as evidence for the power of randomness, it is natural

to wonder if we could harness randomness to construct an efficient algorithm for satisfiability.

Most experts believe that the answer is no: satisfiability requires exponential time even on

randomized machines that can err (with small probability) on all inputs, both satisfiable and

unsatisfiable; we refer to this general case of error behavior as two-sided error.

Lower bounds for randomized machines become even more difficult to prove than in the

deterministic setting due to the addition of randomness. No nontrivial lower bounds for

satisfiability have been established on randomized random-access machines with two-sided

error even when the workspace of such machines is restricted to be logarithmic. In fact, prior



5

to the work contained within, this task remained open even for some important generaliza-

tions of satisfiability— here we are referring to the problem ΣℓSAT that augments a Boolean

formula with ℓ alternating quantifiers. Recall that satisfiability can be characterized by one

existential quantifier — does there exist a satisfying assignment to a formula. Similarly,

ΣℓSAT can be characterized by ℓ quantifiers, beginning with an existential — does there

exist an assignment to some variables such that for all assignments to another set, and so on

for ℓ − 1 quantifier alternations, such that a formula is satisfied. In this manner, ΣℓSAT is

precisely the satisfiability problem for ℓ = 1, but becomes more difficult and captures richer

complexity classes for larger values of ℓ.

Time-space lower bounds for ΣℓSAT have been previously considered for deterministic

machines. For example, Fortnow and Van Melkebeek [FvM00, FLvMV05] show an nℓ−o(1)

time lower bound for deterministic machines solving ΣℓSAT in subpolynomial space, for

ℓ ≥ 2. We match these bounds for randomized machines running in subpolynomial space; a

more careful analysis yields lower bounds for sublinear polynomial space bounds.

Theorem 1.1. For any integer ℓ ≥ 2 and constant c < ℓ, there exists a positive constant d

such that ΣℓSAT cannot be solved by randomized random-access machines with two-sided er-

ror running in time nc and space nd. Moreover, d approaches 1/2 from below as c approaches

1 from above for ℓ = 2, and d approaches 1 from below as c approaches 1 from above for

ℓ ≥ 3.

The randomized machines in Theorem 1.1 and in the rest of this thesis refer to the

natural coin flip model, in which the machine has one-way read-only access to a tape with

random bits. Viola [Vio07] extended Theorem 1.1 to the model in which the randomized

machines have two-way access to the random bit tape, although his approach yields weaker

lower bounds and only works for ℓ ≥ 3.

Recall that the polynomial-time hierarchy is the hierarchy of complexity classes extend-

ing P and NP by allowing acceptance conditions with any constant number of quantifier

alternations. Alternatively, we can define these classes as the set of languages recognized by

polynomial-time Turing machines that alternate between existential and universal states a
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constant number of times. For any integer ℓ ≥ 1, ΣℓSAT is complete for the ℓth existential

level of the polynomial-time hierarchy. As such, Theorem 1.1 establishes the first polynomial-

strength time-space lower bounds for natural complete problems in the polynomial-time hier-

archy on two-sided error randomized machines. By time-space lower bounds of “polynomial

strength” we mean time lower bounds of the form Ω(nc) for some constant c > 1 under non-

trivial space upper bounds. Previous works establish randomized time-space lower bounds

but they either consider problems believed to be harder than the polynomial-time hierarchy,

or involve time lower bounds that are only slightly super-linear. Allender et al.’s [AKR+01]

time-space lower bounds for problems in the counting hierarchy on probabilistic machines

with unbounded error fall within the first category; Beame et al.’s [BSSV03] nonuniform

time-space lower bound for a binary quadratic form problem in P falls within the second

category.

Time-space lower bounds for satisfiability carry over with no loss in quantitative strength

to virtually every known NP-complete problem, such as subset sum, traveling salesperson,

vertex cover, etc. This follows by virtue of extremely efficient reductions from satisfiability

to these problems. However, the situation is different in higher levels of the polynomial-time

hierarchy. For example, Umans [Uma01] showed that several variants of minimizing the

size of a disjunctive normal form (DNF) formula are complete for the second level of the

polynomial-time hierarchy. However, the reductions he gave from Σ2SAT run in at least

quartic time, which is too inefficient to allow Theorem 1.1 to extend to DNF minimization.

We improve on the known reductions to build a very time- and space-efficient reduction from

Σ2SAT to one of the versions of DNF minimization. Recall that a DNF formula is a disjunct

of terms, each of which is a conjunct of literals— a variable or its complement. The version

of DNF minimization that we consider allows minimization only by removing occurrences of

literals— in other words, we wish to maximize the number of literal occurrences that can be

removed from a DNF formula without changing its meaning. In practice, this corresponds

to removing connections from a programmable logic array (PLA); hence, we refer to this

problem as PLA-simplification. Our reduction allows the results of Theorem 1.1 to carry
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over to PLA-simplification, establishing the first nontrivial time-space lower bounds for a

practical circuit minimization problem.

Corollary 1.2. For any constant c < 2, there exists a positive constant d such that PLA-

simplification cannot be solved by randomized random-access machines with two-sided error

running in time nc and space nd. Moreover, d approaches 1/2 from below as c approaches 1

from above.

Because of the tight connection between ΣℓSAT and linear time in the ℓth level of the

polynomial-time hierarchy, Theorem 1.1 can be stated equivalently as a time-space lower

bound for simulations of the latter complexity class on randomized machines with two-sided

error. In fact, we can strengthen Theorem 1.1 to establish time-space lower bounds for

simulations of linear-time alternating machines that only use space na for constant a ≤ 1.

Theorem 1.3. For any integer ℓ ≥ 2 and any constants a ≤ 1 and c < 1 + (ℓ − 1)a,

there exists a positive constant d such that linear-time alternating machines using space na

and ℓ−1 alternations cannot be simulated by randomized random-access machines with two-

sided error running in time nc and space nd. Moreover, d approaches a/2 from below as c

approaches 1 from above for ℓ = 2, and d approaches a from below as c approaches 1 from

above for ℓ ≥ 3.

Note that when a = 1, the space restriction on the alternating machines disappears and

Theorem 1.3 becomes Theorem 1.1.

The ℓ ≥ 2 restriction in Theorem 1.1 implies that it does not give any bounds for the

first level of the polynomial-time hierarchy, i.e., for satisfiability or its complement, tautolo-

gies, the problem of deciding if a Boolean formula is true under all assignments. At first

glance, this situation may seem strange. On the one hand, techniques from derandomization

allow space-bounded randomized machines to be transformed into deterministic ones. In

particular, assuming that we can solve satisfiability on a randomized machine in logarithmic

space and time nc, Nisan’s deterministic simulation [Nis94] yields a deterministic algorithm

for satisfiability that runs in polylogarithmic space and polynomial time. However, even
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for c = 1, the degree of the latter polynomial is far too large for this simulation to yield a

contradiction with known time-space lower bounds for deterministic machines. On the other

hand, lower bounds for Σ2SAT often yield lower bounds for satisfiability. Indeed, in the

deterministic setting, we know that a time-nc algorithm for satisfiability yields a time-nc2

algorithm for Σ2SAT; thus, a lower bound of n2 for Σ2SAT, approximately matching that

in Theorem 1.1, implies one of n
√

2 for satisfiability. However, this is not necessarily the

case when we consider randomized algorithms. To identify the main culprit, we launch an

investigation into the field of interactive protocols.

1.3 Swapping Arthur and Merlin

Interactive protocols extend the traditional, static notion of a proof by allowing the

verifier to enter into a conversation with the prover, wherein the goal is to convince the

computationally limited verifier in a probabilistic sense. Traditional polynomial-time proof

systems (with a deterministic verifier) capture the class NP, whereas interactive protocols

capture the presumably larger class of languages recognizable in polynomial space [LFKN92,

Sha92].

Of particular interest is the subclass of (public-coin) protocols in which the number

of communication rounds between the prover and the verifier is bounded by a constant:

we know such protocols as Arthur-Merlin games. This name comes about by envisioning

the prover as the omnipotent (nondeterministic) magician Merlin and the verifier as the

impatient (polynomial-time) King Arthur. Merlin tries to teach Arthur about his kingdom,

but Arthur does not quite trust Merlin’s advice. To restore his confidence, Arthur tosses

coins to add unpredictability to his questions in such a way that he discovers any deception

with high probability. Merlin’s magical powers allow him to discover the outcome of these

coin tosses even if Arthur tries to keep them secret, so Arthur must be clever enough to ask

his questions in a way that Merlin does not gain any advantage from this knowledge. The

latter condition represents the public-coin setting of interactive protocols, where the verifier

reveals all of his coin tosses to the prover. Our results refer to this public-coin setting.
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A two-round Arthur-Merlin game involves each party sending a single message and de-

ciding on the outcome by an underlying polynomial-time predicate acting on the input and

these messages. Graph nonisomorphism, which is not known to be in NP, has a two-round

Arthur-Merlin game [GS89, GMW91]. In fact, any language that has an Arthur-Merlin

game with any constant number of rounds can be decided by an Arthur-Merlin game with

only two rounds [Bab85, BM88]. Thus, there are two classes of languages associated with

Arthur-Merlin games, determined by the order in which the parties act: those recognized

by two-round games where Merlin acts first, MA, and those recognized by two-round games

where Arthur acts first, AM.

We know that the latter type of game is at least as powerful as the former: any MA-

game can be transformed into an AM-game recognizing the same language. Thus, we can

recognize at least as many languages when Arthur goes first as when Merlin goes first. This

transformation does come at a cost, though: we must allow for some polynomial factor more

time to verify Merlin’s claim in the resulting AM-game than in the original MA-game. For

example, in Babai’s transformation [Bab85], one first reduces the error probability of the

MA-game to exponentially small (by taking the majority vote of parallel trials) and then

applies a union bound to show that, since the probability of accepting an invalid claim is

so small, switching the parties’ order does not give Merlin an unfair advantage. Since the

error reduction necessitates verifying a number of trials of the MA-game that is linear in

the number of bits sent by Merlin, this transformation incurs a quadratic time overhead in

general.

Herein lies the culprit of our inability to extend Theorem 1.1 by transforming a ran-

domized algorithm for satisfiability into one for Σ2SAT: the arguments known to carry out

such a translation utilize a simulation of MA by AM, such as the one outlined above, that

comes at the cost of squaring the running time. In this manner, a randomized algorithm

for satisfiability running in time nc yields one for Σ2SAT running in time n2c2 ; thus, an n2

lower bound for Σ2SAT gives only the trivial linear lower bound for satisfiability. To obtain

a nontrivial lower bound for satisfiability on randomized machines by this line of argument,
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we require either a stronger lower bound for Σ2SAT or a subquadratic simulation of MA by

AM.

We investigate the possibility of the latter path, and prove that non-black-box techniques

are required to establish such a simulation.

Theorem 1.4. For any time function t, there is no black-box simulation of MA-games

running in time t by AM-games running in time o(t2).

Informally, a simulation is black-box if it decides the same language as the MA-game

by running the game’s underlying predicate on a number of inputs; the key point is that

it ignores the computational details of how the predicate arrives at its outputs. Babai’s

simulation of MA by AM is indeed black-box, since it makes its decision by the majority

vote of a linear number of trials of the MA-game. The same holds for all other known

simulations, such as those using pseudorandom generators [NW94] and those using extractors

[GZ97]. Thus, Theorem 1.4 implies that those with a quadratic overhead are optimal within

this setting; no tweaking or optimization of known techniques — even by improvements to

extractor or pseudorandom generator parameters — can possibly yield better performance.

This directs us to look for new, non-black-box techniques to establish nontrivial time-space

lower bounds for satisfiability on randomized machines via Theorem 1.1.

As far as we know, this result is the first to compare the running-time of MA-games

to equivalent AM-games. Santha compared the power of MA and AM by showing that

there is an oracle relative to which AM is not contained in MA [San90], but this result

does not concern the overhead of the opposite inclusion. A lower bound for black-box

samplers by Canetti et al. [CEG95] yields a corollary that the error reduction underlying

the transformations of [Bab85] and [GZ97] cannot be done more efficiently, but does not say

anything about those that do not use error reduction, such as [NW94]. Our result applies

to all known techniques.

We point out that removing the black-box restriction in Theorem 1.4 would solve another

long-standing open problem: an unrestricted version of Theorem 1.4 would imply a time

hierarchy for both MA and AM. Currently there are no nontrivial time hierarchies for any
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semantic class [vMP07]. For example, in the case of AM, recall that the known simulation of

MA by AM guarantees that any language with a linear-time MA-game also has a quadratic-

time AM-game. On the other hand, an unrestricted version of Theorem 1.4 would provide

such an MA-language that has no subquadratic-time AM-game, witnessing a hierarchy for

AM.

1.4 Lower Bounds Below the Second Level

Theorem 1.4 identifies a roadblock to achieving nontrivial time-space lower bounds for

satisfiability on randomized machines. Although we have yet to surmount this obstacle, we

can get closer to satisfiability than where Theorem 1.1 left us.

One approach is to derive lower bounds for classes that lie in between linear time in the

first and second levels of the polynomial-time hierarchy, such as the class of languages recog-

nized by linear-time MA-games with perfect completeness, i.e., MA-games in which Merlin

can convince Arthur to accept a valid claim with probability one. We argue that Theorem 1.1

yields time-space lower bounds for simulations of such MA-games by randomized machines.

Corollary 1.5. For any constant c <
√

2, there exists a positive constant d such that linear-

time MA-games with perfect completeness cannot be simulated by randomized random-access

machines with two-sided error running in time nc and space nd.

Corollary 1.5 was independently discovered by Emanuele Viola and also by Thomas

Watson [personal communication]. In fact, Watson later achieved a lower bound for any

c < φ ≈ 1.618 by a direct argument [vM07].

Corollary 1.5 follows because a time-nc randomized algorithm for linear-time MA-games

yields a time-nc2 randomized algorithm for linear time in the second level of the polynomial-

time hierarchy; thus, a lower bound of n2−o(1) for the second level implies one of n
√

2−o(1) for

the class of linear-time MA-games. The argument requires some additional technical steps

to achieve the lower bound for MA-games with perfect completeness.
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Another approach towards time-space lower bounds for problems in the first level of the

polynomial-time hierarchy is to prove results for randomized algorithms that are somewhat

restricted. One particularly interesting and natural restriction found “in the wild” is that the

algorithms be one-sided, i.e., that they do not err on “no” instances. For example, Rabin’s

test for integer compositeness [Rab80] is one-sided.

This setting has been considered before, albeit in a broader context: Fortnow and Van

Melkebeek previously showed a time lower bound of n
√

2−o(1) for the tautologies problem

on subpolynomial-space nondeterministic machines [FvM00, FLvMV05]; since randomized

machines with one-sided error are special cases of nondeterministic machines, these bounds

also apply in the former setting.

More importantly, lower bounds for tautologies on nondeterministic machines are in-

teresting on their own merit, as they relate to proof complexity and the NP versus coNP

problem. Typical results in proof complexity deal with specific types of nondeterministic ma-

chines that implement well-known proof systems, such as resolution. They establish strong

(superpolynomial or even exponential) lower bounds for the size of any proof of certain fam-

ilies of tautologies within that system, and thus for the running time of the corresponding

nondeterministic machine deciding tautologies [BP01]. A more generic approach to the NP

versus coNP problem follows the approach described above: proving lower bounds for tau-

tologies on nondeterministic machines. These results apply to any proof system. As an

aside to our quest for randomized lower bounds, we improve the lower-bound exponent for

tautologies on nondeterministic machines from
√

2 ≈ 1.414 to 3
√

4 ≈ 1.587.

Theorem 1.6. For any constant c < 3
√

4 there exists a positive constant d such that tau-

tologies cannot be decided by nondeterministic random-access machines running in time nc

and space nd.

Theorem 1.6 yields the same lower bounds for one-sided error randomized machines as a

special case. However, this reasoning ignores the extra structure provided by the bounded

error of randomized machines. Using ideas from the proof of Theorem 1.1, we take advantage
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of this structure to derive better lower bounds for randomized machines with one-sided error,

boosting the exponent further to 2 cos(π/7) ≈ 1.801.

Theorem 1.7. For every constant c < 2 cos(π/7) ≈ 1.801 there exists a positive constant d

such that tautologies cannot be solved by randomized random-access machines with one-sided

error running in time nc and space nd.

Notice that Theorem 1.7 applies as a special case to deterministic machines. By the

closure of deterministic classes under complement, Theorem 1.7 matches the deterministic

time-space lower bounds for satisfiability mentioned earlier [Wil07b]. Our contribution con-

sists of a generic technique that upgrades existing time-space lower bound proof techniques

for deterministic machines to handle one-sided randomness.

1.5 Organization

The rest of this thesis is organized as follows.

• Chapter 2 discusses our notational and computational conventions. It also states robust

completeness results for ΣℓSAT and PLA-simplification. The latter result yields the

lower bound for PLA-simplification (Corollary 1.2) as a corollary to the one for Σ2SAT

(Theorem 1.1); it is currently unpublished.

• Chapter 3 gives an overview of the indirect diagonalization paradigm that we adapt to

prove our time-space lower bounds.

• Chapter 4 discusses our contributions that build on existing time-space lower bound

techniques in order to handle the randomized setting, and proves our lower bounds for

ΣℓSAT on randomized machines (Theorem 1.1). A preliminary version of these results,

which focused on achieving large time lower bounds at the small-space end of the spec-

trum, was presented at the 32nd International Colloquium on Automata, Languages,
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and Programming (Lisbon, July 2005) [DvM05]. The full version extended these re-

sults to yield nontrivial lower bounds even at the large-space end of the spectrum; it

was published in the SIAM Journal on Computing [DvM06].

• Chapter 5 concerns Arthur-Merlin games, proving our lower bounds for swapping

Arthur and Merlin (Theorem 1.4) as well as our time-space lower bound for MA-games

(Corollary 1.5). These results were presented at the 11th International Workshop on

Randomization and Computation (Princeton, August 2007) [Die07].

• Chapter 6 proves our lower bounds for tautologies on nondeterministic machines (Theo-

rem 1.6) and on randomized machines with one-sided error (Theorem 1.7). The former

result is currently published as a University of Wisconsin technical report [DvMW07].

The latter result is a yet unpublished culmination of techniques from [DvM05, DvM06]

and [Wil07b].
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Chapter 2

Preliminaries

In this chapter we lay down the notational and computational conventions followed

throughout this thesis. We then establish tight completeness results relating these com-

putational models to the problems studied in this thesis.

2.1 Machine Model

Our lower bounds are robust with respect to the choice of machine model. For con-

creteness, we state and prove our results for a random-access machine model. This model

is very powerful: for example, a deterministic random-access machine can simulate any de-

terministic machine model that we know of with at most a polylogarithmic time and space

overhead. These efficient simulations allow our main results to carry over with little loss to

other models.

The specific random-access machine model we use is somewhat nonstandard, so we pro-

vide a short discussion of its key points. The random-access machine model augments the

standard sequential-access multitape Turing machine model by allowing some tapes to be

random-access. The tape head movements on these tapes are no longer sequential, left-or-

right moves; rather they are dictated by the contents of an index tape associated with each

random-access tape: after writing an address on the index tape, the machine can relocate

the random-access tape head to that location, erasing the contents of the index tape in the

process. Such a step costs only one time unit; otherwise, time measurement is as usual.

Measuring space usage is a little bit more tricky. As is standard, we count only the auxiliary
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space used by the machine: the input tape is read-only and the output tape is one-way and

write-only. We measure space usage for each tape by the largest index visited (assuming

the tapes are infinite in just one direction). This convention is more natural than the al-

ternative that measures space by number of tape cells modified. For example, a program

that addresses a gigabyte of memory requires that the computer running it have at least

that much memory, regardless of how much the program actually ends up modifying. How-

ever, measuring space usage by index has the unfortunate side effect of allowing for space

usage that is exponential in the running time, contrary to our usual notion that space is

bounded by running time. This pitfall can be avoided by use of appropriate memory-access

data structures at only a polylogarithmic cost in running time; as such factors do not affect

the quantitative strength of our main theorems, we assume throughout that space usage is

bounded by time.

This machine model allows easy extensions to nondeterministic, alternating, randomized,

and interactive protocol versions. The nondeterministic model is standard: we let the tran-

sition function become a relation and define acceptance by the existence of an computation

path leading to an accept state. The alternating model is similar, except we label each state

as existential or universal. The accepting condition for the machine can be characterized

as a quantified statement over machine moves, expressing that these moves lead to an ac-

cept state. The statement has as many quantifier alternations as the machine has state

type alternations: portions of the computation spent in existential states naturally trans-

late to existential quantification of these moves, while universal states translate to universal

quantification.

For randomized machines models, we follow the natural convention that random bits are

presented on a one-way read-only worktape. If the machine wishes to re-read random bits, it

must copy them down on a worktape at the cost of space. This contrasts the more powerful

model that allows two-way access to the random tape. Except where stated otherwise, our

results about randomized machines hold only for the former machine model. The standard

error model for randomized machines is two-sided and bounded. In other words, the machine
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can err on all inputs, both inside and outside the language, with a probability bounded away

from 1/2 by a constant. We often discuss machines with one-sided error, which can only err

on inputs that are in the language.

We form interactive protocols by a hybrid nondeterministic/randomized model, where the

machine has states that are either existential (corresponding to the prover) or randomized

(corresponding to the verifier). The machines must also satisfy a completeness condition

that, on inputs in the language, the prover can convince the verifier to accept with high

probability, and a soundness condition that, on inputs outside of the language, the verifier

accepts with low probability no matter what the prover does.

Arthur-Merlin games are public-coin interactive protocols with a constant number of

rounds (the number of rounds is one more than the number of alternations between state

types). We say that Arthur goes first if the machine starts in a randomized state; otherwise,

Merlin goes first. Our results mostly concern games with only two rounds, MA-games and

AM-games.

• An MA-game decides a language L if for all strings x ∈ L, there is a proof Merlin can

send to Arthur that causes him to accept with high probability; on the other hand, for

x /∈ L, any proof sent by Merlin is rejected by Arthur with high probability.

• An AM-game decides a language L if for all strings x ∈ L, the probability is high that

Arthur’s coin tosses sent to Merlin allow the latter party to respond with a valid proof;

on the other hand, this probability is low for all x /∈ L.

We refer to Section 5.1.1 for more formal definitions.

The standard error model for Arthur-Merlin games is two-sided and bounded, i.e., the

completeness and soundness conditions hold for probabilities bounded away from each other

by a constant. The exceptions are games with perfect completeness, where an honest Merlin

causes acceptance with probability one for inputs in the language (this contrasts with the

“one-sided” setting of randomized machines where the error is on the membership side).
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We require that the time and space bounds of machines are constructible functions from

natural numbers to natural numbers which are at least logarithmic, and refer to them as

time and space functions. We often discuss subpolynomial space functions, which refer to

space functions in no(1). Many of our results ultimately apply to computations with polyno-

mial time and space bounds, which certainly meet the required constructibility conditions.

Note that machines running in sublinear time or sublogarithmic space trivially cannot solve

problems like satisfiability where the answer can depend on the entire input.

2.2 Complexity Classes

A complexity class is defined as the class of languages decided by a type of machine

running within certain resource bounds. Much of the notation we use is standard [BDG95,

Pap94], but we recap it here for completeness. We consider many different machine types,

abbreviated as follows:

Definition 2.1. Our notation for complexity classes refers to machines of type X, where X

is is an abbreviation for one of the following machine types:

• X = D: Deterministic machines.

• X = N: Nondeterministic machines.

• X = Σℓ: Alternating machines making at most ℓ − 1 alternations and starting in an

existential state.

• X = Πℓ: Alternating machines making at most ℓ − 1 alternations and starting in a

universal state.

• X = BPP: Randomized machines with two-sided error of at most 1/3.

• X = RP: Randomized machines with one-sided error — on the membership side — of

at most 1/2.

• X = MA: Two-round Arthur-Merlin games where Merlin goes first, with two-sided error

at most 1/3.
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• X = MA1: Same as MA except with perfect completeness. In other words, for x ∈ L
there is a proof that causes acceptance with probability 1.

• X = AM: Two-round Arthur-Merlin games where Arthur goes first, with two-sided

error at most 1/3.

• X = AM1: Same as AM except with perfect completeness. In other words, for x ∈ L,

all of Arthur’s coin tosses can be answered by Merlin with a valid proof.

For any X as in Definition 2.1, time function t, and space function s we define XTIME(t)

to be the class of languages decided by machines of type X that run in time O(t), and

XTISP(t, s) to be the class of of languages decided by machines of type X that run in simul-

taneous time O(t) and space O(s). We prefix “co” to these to represent the complementary

classes. The default model is understood to be deterministic if we omit X. We often use the

same notation to refer to classes of machines rather than classes of languages.

We often replace TIME in the above notation by P or a superscript p when we allow the

running time to be any polynomial. In this manner, we define the classes

P = TIME(poly(n)) and BPP = BPTIME(poly(n)).

The first level of the polynomial-time hierarchy contains the classes

NP = NTIME(poly(n)) and coNP = coNTIME(poly(n)).

More generally, the ℓth level of the polynomial-time hierarchy consists of

Σp
ℓ = ΣℓTIME(poly(n)) and Πp

ℓ = ΠℓTIME(poly(n)).

We often refer to the linear-time hierarchy, which corresponds to alternating machines with

linear, rather than polynomial, running times.

Many of our arguments involve alternating computations in which the numbers of bits

guessed at each stage are bounded by explicitly given small functions. We use the following

notation to describe such computations:
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Definition 2.2. Given a complexity class C and a function f , we inductively define the class

∃fC to be the set of languages that can be described as

{x|∃y ∈ {0, 1}O(f(|x|))P (x, y)},

where P is a predicate accepting a language in the class C when its complexity is measured

in terms of |x| (not |x|+ |y|). We analogously define ∀fC.

For example, ∃fDTIME(n) and ∀fDTIME(n) are subsets of NP and coNP for f(n) =

nO(1). The requirement that the complexity of P be measured in terms of |x| allows us to

express the running times in terms of the original input length, which allows for much cleaner

accounting in many of our arguments.

A subtlety arises when we consider space-bounded classes C. Computations corresponding

to ∃fC and ∀fC explicitly write down their guess bits y and then run a space-bounded

machine on the combined input consisting of the original input x and the guess bits y. Thus,

the space-bounded machine effectively has two-way access to the guess bits y. For example,

although machines corresponding to ∃nDTISP(n, no(1)) and to NTISP(n, no(1)) both use only

a subpolynomial amount of space to verify their guesses, they do not necessarily have the

same computational power. This is because the former machines have two-way access to the

guess bits written on a separate tape that does not count towards its space bound, whereas

the latter machines only have one-way access to these bits and do not have enough space to

write them down on their work tape.

2.3 Robust Completeness in the Polynomial-Time Hierarchy

All of the known time-space lower bounds for satisfiability and its generalizations to

higher levels hinge on a tight connection between these problems and the class of languages

recognized by linear-time alternating machines, ΣℓTIME(n). The Cook-Levin Theorem,

the seminal result showing that satisfiability is NP-complete, can be interpreted as saying

that satisfiability captures the time complexity of all of NP up to polynomial factors; this

statement generalizes to ΣℓSAT and the ℓth level of the polynomial-time hierarchy, Σp
ℓ . We
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make use of a stronger versions of Cook-Levin that show that ΣℓSAT tightly captures — up

to polylogarithmic factors — the simultaneous time and space complexity of the ℓth level of

the linear-time hierarchy, ΣℓTIME(n).

2.3.1 Robust Completeness of ΣℓSAT

At the first level of the polynomial-time hierarchy, we know that satisfiability can be

solved in nondeterministic quasi-linear time, so time-space lower bounds for satisfiability

imply the same lower bounds for nondeterministic linear time, NTIME(n), up to poly-

logarithmic factors. Conversely, various strengthenings [FvM00, FLvMV05, vM07] give a

reduction from NTIME(n) to satisfiability that is efficient in both time and space, showing

that if satisfiability can be solved in time nc and space nd, then NTIME(n) can be solved in

time nc polylog(n) and space nd polylog(n). Thus, time-space lower bounds for NTIME(n)

and for satisfiability are equivalent up to polylogarithmic factors.

At higher levels of the polynomial-time hierarchy, we know that ΣℓSAT can be solved in

quasi-linear time on a machine that makes ℓ − 1 alternations, so time-space lower bounds

for ΣℓSAT imply the same lower bounds for ΣℓTIME(n) up to polylogarithmic factors.

Conversely, just as the Cook-Levin theorem generalizes from NP to higher levels of the

polynomial-time hierarchy to show that ΣℓSAT is complete for Σp
ℓ , the stronger reductions

generalize to give time- and space-efficient reductions from ΣℓTIME(n) to ΣℓSAT.

Theorem 2.3. For any integer ℓ ≥ 1 and positive reals c and d, if

ΣℓSAT ∈ XTISP(nc, nd),

then

ΣℓTIME(n) ⊆ XTISP(nc polylog(n), nd polylog(n)),

where X is any machine type described in Definition 2.1.

This establishes an equivalence of time-space lower bounds for ΣℓTIME(n) and ΣℓSAT

up to polylogarithmic factors. In particular, polynomial-strength time-space lower bounds

for ΣℓTIME(n) yield essentially the same lower bounds for ΣℓSAT.
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Corollary 2.4. For any integer ℓ ≥ 1 and positive reals c and d, if

ΣℓTIME(n) * XTISP(nc, nd),

then for any reals c′ < c and d′ < d,

ΣℓSAT /∈ XTISP(nc′, nd′),

where X is any machine type described in Definition 2.1.

The same holds if we replace ΣℓSAT and ΣℓTIME(n) by their complements; in particular,

for ℓ = 1, the connection is between tautologies and coNTIME(n). In all, these connections

allow us to prove our time-space lower bounds for ΣℓSAT and tautologies by instead proving

lower bounds for the corresponding linear-time class.

We include a proof sketch for Theorem 2.3 for completeness.

Proof sketch of Theorem 2.3. Let L be a language decided by a random-access linear-time

alternating Turing machine that makes ℓ− 1 alternations, beginning in an existential stage.

The acceptance condition for x ∈ L can be written as

(∃y1 ∈ {0, 1}O(n))(∀y2 ∈ {0, 1}O(n)) . . . (Qyℓ−1 ∈ {0, 1}O(n))R(x, y1, y2, . . . , yℓ−1),

where Q = ∀ and R is a linear-time nondeterministic machine if ℓ is odd; otherwise Q = ∃
and R is a linear-time conondeterministic machine. Let P = R if ℓ is odd and P = ¬R
otherwise, so that P is nondeterministic regardless of ℓ. All that remains to represent the

acceptance condition of L as a quantified Boolean formula is to reduce P to satisfiability.

The original Cook-Levin reduction produces a formula of quadratic size, which is too large

for our purposes. Cook [Coo88] showed how to leverage the oblivious simulations of Hennie

and Stearns [HS66] to obtain a formula of quasilinear size in the case of multitape ma-

chines. Robson [Rob91] built on this technique to obtain the reduction for random-access

machines. Alternatively, Van Melkebeek [vM07] formulated a simpler approach using sort-

ing networks— as sorting networks are inherently oblivious, this replaces the need for the

Hennie-Stearns simulation. The net effect of either approach is that we can construct a

formula ϕ depending only on P and n such that ϕ:
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• has size O(n polylog(n)), where each bit can be constructed in time O(polylog(n)) and

space O(log(n)),

• involves the bits of x, y1, . . . , yℓ−1 input to P as well as O(n polylog(n)) additional

Boolean variables z, and

• is satisfiable in z on input x, y1, . . . , yℓ−1 if and only if P accepts x, y1, . . . , yℓ−1.

Defining ϕ′ .= ϕ if ℓ is odd and ϕ′ .= ¬ϕ otherwise, this shows that the Σℓ-formula

ψ
.
= ∃y1∀y2 . . . Qyℓ−1Qz ϕ

′,

is in ΣℓSAT if and only if x ∈ L. The size of ψ is only O(n logn) more than ϕ: the log

factor is required to write down the bit indices of the quantified variables. The easy nature

of these extensions to ϕ endows ψ with the same constructibility properties as ϕ.

Now, suppose that ΣℓSAT ∈ XTISP(nc, nd) and that M is a machine of type X deciding

ΣℓSAT in time O(nc) and space O(nd). Notice that we can decide L by running M on input

ψ. However, computing ψ and writing down the result on a worktape requires too much

space. Instead, when M needs a bit of ψ, the simulation computes this bit from scratch. As

ϕ is of size O(n polylog(n)), M runs for time O(nc polylog(n)) and space O(nd polylog(n)) on

input ψ. Computing the bits of ψ on the fly adds a multiplicative overhead of O(polylog(n))

to the time and an additive overhead of O(logn) to the space. This simulation is still of

type X and decides L within the desired time and space bounds.

2.3.2 Robust Completeness of Other Problems

There are reductions of similar time and space efficiency from satisfiability to virtually all

known NP-complete problems. Thus, existing time-space lower bounds for satisfiability also

apply to these problems. However, efficient reductions to ΣℓSAT are not known for some

natural problems that are complete for higher levels of the polynomial-time hierarchy, i.e.,

Σp
ℓ for ℓ ≥ 2. One particularly interesting problem is that of disjunctive normal form (DNF)

formula minimization, MIN-DNF.
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Umans [Uma01] showed that MIN-DNF and several of its variants are complete for

the second level of the polynomial-time hierarchy. Unfortunately, the reductions he gives

from Σ2SAT to these problems are rather rather inefficient; in particular, the reduction to

MIN-DNF blows up the instance size by the fourth power. This reduction does not establish

the tight relationship between Σ2SAT and MIN-DNF necessary to transfer lower bounds for

the former to the latter.

We improve the efficiency of the reduction for a natural version of MIN-DNF that remains

Σ2-complete. Recall that a DNF formula is the disjunction of terms, each of which is the

conjunction of literals— variables or their complements. The version of MIN-DNF that we

consider allows minimization only by removing literals occurrences from the input formula;

we refer to this variant as PLA-simplification. Formally, this problem is defined as follows:

Definition 2.5. The PLA-simplification problem takes as input a DNF formula ψ on m

variables and an integer k and asks whether or not there is a subformula ψ′ of ψ with at

most k literal occurrences such that ψ(x) = ψ′(x) for all x ∈ {0, 1}m.

Our reduction from Σ2SAT to PLA-simplification produces an instance of the latter

problem of size quasi-linear in the Σ2SAT instance size. Furthermore, each bit can be

computed on the fly in polylogarithmic time and logarithmic space. This results in a tight

connection between the two problems similar to that exhibited in Theorem 2.3.

Theorem 2.6. For any positive reals c and d, if

PLA-simplification ∈ XTISP(nc, nd),

then

Σ2SAT ∈ XTISP(nc polylog(n), nd log(n)),

where X is any machine type described in Definition 2.1.

Theorem 2.6 shows that time-space lower bounds for PLA-simplification are equivalent

to those for Σ2SAT, along the same lines as Corollary 2.4; therefore, the lower bounds of
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Corollary 1.2 for PLA-simplification follow directly from the time-space lower bounds for

Σ2SAT of Theorem 1.1.

The reduction from Σ2SAT to PLA-simplification works as follows on input

(∃x ∈ {0, 1}n)(∀y ∈ {0, 1}n)ϕ(x, y),

where we assume without loss of generality that ϕ is a DNF. The reduction converts ϕ into

another DNF ψ so that every term but one, denoted by T , must appear in its entirety in any

equivalent DNF. Thus, the only way to arrive at an equivalent DNF by literal removal — as

allowed for PLA-simplification — is to remove literals from T . The goal is to design ψ and T

so that valid removal of n literals from T encodes a satisfying assignment to the existential

variables of the Σ2SAT instance, and conversely, that the existence of a valid assignment

implies that n literals can be removed from T without changing the function computed by

ψ.

Proof of Theorem 2.6. Consider an instance

(∃x1, · · · , xn)(∀y1, · · · , yn)ϕ(x1, · · · , xn, y1, · · · , yn) (2.1)

of Σ2SAT where ϕ is a DNF. The reduction tweaks ϕ to allow a critical term T as above in

two steps: we first construct a circuit to evaluate ϕ in a slightly nonstandard way and then

convert the circuit to a DNF formula by introducing auxiliary variables.

With this in mind, we envision the circuit C that evaluates an assignment to ϕ, and

make some minor modifications. We have C take an input for each possible literal of xi, say,

a1, · · · , an corresponding to positive literals, and b1, · · · , bn corresponding to negative literals

(the y variables remain unchanged) and evaluate ϕ at the implied assignment. C handles

a, b-assignments that do not correspond to valid x-assignments in a specific way to enable

properties needed later for the correctness of our reduction. C is described in Figure 2.3.2.

We then transform C into a DNF formula by the (the complement of) Cook’s transfor-

mation of a circuit to a CNF formula [Coo71]. This reduction replaces each circuit gate

by a term enforcing that a new auxiliary variable zi represents the gate’s output. In this
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C(a, b, y) sequentially checks the following conditions:

(1) Reject if ai = bi = 1 for all i.

(2) Reject if ai = bi = 0 for some i.

(3) Accept if ai = bi = 1 for some i.

(4) Evaluate ϕ by substituting ai where the literal xi appears, and bi where the literal

xi appears; the y variables are taken directly from the input to C. Output the result

of this evaluation.

Figure 2.1 Description of the circuit C to evaluate ϕ.

manner, we achieve a DNF formula ϕ′ such that ϕ′(a, b, y, z) is a tautology under a setting

to a1, . . . , an, b1, . . . , bn if and only if C(a, b, y) accepts every input to y1, . . . , yn under the

same a, b-setting.

We are now ready to form the desired instance of PLA-simplification by adding the

critical term T . We also add new variables w that allow us to “turn on” and “turn off”

individual terms of ϕ′. More concretely, if

ϕ′ =
m′
∨

i=1

ti,

then our reduction produces the formula

ψ =

(
m′
∨

i=1

tiwi

)

∨ a1 · · ·anb1 · · · bnw1 · · ·wm′
︸ ︷︷ ︸

T

.

We assume without loss of generality that ti contain no redundant or contradictory literals,

and m′ > 1. The target size is

k = #(literal occurrences in ψ)− n. (2.2)

The purpose of the w variables is to make each term tiwi necessary in any minimization

of ψ. Consider an assignment that lets wi = 1 and sets all other w variables to 0: all that

remains of ψ is ti. Since ti is not contradictory, this term cannot be completely missing in
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any equivalent subformula. Furthermore, any missing literals from ti cause acceptance on

more assignments than ψ, while missing wi causes acceptance of assignments with wj = 0

for all j, neither of which matches the behavior of ψ.

Therefore, any equivalent subformula of ψ is the result of removing literals from T ,

but could come by completely removing T . As we plan to have the remains of T encode

a satisfying assignment to the Σ2SAT instance, the latter option is problematic. This is

where the check in step (1) of Figure 2.3.2 is crucial: it ensures that a nonempty subset of

T is necessary in any equivalent subformula, and in fact, the literals w1, . . . , wm′ must all

appear. This follows because step (1) guarantees that ϕ′ rejects some extension of the all-one

assignment to the a and b variables. If we further set wi = 1 for all i, we see that T is the

only term of ψ that accepts such an assignment, so removal of T incorrectly rejects. On the

other hand, if we set wi = 0 for some i and wj = 1 for j 6= i, then T is violated and ψ rejects;

however, removing wi from T causes this assignment to be incorrectly accepted. Thus, none

of the w1, . . . , wm′ literals from T can be removed to form an equivalent subformula, so any

valid removal must come from the a and b variables in T .

Our check in step (2) of figure 2.3.2 ensures that valid removal of at least n of these

variables encodes an assignment to the x variables of the Σ2SAT instance. C rejects any

assignment with ai = bi = 0 for some i, so ϕ′ also rejects some extension of this assignment

to the z variables. As T rejects any assignment with an ai or bi set to zero, ψ rejects such

an assignment even when all the wj variables are set to one. However, if we were to remove

both ai and bi, T would incorrectly accept such an assignment. Therefore, any equivalent

subformula of ψ that removes at least n variables contains a subset of T that has exactly

one of ai and bi for every i. This naturally encodes an assignment A to the x variables by

setting xi to one if ai is present and to zero if bi is present.

With these observations in mind, we prove the correctness of the reduction: there is an

equivalent subformula of ψ with at most k literal occurrences, where k is defined in (2.2),

if and only if the Σ2SAT instance (2.1) is positive. We start with the forward direction.

Let A be the assignment to the x variables implied, as above, by the valid removal of
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n literals from ψ to form ψ′. We claim that A satisfies the Σ2SAT instance, i.e., that

ϕ(A1, . . . , An, y1, . . . , yn) is a tautology. Notice that ψ′ accepts any assignment where the

literals remaining from T are set to one and the other ai’s and bi’s to zero, so ψ also accepts

these assignments. Tracing back through our construction, we see that the satisfied term of

ψ cannot be T , because some ai’s and bi’s are set to zero, so it must be a term from ϕ′. Thus,

ϕ′ is a tautology under this setting to the ai’s and bi’s, which implies that C accepts all y

under this setting. Since exactly one of each ai and bi is set to one, checks (1–3) of Figure

2.3.2 are passed and its output must be the evaluation of ϕ under the assignment A. We

conclude that ϕ accepts every assignment to the y variables under A, i.e., it is a tautology.

Conversely, suppose that (2.1) is a positive instance of Σ2SAT. Let A be an assignment

to the x variables such that ϕ(A1, . . . , An, y1, . . . , yn) is a tautology. Then we claim that the

DNF

χ =

(
m′
∨

i=1

tiwi

)

∨ T ′w1 · · ·wm′ ,

where T ′ contains the literal ai if Ai = 1 and bi otherwise for 1 ≤ i ≤ m′, is equivalent to

ψ. This follows because removing literals from a term of a DNF is a benign operation so

long as no new assignments are accepted due to such a removal. To this end, we consider an

assignment A′ that satisfies T ′w1 · · ·wm′ but not T , and show that ψ(A′) = 1. Notice that

A′ cannot satisfy step (1) of Figure 2.3.2, since T accepts these assignments. It also cannot

satisfy step (2), because acceptance of T ′w1 · · ·wm′ implies that at least one of each ai and bi

is set to one. So suppose that A′ satisfies step (3): then we must have that ψ(A′) = 1 since

C accepts such assignments. Thus, all that remains is the case where A′ does not satisfy

steps (1–3). This implies that A′ has exactly one of ai and bi set to one for each i, and

furthermore, that the output of C is decided by evaluating ϕ. This evaluation substitutes

the assignment implied by A′ for the x variables, which is exactly the assignment A under

which we assumed ϕ is a tautology. This causes ϕ′, and therefore ψ, to accept A′, finishing

the proof that χ is an equivalent subformula of ψ of appropriate size.

We have shown that the reduction is correct, so it remains to verify its complexity. C

can be constructed to have size O(n), where n is the size of the Σ2SAT instance (2.1); the
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formula ϕ′ has size linear in the size of C; ψ is larger by another constant factor. Describing

ψ requires an additional O(logn) factor increase in size due to the necessity of writing down

the indices of auxiliary variables, for a total description size of O(n logn). Furthermore, the

easy form of the reduction allows each bit of the reduction to be computed on the fly in

polylogarithmic time and logarithmic space.

We point out that our proof diverges from that of Umans’s in a couple ways. His more

general reduction to MIN-DNF squares the formula size in two different steps: one that forces

any minimization to occur within T , and another that ensures any minimization leaves behind

a nontrivial subset of T . We avoid the squaring from the former step by adding only one new

variable to each term of ϕ′, as opposed to m′ − 1, while still ensuring the desired property.

The latter step involves making T necessary by having every term from ϕ′ reject the all-one

assignment to the a and b variables. This can be done while maintaining that the formula

is a DNF by multiplying such a restriction into ϕ, increasing its size by a linear factor. One

way to avoid the size increase is to enforce the restriction using auxiliary variables instead;

this is what we accomplished by checking the all-one condition via a circuit (i.e., step (1) of

Figure 2.3.2) and then converting back to a DNF. Unfortunately, auxiliary variables can be

used to aid minimization of the DNF in unexpected ways; namely, by adding literals over

these new variables to the special term T , we enable removal of many more literals than

before and spoil our ability to extract a valid assignment. This type of minimization is not

permissible by literal removal alone, which allows this idea to work in the restricted case of

PLA-simplification; it remains open to establish tight completeness results for MIN-DNF.
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Chapter 3

Indirect Diagonalization

The proofs of our time-space lower bounds follow a paradigm known as indirect diago-

nalization, which we describe in this chapter. Indirect diagonalization establishes a lower

bound by contradiction: assuming the lower bound does not hold, we derive a sequence of

progressively more unlikely inclusions of complexity classes until we reach one that contra-

dicts a known diagonalization result. Kannan [Kan84] used the paradigm avant la lettre

to investigate the relationship between deterministic linear time and nondeterministic linear

time. This technique has been further developed by recent time-space lower bounds for sat-

isfiability and problems higher up in the polynomial-time hierarchy [For00, LV99, FvM00,

FLvMV05, Wil06, Vio07, Wil07b]. Allender et al. [AKR+01] also employed it to establish

time-space lower bounds for problems in the counting hierarchy.

As an example, consider Theorem 1.1 for ℓ = 2, that Σ2SAT cannot be solved by ran-

domized machines running in time nc and nd for certain interesting values of c and d. By

the tight completeness of Σ2SAT for the second level of the polynomial-time hierarchy —

Theorem 2.3 — it suffices to prove such a lower bound for simulations of Σ2TIME(n). The

indirect diagonalization paradigm does this in three steps:

1. Assume the inclusion that we wish to rule out actually holds. In our case, we assume

that Σ2TIME(n) ⊆ BPTISP(nc, nd).

2. Using the hypothesis, derive inclusions of complexity classes that are increasingly un-

likely.
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3. Eventually, one of these inclusions contradicts a known diagonalization result, proving

the desired result.

There is a myriad of ways to derive new inclusions from the hypothesis in step 2, with

different approaches yielding different results. Often, the inclusions derived in step 2 are

obtained by a combination of two opposing processes that can be loosely described as

(2a) Speed up a space-bounded computation at the cost of adding alternations, and

(2b) Eliminate these alternations at a moderate increase in running time.

To envision the utility of these items, notice that the assumption in step 1 allows the simula-

tion of an alternating machine by a space-bounded machine. Item (2a) allows us to simulate

the latter machine by an alternating machine that runs in less time, but may make more al-

ternations than we started with. Item (2b) allows us to eliminate some of these alternations

at the cost of increasing the running time modestly. Under the right combination of param-

eters c and d, this process allows a speedup within the second level of the polynomial-time

hierarchy that contradicts the time hierarchy for this class (stated in Section 3.3).

With this outline in mind, we present the ingredients used by existing arguments in each

of these steps. Unfortunately, not all of these are suited for the setting of randomized lower

bounds; we leave the task of bridging the gap to randomized machines to Chapter 4.

3.1 Speedups

To satisfy step (2a), we simulate a space-bounded machine of the type for which we are

attempting to derive a lower bound (i.e., deterministic or randomized) in significantly less

time. We must pay a price to achieve this task, and we choose to pay in the currency of

alternations. Specifically, we introduce a small number of alternations to the computation

and carry out a fast simulation on an alternating machine.

This goal is realized by the divide-and-conquer strategy underlying Savitch’s Theorem

[Sav70]. Briefly, the idea is to divide the computation tableau of a space-bounded determin-

istic machine M into b blocks. Observe thatM accepts x in time t if and only if there are b−1
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configurations C1, C2, . . . , Cb−1 at the boundaries of these blocks such that for every block i,

0 ≤ i ≤ b− 1, the configuration at the beginning of that block, Ci, reaches the configuration

at the end of that block, Ci+1, in t/b steps, where C0 is the initial configuration and Cb is the

accepting configuration. We can check this condition quickly with an alternating machine:

first existentially guess b − 1 configurations of M , universally guess a block number i, and

conclude by deciding if Ci reaches Ci+1 via a simulation of M for t/b steps. This yields the

inclusion:

DTISP(t, s) ⊆ ∃bs∀log bDTISP(t/b, s) ⊆ Σ2TIME(bs+ t/b). (3.1)

By the closure of DTISP under complement, this inclusion can also be stated for the

Π-side of the polynomial time hierarchy, which will be more convenient to use in some of our

arguments. If we choose b to optimize the running time of the resulting Π2-computation, the

result is a square-root speedup for small space bounds s:

DTISP(t, s) ⊆ ∀
√

ts∃log tDTISP(
√
ts, s) ⊆ Π2TIME(

√
ts). (3.2)

Recursively applying (3.1) while exploiting DTISP’s closure under complementation to

conserve alternations yields

DTISP(t, s) ⊆ ∀bs∃bs . . . Q
bs

︸ ︷︷ ︸

k−1

Qlog bDTISP(t/bk−1 + bs, s) ⊆ ΠkTIME(t/bk−1 + bs) (3.3)

for any integer k ≥ 2, where Q = ∃ if k is even and Q = ∀ otherwise, and Q denotes the

quantifier complementary to Q. Choosing b to optimize the resulting running time, (3.3)

achieves a kth-root speedup for small space bounds s.

DTISP(t, s) ⊆ ∀(tsk−1)1/k∃(tsk−1)1/k

. . . Q
(tsk−1)1/k

︸ ︷︷ ︸

k−1

Qlog(t/s)DTISP((tsk−1)1/k, s)

⊆ ΠkTIME((tsk−1)1/k). (3.4)

Our lower bound for tautologies on nondeterministic machines (Theorem 1.6) requires

the speedup of a space-bounded nondeterministic machine. Luckily, the divide-and-conquer

approach underlying Savitch’s theorem works in this case as well (in fact, it was designed
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for it, to show that nondeterministic and deterministic polynomial space coincide). In this

setting, the final step of the simulation checks that Ci reaches Ci+1 in a nondeterministic

sense. This requires simulating the space-bounded nondeterministic machine for t/b steps,

adding one more alternation to the simulation:

NTISP(t, s) ⊆ ∃bs∀log bNTISP(t/b, s) ⊆ Σ3TIME(bs + t/b). (3.5)

Choosing b optimally results in the same square-root speedup as in the deterministic

case at the cost of one more alternation. Furthermore, recursive applications of (3.5) add

two alternations each time instead of one as in the deterministic case, (3.3), since nonde-

terministic classes are not known to be closed under complement. Thus, our speedups for

nondeterministic machines are less alternation-efficient than for deterministic machines.

For future use, we point out one important fact about the simulation underlying (3.1)

and (3.5): the final phase of this simulation, that of running M for t/b steps, does not need

access to all of the configurations guessed during the initial existential phase— it only reads

the description of two configurations, Ci and Ci+1, in addition to the original input x. Thus,

the input size of the final stage is O(n+ s) as opposed to O(n+ bs) as the complexity-class

inclusions of (3.1) and (3.5) suggest in general. This fact has a subtle but key impact on our

analyses, especially in Chapter 6.

3.2 Eliminating Alternations

In the other direction, the process (2b) of removing alternations involves simulating an

alternating machine by another that makes fewer alternations and runs for only slightly more

time. In many cases, this is accomplished by deriving a statement such as

ΣℓTIME(t) ⊆ ΠℓTIME(g(t)),

for a small function g. When g is a polynomial, such an inclusion results in a collapse of the

polynomial-time hierarchy to the ℓth level, and we refer to it as an efficient complementation.

Note that a complementation can be derived unconditionally by using exhaustive search in
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lieu of an alternating step, but this causes g to be exponential in t. In our arguments, we

derive efficient complementations that are conditional on the unlikely assumption of step 1,

and inductively derive more efficient complementations in step 2.

For example, when proving satisfiability lower bounds in the deterministic setting, the

assumption in step 1 is of the form NTIME(n) ⊆ DTISP(nc, nd); in the case of tautologies

lower bounds on nondeterministic machines, it is coNTIME(n) ⊆ NTISP(nc, nd). Either

case gives an efficient complementation of the first level of the polynomial-time hierarchy,

NTIME(n) ⊆ coNTISP(nc) that allows us to eliminate alternations at the cost of raising the

running time to the power of c.

Proposition 3.1. Suppose that

coNTIME(n) ⊆ NTIME(nc)

for some real c ≥ 1. Then for any time functions t and t′,

∃t′coNTIME(t) ⊆ NTIME((t+ t′ + n)c).

Proof. Consider a machine M recognizing a language in ∃t′coNTIME(t). Its acceptance

condition on input x can be written as

∃y ∈ {0, 1}O(t′)P (x, y),

where P (·, ·) is a predicate recognized by a conondeterministic machine running in time

O(t) on input 〈x, y〉. Since P takes input of size O(n + t′), a padding argument applied

to the assumption allows P to be recognized by a nondeterministic machine running in

time O((t+ t′ + n)c). In this way, we characterize the acceptance of M by two consecutive

existential guesses, which is a nondeterministic machine overall. It requires time O(t′) for

the guess of y and O((t+ t′ + n)c) for the part recognizing P , for a total of O((t+ t′ + n)c)

since c ≥ 1.

In a typical setting of t = t′ = n1+Ω(1), Proposition 3.1 exhibits the exponent cost of c

as described above. A finer point to make is that although the argument only applies the
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hypothesis to the final conondeterministic phase, Proposition 3.1 indicates that, in general,

the t′ guess bits of the initial phase factor into the cost of eliminating the alternation as

much as the running time of the final phase, even when the latter is much smaller. This

point is where the special input-size property of the speedups (3.1) and (3.5) mentioned

earlier become important: the input to the final stage of the divide-and-conquer speedup is

only a small portion of the bits guessed in the initial stage, dramatically reducing the effect

just described when we eliminate some of these alternations. This observation is crucial to

achieve the quantitative strength of our results in Chapter 6.

3.3 Diagonalization Results

Our indirect diagonalization arguments use speedups and alternation removal to derive

more and more efficient complementations of the polynomial-time hierarchy. In fact, we

know how to rule out complementations that are too efficient, namely, those that speed

up as well as complement. This supplies us with the aforementioned direct diagonalization

result with which we ultimately derive a contradiction.

Lemma 3.2 (Folklore). Let c and c′ be positive reals such that c′ < c. Then for any integer

ℓ ≥ 1,

ΣℓTIME(nc) * ΠℓTIME(nc′).

Our lower bounds for space-bounded alternating linear time (Theorem 1.3) require a

stronger diagonalization result that is both time- and space-sensitive.

Lemma 3.3 (cf. [FLvMV05]). Let c, c′, d, d′ be positive reals such that c′ < c and d′ < d.

Then for any integer ℓ ≥ 1,

ΣℓTISP(nc, nd) * ΠℓTISP(nc′ , nd′).

3.4 A Concrete Example

Now that we have outlined ingredients for each of the steps, let us give an example

of an indirect diagonalization argument. In particular, we prove the result of [LV99] that
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satisfiability cannot be solved by deterministic random-access machines running in time nc

and space no(1) for constants c <
√

2. By the tight completeness given by Theorem 2.3, it

suffices to prove the lower bound for NTIME(n). The first step of an indirect diagonalization

argument for this is to assume that

NTIME(n) ⊆ DTISP(nc, no(1)). (3.6)

By padding, this allows a simulation of NTIME(t) by DTISP(tc, to(1)) for some polynomial

t. The speedup given by the inclusion (3.2) yields a square-root speedup of the latter class

at the cost of one alternation. The net result is

NTIME(t) ⊆ DTISP(tc, to(1)) ⊆ Π2TIME(tc/2+o(1)), (3.7)

which represents a speedup of NTIME(t) for c < 2 by using one more alternating stage.

To contradict Lemma 3.2, we need to arrive at a speedup using just a universal stage. The

hypothesis (3.6) provides us with the efficient complementation required to carry out this

task: Proposition 3.1 eliminates one alternation from the right-hand side of (3.7) to yield

NTIME(t) ⊆ coNTIME(tc
2/2+o(1)),

provided that t(n) ≥ n2/c. This contradicts Lemma 3.2 when c2/2 < 1, proving the desired

result.
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Chapter 4

Time-Space Lower Bounds on Randomized Machines

In this chapter we adapt the indirect diagonalization paradigm to prove our time-space

lower bounds for ΣℓSAT on randomized machines.

Theorem 1.1 (restated). For any integer ℓ ≥ 2 and constant c < ℓ, there exists a positive

constant d such that ΣℓSAT cannot be solved by randomized random-access machines with

two-sided error running in time nc and space nd. Moreover, d approaches 1/2 from below as

c approaches 1 from above for ℓ = 2, and d approaches 1 from below as c approaches 1 from

above for ℓ ≥ 3.

We also obtain such time-space lower bounds for PLA-simplification.

Corollary 1.2 (restated). For any constant c < 2, there exists a positive constant d such

that PLA-simplification cannot be solved by randomized random-access machines with two-

sided error running in time nc and space nd. Moreover, d approaches 1/2 from below as c

approaches 1 from above.

We prove these results by focusing on the class ΣℓTIME(n). Lower bounds for the latter

class carry over to ΣℓSAT and PLA-simplification (for ℓ = 2) by way of the tight connections

given by Theorems 2.3 and 2.6, respectively.

The critical ingredient in our proof is a time- and space-efficient alternating simulation

of space-bounded randomized computations. This follows from a careful combination of

Nisan’s partial space-bounded derandomization [Nis93], randomness-efficient error reduc-

tion by a random walks in an expander [CW89, IZ89], and a version of Lautemann’s proof
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that randomized machines with two-sided error can be simulated in the second level of

the polynomial-time hierarchy with a polynomial-time overhead [Lau83]. This construction

enables both ingredients needed to fill in the second step of the indirect diagonalization

argument in the randomized setting: a speedup of small-space randomized computations

with two-sided error and an efficient complementation of the ℓth level of the polynomial-time

hierarchy, for ℓ ≥ 2. The complementation is conditional on the assumption of the indirect

diagonalization argument, that

ΣℓTIME(n) ⊆ BPTISP(nc, nd). (4.1)

Combining this hypothesis with our speedups and complementations, we derive a new state-

ment showing that computations in the ℓth level of the polynomial-time hierarchy that run in

time t (where t is a sufficiently large polynomial) can be complemented in time g(t), where g

is some function depending on c and d. For sufficiently small values of c and d, g(t) becomes

t1−ǫ for positive ǫ, which contradicts the direct diagonalization argument of Lemma 3.2. For

somewhat larger values, we do not obtain a contradiction right away, but rather a more

efficient complementation of the ℓth level of the polynomial-time hierarchy than we previ-

ously had. We then run the argument again using the new complementation in place of the

old, yielding an even more efficient complementation. Bootstrapping in this way eventually

improves the complementations to the point that they contradict Lemma 3.2. This allows

us to rule out larger values of c and d, leading to Theorem 1.1.

A careful analysis shows that the largest space bound that this argument can handle is

of the form nd where d is a positive constant depending on c. For ℓ = 2, d approaches 1/2

from below when c approaches 1 from above. For ℓ ≥ 3, we achieve a better value of d for

such small values of c by deriving a more efficient simulation of randomized computations

in the third level of the polynomial-time hierarchy.1 This follows by exploiting the structure

of the second-level simulation described above and adding an alternation to reduce the time

overhead. The savings in time are more substantial for large values of d. When c approaches

1Viola [Vio07] independently obtained the same simulation using a somewhat more complicated argument.
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1 from above, the modified argument can handle values of d approaching 1 from below. For

larger values of c, the cost of the additional alternation obviates the savings in running time

and makes the earlier argument the better one. Paying close attention to the space used

by the simulations involved, we obtain the strengthening to lower bounds for randomized

simulations of small-space alternating machines given in Theorem 1.3.

With the high level overview in mind, we now construct our time- and space-efficient

alternating simulation of space-bounded randomized computations.

4.1 Alternating Simulations and Derandomization

Our investigation of alternating simulations of randomized machines is motivated by the

desire to use the assumption of the indirect diagonalization argument (4.1) to realize an

efficient complementation of the polynomial-time hierarchy. Existing proofs that BPP lies in

the second level of the polynomial-time hierarchy provide just that when combined with (4.1)

for ℓ ≥ 2. More specifically, they give a simulation of randomized machines with two-sided

error by Π2-machines at a polynomial overhead in time.

Assuming the Π2-simulation is sufficiently time- and space-efficient, we can also use it for

the other ingredient we need, namely the speedup. This is because the divide-and-conquer

strategy for DTISP-computations from Section 3.1 applies to ΣkTISP-computations as well.

However, it turns out that the known Π2-simulations of randomized two-sided error machines

are not time- and space-efficient enough to obtain any lower bounds this way. Moreover, in

order to achieve the quantitative strength of our lower bounds, we need to save alternations

by applying the speedup as in (3.1) to the final deterministic phase of the simulation as

opposed to the Π2-simulations as a whole. For that approach to yield an overall speedup,

we need the number of guess bits in the alternating phases of the simulation to be small —

otherwise, the time needed for the guesses would obviate the speedup obtained in the final

deterministic phase. The known simulations use too many guess bits from that perspective.

Therefore, in this section, we develop a new Π2-simulation of randomized machines with

two-sided error that meets all the above efficiency requirements.
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We start by analyzing Lautemann’s proof that any language L in BPP is also in Σp
2∩Πp

2.

The proof assumes a randomized algorithm using r random bits to decide L with error ǫ.

When ǫ is small enough in comparison to r, there is a v ≥ 1 so that membership of x in

L can be characterized by the existence of v shifts of the set of random strings accepting x

that together cover the universe of all random strings. If x ∈ L, the set of random strings

accepting x is large enough to guarantee that such shifts exist as long as ǫv < 2−r. On

the other hand, if x /∈ L, the set of accepting random strings is small enough so that v

shifts cannot cover the universe of random strings as long as ǫ < 1
v
. For such ǫ and v,

these complementary conditions are expressed by a Σp
2-predicate. Since BPP is closed under

complement, this shows that BPP ⊆ Σp
2 ∩ Πp

2. Specifically, we are interested in the Πp
2-side

of the inclusion.

Theorem 4.1 (Lautemann [Lau83]). Let L be a language recognized by a randomized

machine M that runs in time t, space s, and uses r random bits with error bounded on both

sides by ǫ. Then for any v ≥ 1 such that ǫ < min(2−r/v, 1
v
), we have that

L ∈ ∀vr∃rDTISP(vt, s+ log v). (4.2)

In Lautemann’s proof that BPP ⊆ Σp
2 ∩ Πp

2, one starts from an algorithm deciding

L ∈ BPP that has error less than the reciprocal of the number r′ of random bits it uses.

Such an error probability can be achieved from a standard BPP algorithm deciding L that

uses r random bits by taking the majority vote of O(log r) independent trials, which results

in r′ = O(r log r). For ǫ < 1
r′

, choosing v = r′ satisfies the conditions of Lemma 4.1. This

shows that if L can be decided by a BPTISP(t, s) machine using r random bits, then

L ∈ ∀(r log r)2∃r log rDTISP(rt log r, s). (4.3)

We can reduce the number of guess bits in the alternating stages of the simulation by

using more efficient methods of amplification. With such methods, the error can be made

as small as 2−r while using only O(r) random bits. Specifically, the algorithm runs O(r)

trials which are obtained from the labels of vertices on a random walk of length O(r) in
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an easily constructible expander graph, and accepts if a majority of these trials accept.

For our purposes, we choose the Gabber-Galil family of expanders [GG81], a construction

based on the Margulis family [Mar73] where the vertices are connected via simple affine

transformations on the labels. The easy form of the edge relations ensures that the walk is

efficiently computable in time O(r2) and space O(r).

Theorem 4.2 ([CW89, IZ89]). Let M be a randomized machine with constant error

bounded away from 1
2

that runs in time t, space s, and uses r random bits. Then M can be

simulated by another randomized machine M ′ that runs in time O(rt) and space O(r + s),

while using only O(r) random bits to achieve error 2−r.

An overview of Theorem 4.2 can be found in Section 4.2.4. When an algorithm has had

its error reduced as in Theorem 4.2, v = O(1) shifts suffice for Theorem 4.1. This shows

that if L can be decided by a BPTISP(t, s) machine using r random bits, then

L ∈ ∀r∃rDTISP(rt, r + s). (4.4)

The efficiency of this simulation depends on the number of random bits r for all the criteria

we mentioned: the number of bits guessed in the alternating stages, the multiplicative time

overhead, and the additive space overhead for the final deterministic stage are all O(r).

However, r can be as large as t, so we need an additional ingredient to do better. That

ingredient exploits the fact that we are dealing with space-bounded BPP-computations. In

that setting, we know of techniques to reduce the number of random bits without increasing

the time or space by much, which in turn increases the efficiency of the Π2-simulation in

(4.4). The means by which we achieve the needed reduction in randomness is the space-

bounded derandomization of Nisan [Nis93]. We state a version here, and leave the proof to

Section 4.1.1.

Theorem 4.3. Any randomized machineM running in time t and space s with error ǫ can be

simulated by another randomized machine running in time O(t polylog(t)), space O(s log t),

and using only O(s log t) random bits. The error of the simulation is ǫ+2−s, and is one-sided

if M has one-sided error.
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Note that we do not apply Theorem 4.3 to deterministically simulate the randomized

machine. Instead, we use it to reduce the randomness required by a BPTISP(t, s) machine

to O(s log t). If we subsequently efficiently amplify using Theorem 4.2, then the overhead of

the alternating simulation given by Theorem 4.1 becomes acceptable for polynomial t and

small s. More precisely, we have:

Theorem 4.4.

BPTISP(t, s) ⊆ ∀s log t∃s log tDTISP(ts polylog(t), s log t). (4.5)

Proof. Let M be the randomized time t, space s machine for recognizing L ∈ BPTISP(t, s).

By the derandomization of Theorem 4.3, we obtain a simulation using r
.
= O(s log t) random

bits, time O(t polylog(t)), and space O(s log t), with error 1
3

+ 2−s. Theorem 4.2 gives a

machine deciding L with error 2−r while using O(r) random bits. The time increases to

O(ts polylog(t)), while the space is still O(s log t). Applying Theorem 4.1 for v = O(1)

yields the desired alternating simulation of M .

We point out that using the instantiation of Theorem 4.1 given by (4.3) instead of (4.4)

in the proof of Theorem 4.4 yields a simulation similar to (4.5). The main difference is that

the initial universal phase takes time O((s log t)2) rather than O(s log t). This version is still

efficient enough to yield time-space lower bounds as in Theorem 1.1, but the dependence of

the space parameter d on c becomes worse.

4.1.1 Nisan’s Pseudorandom Generator

We now describe our time- and space- efficient implementation of Nisan’s pseudorandom

generator that yields Theorem 4.3. In fact, we prove a somewhat stronger version of Theorem

4.3.

Theorem 4.5. Any randomized machine M running in time t and space s with error ǫ

can be simulated by another randomized machine running in time O(t log2 s log log s), space

O(s log t), and using only O(s log t) random bits. If two-way access to the random bits is
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allowed, the space requirement is reduced to O(s). The error of the simulation is ǫ + 2−s,

and is one-sided if M has one-sided error.

Theorem 4.5 gives a tighter time bound than the bound of O(t polylog(t)) stated in

Theorem 4.3. Our arguments are not noticeably improved by using the tighter bound stated

in Theorem 4.5, so we use the simpler bounds of Theorem 4.3 there for clarity. We state the

tighter bound here because it may be of independent interest.

Before proving Theorem 4.5, we introduce Nisan’s pseudorandom generator [Nis93] and

discuss some of its properties. Define

Gm,k : {0, 1}m ×Hk
m → ({0, 1}m)2k

,

where Hm is a family of two-universal hash functions h : {0, 1}m → {0, 1}m [CW79]. The

evaluation of Gm,k is defined recursively as

Gm,k(y, h1, . . . , hk) =







y if k = 0

Gm,k−1(y, h1, . . . , hk−1) ◦Gm,k−1(hk(y), h1, . . . , hk−1) otherwise,

where “◦” denotes concatenation. Given a randomized machine M running in time t and

space s, we define G
.
= Gm,k for k = log t

m
where m = Θ(s) will be determined later. The

simulation of M proceeds with the output of G as the random string, one block of length m

at a time. Nisan proves that G fools M in the following sense:

Theorem 4.6 (Nisan [Nis93]). There exists a constant ν such that if M is a randomized

machine running in time t and space s on input x, then for m ≥ ν · s and k = log t
m

,

∣
∣
∣
∣
Pr
ρ

[M(x, ρ) accepts]− Pr
y,h1,...,hk

[M(x,Gm,k(y, h1, . . . , hk)) accepts]

∣
∣
∣
∣
≤ 2−s,

where M(x, ρ) denotes the outcome of running M on input x and random string ρ.

This satisfies the error requirements of Theorem 4.5, so all that remains to prove Theorem

4.5 is to show how to simulate M on the random string G(y, h1, . . . , hk) within the correct

bounds on the time, space, and randomness.
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We start with the standard simulation that computes G in a block-wise fashion, where

each subsequent m-bit block is computed after m simulation steps of M using the current

block. One way to do this is to compute each block from scratch, namely, apply the appro-

priate sequence of at most k hash functions to the m-bit seed y. Although this technique

is good enough to derive our main results, we can do slightly better, namely by a factor

of O( log s
log(t/s)

). This improvement follows by computing each block in a recursive manner,

which avoids the calculations that the “from scratch” method does over and over again.

Another key ingredient in achieving the desired efficiency is the use of fast Fourier transform

multiplication methods to quickly evaluate and invert the hash functions involved.

Proof of Theorem 4.5. To accommodate the approach described above, we choose m = Θ(s)

such that m ≥ ν · S and is of the form 2 · 3q for some integer q ≥ 0. The latter guarantees

a simple explicit formula for an irreducible polynomial of degree m over GF(2), namely

z2·3q
+ z3q

+ 1 [vL91, Theorem 1.1.28 on page 13]. We choose Hm to be the set of all

invertible linear mappings from GF(2m) to GF(2m), i.e., all functions of the form x 7→ ax+ b

where a, b ∈ GF(2m) and a 6= 0 [CW79].2 Such functions can be described by 2m bits,

so that the input to G can be described by (2k + 1)m = O(s log t) bits. This meets the

requirements on the randomness.

To reach the desired time and space bounds, we must be able to evaluate the functions

in Hm much faster than the näıve bound of O(m2). Using fast Fourier transform multipli-

cation techniques based on those of Schönhage and Strassen and exploiting the sparseness

of the above irreducible polynomial, we can evaluate h ∈ Hm in time O(m logm log logm)

and space O(m). These fast multiplication techniques can be combined with the extended

Euclidean algorithm to invert h ∈ Hm in time O(m log2m log logm) and space O(m). See

[vzGG03, Corollary 11.8 on page 319] for more details. We use these algorithms to out-

put the blocks of Gm,k(y, h1, . . . , hk) recursively with small space overhead. Specifically, we

2Excluding the non-invertible functions (a = 0) introduces a small bias. Although our family Hm is not
perfectly two-universal, it is close enough for our purposes.
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define the procedure Pm which uses global registers containing k ≥ 0, y ∈ {0, 1}m, and

h1, h2, . . . , hk ∈ Hm to perform the following steps:

1. If k > 0:

2. k ← k − 1;

3. Recursively call Pm;

4. y ← hk+1(y);

5. Recursively call Pm;

6. y ← h−1
k+1(y); k ← k + 1 and return.

7. Else output y and return.

The output of Pm(k, y, h1, . . . , hk) is exactly Gm,k(y, h1, . . . , hk). Evaluating Pm takes 2k

recursive calls, each accompanied by an evaluation of hi or h−1
i . Thus, the overall time

complexity to output Gm,k is O(2k ·m log2m log logm). By replacing y by hk(y) instead of

writing down hk(y) separately on the work tape, only a constant amount of space overhead

is required for each level. Thus, the space requirement is O(m+ k). For the settings of G,

m = O(S) and k = log t
s

+ O(1), the time becomes O(t log2 s log log s), while the space is

O(s + log t
s
), which is O(s) since t ≤ 2s without loss of generality. This assumes that the

hash functions can be accessed repeatedly, so there is an additional space cost of O(s log t)

to copy the hash functions from the random tape to the work tape, bringing the space bound

to O(s log t+ s) = O(s log t). However, if the simulation has two-way access to the random

tape, this cost is avoided.

Our simulation runs M for O(s) steps every time Pm outputs a block of G, for a total of

t steps while using space s. Thus, the above time and space bounds for computing G hold

for the simulation as a whole.
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4.2 Indirect Diagonalization Components

Theorem 4.4 presents an alternating simulation of randomized machines that is suffi-

ciently time- and space-efficient enough to allow for the necessary components of an indirect

diagonalization argument: a space-bounded speedup of randomized machines and a condi-

tional efficient complementation.

4.2.1 Speedup

Theorem 4.4 has the desired nice properties that allow us to derive a speedup for BPTISP.

The simulation spends only time O(s log t) in its alternating phases, which is small when s

is small. In this case, the running time is dominated by the final deterministic computation,

so a speedup of the final stage results in a speedup of the computation as a whole. Since

the final deterministic computation of the simulation given by (4.5) is space-bounded, we

can achieve this by applying the divide-and-conquer speedup of (3.1) or (3.3). For example,

applying (3.1) adds one alternation, and by merging adjacent existential stages we obtain a

simulation given by:

BPTISP(t, s) ⊆ ∀s log t∃s log t∃bs log t∀log bDTISP(ts polylog(t)/b, s log t)

= ∀s log t∃bs log t∀log bDTISP(ts polylog(t)/b, s log t).

Choosing b to optimize the running time of this simulation up to a polylog(t) factor, we get

BPTISP[t, s] ⊆ ∀s log t∃
√

ts∀log tDTISP(
√
ts polylog(t), s log t). (4.6)

For small s, we obtain a speedup for space-bounded randomized machines similar to what

(3.2) gives for deterministic machines. However, the simulation uses two alternations rather

than one to realize the same speedup.

4.2.2 Complementation

We also use Theorem 4.4 to derive an efficient complementation under the assumption

of the indirect diagonalization argument. In the case of lower bounds for Σ2SAT, this
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assumption is

Σ2TIME(n) ⊆ BPTISP(nc, nd).

This gives a space-bounded randomized computation that can in turn be simulated by the

Π2-machine given by Theorem 4.4. Thus, we derive

Σ2TIME(n) ⊆ ∀nd log n∃nd log nDTISP(nc+d polylog(n), nd logn), (4.7)

which gives the desired complementation for small enough c and d. Thus, we can remove

alternations — down to the second level — at the cost of raising the running time to the

power of c + d; this compares to the deterministic setting of Proposition 3.1, where we

can remove alternations — down to the first level — at the exponent cost of c. In this

manner, (4.7) can be used analogously to the complementation given by Proposition 3.1 in

the deterministic setting, although there is a dependence on the space parameter d that did

not exist before.

We note that the bottleneck causing our lower bounds for ΣℓSAT to hold only for ℓ ≥ 2

arises right here. In the case ℓ = 1, the hypothesis becomes NTIME(n) ⊆ BPTISP(nc, nd);

combining with Theorem 4.4 as above, we obtain NTIME(n) ⊆ Π2TIME(nc+d polylog(n)),

which is trivial for c ≥ 1 and does not represent an efficient complementation.

4.2.3 Higher Levels of the Polynomial-Time Hierarchy

The discussion in the previous section developed complementations useful in proving

lower bounds for Σ2TIME(n). These readily generalize to higher levels, where the hypothesis

becomes

ΣℓTIME(n) ⊆ BPTISP(nc, nd) (4.8)

for ℓ ≥ 3. Theorem 4.4 then allows for an efficient simulation of ΣℓTIME(n) by a Π2-

machine, which can still be used to eliminate alternations in this case. This allows us to

establish Theorem 1.1 for values of c < ℓ, where d approaches some small value depending

on ℓ from below as c approaches 1 from above.
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For ℓ ≥ 3, we can get a better dependence of d on c when c approaches 1. In this setting,

a Π3-simulation of BPTISP suffices to achieve an efficient complementation. The ability to

use an additional alternation allows us to achieve a more time-efficient simulation than the

one given by Theorem 4.4. Specifically, we add an alternation to the latter Π2-simulation

and eliminate the time blowup incurred by running the O(s log t) trials required by the

amplification of Theorem 4.2. Rather than deterministically simulate all of these trials, we

use the power of alternation to efficiently verify that a majority of these trials accept.

Lemma 4.7. Let M be a randomized machine with constant error bounded away from 1
2

that runs in time t, space s, and uses r random bits. Then M can be simulated by another

randomized machine M ′ that uses O(r) random bits to achieve error 2−r. Furthermore, the

acceptance of M ′ on input x and random string ρ can be decided in

∃r∀log rDTISP(t+ r polylog(r), r + s).

We defer the proof to Section 4.2.4. Notice that the final deterministic stage of the

simulation represented by (4.5) can be replaced by the Σ2-verification given by Lemma 4.7.

Merging the resulting adjacent existential phases results in a simulation using one more

alternation but running in less time.

Theorem 4.8.

BPTISP(t, s) ⊆ ∀s log t∃s log t∀log sDTISP(t polylog(t), s log t). (4.9)

As in Sections 4.2.1 and 4.2.2, Theorem 4.8 admits a speedup of BPTISP to Π4 as well

as an efficient complementation of Σ3; the latter now eliminates alternations essentially at

the cost of raising the running time to the power of c, rather than c + d as before. For

values of c close to 1, this cost is small enough to outweigh the negative effects of the extra

alternation in (4.9). In this case, the better dependence on the space parameter allows us

to derive contradictions for larger values of d with Theorem 4.4. On the other hand, for

larger values of c, eliminating alternations becomes costlier, so the extra alternation in (4.9)

has a greater impact and eventually prevents us from reaching a contradiction. In this case,
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switching to the more alternation-efficient simulation given by Theorem 4.4 allows us to

derive a contradiction for such larger values of c. However, we must restrict d to smaller

values in order to counteract the worse dependence of (4.5) on the space bound. Therefore,

to derive Theorem 1.1, we focus on using Theorem 4.4 to obtain the bounds for large values

of c first, and then show how Theorem 4.8 yields the larger values of d when c is small.

4.2.4 Randomness-Efficient Error Reduction

It remains to prove Lemma 4.7 regarding the complexity of randomness-efficient error

reduction. We begin with a brief discussion of some properties of the error reduction given

by Theorem 4.2.

Theorem 4.2 (restated). Let M be a randomized machine with constant error bounded

away from 1
2

that runs in time t, space s, and uses r random bits. Then M can be simulated

by another randomized machine M ′ that runs in time O(rt) and space O(r+ s), while using

only O(r) random bits to achieve error 2−r.

Let M be a machine as in Theorem 4.2. We may assume that M has error at most some

small constant δ to be determined later, since this can be achieved with only a constant

overhead from a machine with any error bounded away from 1/2. The amplified machine

M ′ given by Theorem 4.2 interprets its random string ρ′ of length O(r) as an initial vertex

in a Gabber-Galil graph followed by O(r) edge labels (of constant size) specifying the edges

on a walk in the graph. Formally, this graph is described as follows:

Definition 4.9 (Gabber-Galil graph [GG81]). The Gabber-Galil graph GG(m) is a

graph with vertices Zm×Zm of degree 5 where the vertices adjacent to (x, y) ∈ Zm ×Zm are

the five pairs (x′, y′) obtained from the matrix multiplication [x′, y′, 1]T = Ai[x, y, 1]T (over
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Zm) for 1 ≤ i ≤ 5, where

A1 =








1 0 0

0 1 0

0 0 1







, A2 =








1 0 0

1 1 0

0 0 1







, A3 =








1 0 0

1 1 1

0 0 1







,

A4 =








1 1 0

0 1 0

0 0 1







, A5 =








1 1 1

0 1 0

0 0 1







.

We now state a useful lemma showing that the vertex at the end of a path of length p in

GG(2k) can be found in time quasi-linear in p and k, an improvement on the näıve bound

of O(pk). We leave the proof for later.

Lemma 4.10. Given a vertex (x, y) of the graph GG(2k) and a path π of length p indicated

by edge labels (e1, e2, . . . , ep), where 1 ≤ ei ≤ 5 for 1 ≤ i ≤ p, the vertex connected to (x, y)

by π can be determined in time O(m polylog(m)) and space O(m) where m = k + p.

For the purposes of Theorem 4.2, the vertices of the Gabber-Galil graph must be described

by r bits corresponding to the possible random strings for M . To this end, we choose

GG(2r/2). Given input x and random string ρ′, M ′ proceeds by deterministically carrying

out the walk of length p = O(r) on GG(2r/2) indicated by ρ′. Every β steps, where β is

some constant, M ′ simulates M on input x and random string corresponding to the label of

the current vertex on the walk. M ′ accepts if a majority of these trials accept. As each edge

relation can be computed by simple arithmetic in time O(r) and space O(r), and running

M requires time t and space s, M ′ runs in time O(r2 + rt) = O(rt) and space O(r + s).

Cohen and Wigderson [CW89] and Impagliazzo and Zuckerman [IZ89] show that when β

is large enough and M has error smaller than some constant δ, the trials specified by a

randomly chosen ρ′ are close enough to uniform so that M ′ only errs with probability 2−r.

This establishes Theorem 4.2.

We now prove Lemma 4.7, giving a more time-efficient manner to determine if M ′ accepts

on x and ρ′ at the cost of using alternations.
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Lemma 4.7 (restated).

BPTISP(t, s) ⊆ ∀s log t∃s log t∀log sDTISP(t polylog(t), s log t).

Proof. To arrive at Lemma 4.7, we show how to use alternations to verify if there is a

majority of trials on the walk given by the random string ρ′ where M accepts, in such a way

that the final deterministic phase only needs to simulate M once. Specifically, given input

x and random string ρ′, we can express the acceptance condition of M ′ as

(∃Z ⊆ {1, 2, . . . , R′}, |Z| = ⌈r′/2⌉)(∀i ∈ Z)M(x, ρi) accepts, (4.10)

where r′ is the number of trials of M specified by ρ′, and ρi is the random string produced for

the ith trial. Observe that this describes a Σ2-computation which accepts if and only if M ′

accepts. The initial existential phase guesses the characteristic string of the set Z consisting

of ⌈r′/2⌉ indices of the r′ trials, for a total of r′ = O(r) bits. The universal phase guesses

log r′ = O(log r) bits to determine the index of a trial to verify. The final deterministic stage

must first determine ρi and then run M on input x and random string ρi. Once the former

has been computed, the latter task takes time t and space s. Since ρi corresponds to the

label of the (βi)th vertex on the walk in GG(2r/2) specified by ρ′, Lemma 4.10 shows that ρi

can be computed in time O(r polylog(r)). Therefore, the final deterministic stage takes time

O(t+ r polylog(r)) and space O(r+ s). All told, we have shown that (4.10) is a computation

in

∃r∀log rDTISP(t+ r polylog(r), r + s)

which accepts if and only if M ′ accepts. This completes the proof.

All that remains is to establish Lemma 4.10, which follows from a divide-and-conquer

strategy to efficiently evaluate a product of p matrices Ai.

Proof of Lemma 4.10. Throughout this proof, we use the fact that multiplication of b bit

integers can be done in time O(b polylog(b)) and space O(b). This follows from the fast
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Fourier transform techniques of Schönhage and Strassen [vzGG03, Theorem 8.24 on page

240]. Let

A
.
= AepAep−1 · · ·Ae1 .

Then the vertex (x′, y′) connected to (x, y) by π satisfies [x′, y′, 1]t = A[x, y, 1]t mod 2k.

Therefore, computing (x′, y′) reduces to computing A and multiplying by the vector [x, y, 1]t

modulo 2k.

We accomplish the latter with a divide-and-conquer strategy. Namely, we split the prod-

uct approximately in half and recursively compute the subproducts AepAep−1 · · ·Ae⌊p/2⌋+1

.
= B

and Ae⌊p/2⌋
Ae⌊p/2⌋−1

· · ·Ae1

.
= C. It can be shown by induction that any product of p matrices

Ai has entries bounded by 2p−1, since each column of any matrix Ai has at most two non-zero

entries, which are ones. This shows that once B and C are computed, A can be computed

as A = BC by O(1) multiplications and additions of integers of bit length p/2, so we require

time O(p polylog(p)) in addition to the recursive calls. Thus, by following this strategy,

we can see that at each recursive call to compute the product of q matrices, we solve two

subproblems of size q/2 and do an additional amount of work which is quasi-linear in q and

uses space O(q). Thus, A can be computed in total time O(p polylog(p)) and space O(p).

By our observation on the size of the product matrix entries, we also know that the

entries of the matrix A are at most 2p−1. Therefore, computing the product A[x, y, 1]t and

reducing modulo 2k can be done in time O(m polylog(m)) and space O(m) as desired.

We point out that another natural way to arrive at Theorem 4.8 is to use expander walks

to generate the shift vectors for Lautemann’s simulation in lieu of amplifying the confidence

of the simulated algorithm as above. While the effect of the latter is to reduce the number

of shift vectors needed, the former allows a large number of “good” shifts to be described by

very few bits. Briefly, the hitting property of expanders guarantees that the shifts satisfy the

needed property (i.e., the shifts of the accepting set cover the entire set of random strings)

with approximately the same probability when they are chosen by a random walk on a

Gabber-Galil graph as when they are chosen independently. Thus, we can generate a set of

O(r) good shifts in the initial stage of the simulation with only O(r) bits. Furthermore, each
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shift can be computed efficiently by Lemma 4.10, so we can avoid the O(r) blowup in the

running time of the final deterministic stage by using an additional alternation to verify that

M accepts on some shift. This approach leads to a simulation that matches the parameters

of Theorem 4.8.

4.3 Lower Bound for Σ2SAT and PLA-simplification

We now use the techniques discussed in the previous sections to formulate an indirect

diagonalization argument for the case ℓ = 2 of Theorem 1.1. For clarity, we present the

following exposition in terms of subpolynomial space bounds, and generalize these techniques

to polynomial space bounds in the subsequent formal proof. Thus, to obtain a lower bound

for Σ2TIME(n), we start with the assumption that

Σ2TIME(n) ⊆ BPTISP(nc, no(1)).

Consider a Σ2TIME(t) computation for some time function t(n) = nO(1). We adopt the

approach outlined in Section 3.4, namely speeding up Σ2TIME(t) at the cost of adding

alternations and then removing these alternations via an efficient complementation to arrive

at a Π2TIME(t1−ǫ) computation for positive ǫ. We begin by padding the assumption to give

a simulation of Σ2TIME(t) in BPTISP(tc, to(1)). We then apply the square-root speedup of

(4.6) to obtain a simulation in Π3.

Σ2TIME(t) ⊆ BPTISP(tc, to(1))

⊆ ∀to(1) ∃t
c
2+o(1)∀log tDTISP(tc/2+o(1), to(1))

︸ ︷︷ ︸

(α)

.

We have arrived at a simulation that makes one more alternation than we started with;

we need to eliminate one to balance the number of alternations. Notice that the part of

the computation indicated by (α) can be seen as a computation in Σp
2 taking input of size

n + to(1) and running in time t
c
2
+o(1). When t is large enough, this running time is at least

linear in the input size, and we can pad our complementation (4.7) to allow us to switch (α)
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to Π2. Merging the resulting adjacent universal stages yields the desired Π2-simulation:

Σ2TIME(t) ⊆ Π2TIME(t
c2

2
+o(1)). (4.11)

For c <
√

2, this results in a net speedup that is a contradiction to the direct diagonaliza-

tion argument of Lemma 3.2. Thus we have derived a lower bound of n
√

2−o(1) for Σ2SAT on

subpolynomial-space randomized machines. However, we can do better by observing what

(4.11) represents for values of c that do not immediately contradict Lemma 3.2. Specifically,

(4.11) gives a complementation of Σp
2 of the same form as (4.7) but with exponent cost of

c2/2 rather than c. Thus, we have derived a more efficient complementation for sufficiently

large polynomial time bounds t when c < 2.

We now reiterate the above argument, except using (4.11) to eliminate alternations more

efficiently than we did with (4.7). This yields an even more efficient complementation for

sufficiently large polynomials t:

Σ2TIME(t) ⊆ Π2TIME(t
c3

4
+o(1)).

This can in turn be used to derive another more efficient complementation, and so on. In this

manner, we derive a series of complementations, each one more efficient than the previous

one. Specifically, each iteration multiplies the exponent cost of the complementation by c
2
,

so after k iterations we obtain

Σ2TIME(t) ⊆ Π2TIME(tc·ek+o(1)),

where ek = ( c
2
)k. Note that for c < 2, ek → 0 as k →∞. Thus, by choosing k large enough

so that c · ek < 1, we arrive at a contradiction to Lemma 3.2, which proves the desired lower

bound of n2−o(1).

The following lemma precisely derives the complementations of Σp
2 for larger space bounds,

nd, giving the running times of the resulting Π2-simulations in terms c, d, and k, the number

of times the argument is recursively applied.
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Lemma 4.11. Suppose that

Σ2TIME(n) ⊆ BPTISP(nc, nd) (4.12)

for some constants c ≥ 1 and d > 0 where c + 2d ≤ 2. Then for any time function t and

integer k ≥ 0 such that d ≤ fk,

Σ2TIME(t) ⊆ Π2TIME
(
(tfk + n)c+d polylog(t+ n)

)
,

where

fk = ( c+2d
2

)k. (4.13)

Proof. We give a proof by induction on k. For k = 0, a padded version of the initial

complementation given by (4.7) offers a Π2-simulation of Σ2TIME(t) running in the desired

time.

We now show the inductive step by using the kth complementation to derive the (k+1)st.

Padding the hypothesis (4.12) gives a simulation of Σ2TIME(t) in BPTISP((t+n)c, (t+n)d).

Note that the addition of the term n to t ensures the validity of this step for arbitrary t, in

particular for sublinear t. Applying (4.6) gives a speedup of the BPTISP simulation at the

cost of three alternations, yielding

Σ2TIME(t) ⊆ ∀(t+n)d log(t+n) Σ2TIME
(

(t+ n)
c+2d

2 polylog(t+ n)
)

︸ ︷︷ ︸

(α)

. (4.14)

The complementation given by the inductive hypothesis switches (α) to a Π2-computation,

eliminating one alternation. Specifically, (α) represents a Σ2-machine running in time

t̃
.
= O

(

(t+ n)
c+2d

2 polylog(t+ n)
)

on inputs comprised of the original n-bit input in addition to the (t + n)d log(t + n) bits

guessed in the preceding universal stage, for a total input size of

ñ
.
= O

(
n+ (t+ n)d log(t+ n)

)
.
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The inductive hypothesis allows us to simulate (α) by a Π2-machine running in time

O
(
(t̃fk + ñ)c+d polylog(t̃+ ñ)

)
.

Using this Π2-machine for (α) and accounting for the time spent in the initial universal stage

of the simulation given by (4.14) results in a Π2 simulation of Σ2TIME(t) running in time

big-O of

(t+ n)d log(t+ n) +
(
(t̃fk + ñ)c+d

)
polylog(t̃+ ñ).

All that remains is to show that the above running time is of the desired form under the

conditions on c and d. To simplify this expression, note that polylog(t̃+ ñ) = polylog(t+n).

Collecting all of the other polylog terms, the running time can be written as big-O of
[

(t+ n)d +

((

(t+ n)
c+2d

2

)fk

+ n+ (t+ n)d

)c+d
]

polylog(t+ n).

The terms depending on t in the big-O expression have exponents d, c+2d
2
fk(c+d), and d(c+d)

(putting aside the polylog(t+ n) factor for a moment). Thus, when d ≤ c+2d
2
fk = fk+1 and

c+ d ≥ 1, the dominating term is t
c+2d

2
fk(c+d) = tfk+1(c+d).

Similarly, the terms depending on n have exponents d, c+2d
2
fk(c+ d), c+ d, and d(c+ d).

Under the same conditions on c and d, the first and last terms are subsumed by the second

one, which can be rewritten as fk+1(c + d). Additionally, when c + 2d ≤ 2, fk ≤ 1 for all

k ≥ 0, so that the nc+d term dominates. Thus, we simplify the running time to big-O of

(
(tfk+1 + n)c+d

)
polylog(t+ n),

which is of the desired form.

The series of complementations given by Lemma 4.11 lead to a contradiction with Lemma

3.2 for certain values of c and d, which proves the desired lower bound.

Theorem 4.12. For any constant c < 2, there exists a positive constant d such that

Σ2TIME(n) cannot be simulated by randomized random-access machines with two-sided error

running in time nc and space nd. Moreover, d approaches 1/2 from below as c approaches 1

from above.
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Proof. For c < 1, the Theorem holds for any d by standard techniques. Namely, take the

parity function, which is surely in Σ2TIME(n) and consider any BPTIME(nc) machine M

which purportedly computes it. On input 0n, we must have that

n∑

i=1

Pr[M looks at ith bit on input 0n] ≤ nc.

For c < 1, this implies that there is a bit position that M looks at very rarely. Namely, there

exists an i such that

Pr[M looks at ith bit on input 0n] = o(1).

From this, we can deduce that M has approximately the same probability of accepting 0n

as it does 0n with the ith bit flipped. Therefore, M cannot compute parity.

We prove the case for c ≥ 1 via indirect diagonalization. Suppose, by way of contradic-

tion, that

Σ2TIME(n) ⊆ BPTISP(nc, nd),

for some constant d > 0 to be determined later. Then for any time function τ(n), Lemma

4.11 gives us the complementations

Σ2TIME(τ) ⊆ Π2TIME
(
(τ fk + n)c+d polylog(τ + n)

)
,

when c+ 2d ≤ 2 and d ≤ fk. Choosing τ so that τ(n)fk ≥ n allows us to simplify this to

Σ2TIME(τ) ⊆ Π2TIME(τ (c+d)fk polylog(τ)). (4.15)

The inclusion (4.15) gives a contradiction with Lemma 3.2 for any k with fk <
1

c+d
. Note

that fk → 0 as k → ∞ if c + 2d < 2. Therefore, all that remains is to show that the latter

condition is compatible with the other ones, i.e., that we can pick a constant d > 0 and an

integer k > 0 such that

c + 2d < 2, (4.16)

d ≤ fk, and (4.17)

fk <
1

c+ d
. (4.18)
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For any c and d satisfying (4.16), consider choosing k ≥ 1 to be the smallest integer such

that (4.18) is satisfied. Observe that fk ≥ c+d
2
fk−1, and by how we chose k, fk−1 ≥ 1

c+d
. This

shows that fk ≥ 1/2, so (4.17) is satisfied when d ≤ 1/2. From (4.16), we have d < 2−c
2

,

which is at most 1/2 when c ≥ 1. Therefore, choosing d such that d < 2−c
2

and then

calculating k as described above yields a d and k satisfying all of the constraints, leading to

the desired contradiction. As c approaches 1 from above, 2−c
2

approaches 1/2 from below, so

the largest value of d that yields a contradiction approaches 1/2 as well. This proves that

Σ2TIME(n) * BPTISP(nc, nd) for such c and d.

We point out that, although we can handle the same values of c as in the deterministic

setting, the dependence of d on c in Theorem 4.12 is worse. In particular, the proofs of the

time-space lower bounds for deterministic machines show that d approaches 1 from below as

c approaches 1 from above [FvM00, FLvMV05], while in our result d approaches 1/2 from

below as c approaches 1 from above.

4.4 Lower Bound for ΣℓSAT

The proof of Theorem 4.12 generalizes to ΣℓTIME(n) for any ℓ ≥ 3. In this setting, the

hypothesis becomes

ΣℓTIME(n) ⊆ BPTISP(nc, nd). (4.19)

Along with the Π2-simulation of BPTISP(t, s) of Theorem 4.4, this yields a collapse of the

form Σp
ℓ ⊆ Πp

2, which allows us to eliminate more than one alternation at the same cost of

removing one alternation in the setting of Theorem 4.12 where ℓ = 2. Therefore, we can afford

to use more alternations using (3.4) and achieve a greater speedup. In a manner analogous

to the proof of Theorem 4.12, we derive a series of increasingly efficient complementations

of Σp
ℓ to Πp

ℓ for c < ℓ, eventually reaching a contradiction as long as d ≤ 1√
ℓ
.

Alternatively, we can use extra alternations to achieve a dependence of d on c where d

approaches 1 from below as c approaches 1 from above, as in the deterministic case. For

example, when ℓ = 3, this follows by deriving a complementation of Σp
3 following the same
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technique that derives the complementation of Σp
2 given by (4.11) when ℓ = 2, modulo the

replacement of the Π2-simulation given by Theorem 4.4 with the Π3-simulation given by

Theorem 4.8. Specifically, hypothesis (4.19) and Theorem 4.8 give a complementation of Σ3:

Σ3TIME(n) ⊆ ∀nd log n∃nd log n∀log nDTISP(nc polylog(n), nd logn). (4.20)

Consider a Σ3TIME(τ) computation for some time function τ to be determined. Applying

the speedup of (3.2) to the final deterministic stage of the simulation given by (4.20) yields

Σ3TIME(τ) ⊆ ∀τd log τ ∃τd log τΠ2TIME(τ
c+d
2 polylog(τ))

︸ ︷︷ ︸

(α)

.

We can now use (4.20) to simulate (α) by a Π3-machine, yielding a more efficient comple-

mentation than (4.20) for certain values of c and d:

Σ3TIME(τ) ⊆ ∀τd log τΠ3TIME
(

(τ
c+d
2 + n+ τd)c polylog(τ)

)

.

When τ(n) ≥ n
2

c+d (and d ≤ c), this simplifies to

Σ3TIME(τ) ⊆ Π3TIME(τ c c+d
2 polylog(τ)), (4.21)

yielding a contradiction to Lemma 3.2 when c <
√

2 and d < 2−c2

c
. Therefore, as c approaches

1 from above, the upper bound on d approaches 1 from below when ℓ = 3. Indeed, this

analysis establishes the desired behavior of d as c approaches 1 for any level ℓ ≥ 3, since if

(4.19) holds for ℓ > 3, it must also hold for ℓ = 3.

We point out that we can augment the strategy leading to (4.20) with a bootstrapping

argument similar to the one in the proof of Lemma 4.11 and obtain increasingly efficient

complementations of Σp
3. This approach results in a contradiction for c < 2, whereas the

analogous approach using Theorem 4.4 leads to a contradiction for c < 3. More generally,

at level ℓ ≥ 3, we can modify the above approach to take full advantage of the stronger

hypothesis and arrive at complementations of Σp
ℓ . However, we only reach a contradiction

for c < ℓ− 1 whereas the strategy based on Theorem 4.4 results in a contradiction for c < ℓ.

Therefore, we need both approaches to prove Theorem 1.1 – the latter achieves the lower
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bound for large values of c, while the former establishes the dependence of d on c for small

values of c.

Since much of the proof of Theorem 1.1 closely follows the outline of Theorem 4.12, we

give only a brief sketch of it here. In fact, Theorem 1.1 also follows from the more general

Theorem 1.3, which gives time-space lower bounds for simulations of space-bounded linear-

time alternating machines. A complete proof of Theorem 1.3 appears in the next section.

Proof of Theorem 1.1. The case for c < 1 follows by standard techniques, as in the proof of

Theorem 4.12.

For the case c ≥ 1, assume that ΣℓTIME(n) ⊆ BPTISP(nc, nd) for some constant d > 0

to be determined later. Using the speedup given by (3.4) rather than (3.2), we can step

through an argument similar to that of Lemma 4.11 to show

ΣℓTIME(t) ⊆ ΠℓTIME
(
(tgk + n)c+d polylog(t+ n)

)
, (4.22)

as long as c+ ℓd ≤ ℓ and d ≤ gk, where

gk = (
c+ ℓd

ℓ
)k. (4.23)

We can now use (4.22) as we used Lemma 4.11 in the proof of Theorem 4.12. For a time

function τ such that τ(n)gk ≥ n, (4.22) gives that

ΣℓTIME(τ) ⊆ ΠℓTIME
(
τ (c+d)gk

)
,

which is a contradiction with Lemma 3.2 when gk < 1
c+d

. Therefore, it remains to show

that it is possible to choose a positive d and integer k satisfying the latter condition as well

as those on (4.22). More specifically, for c < ℓ we can choose d < ℓ−c
ℓ

so that there exists

a smallest positive integer k such that gk < 1
c+d

. Since gk = c+ℓd
ℓ
· gk−1 ≥ c+ℓd

ℓ
· 1

c+d
, we

can guarantee that the only constraint possibly left unsatisfied, namely d ≤ gk, is met by

restricting our choice of d to d ≤ c+ℓd
ℓ
· 1

c+d
.

When ℓ = 2, the upper bound on d approaches 1
2

as c approaches 1. For ℓ ≥ 3, the upper

bound on d approaches 1√
ℓ

as c approaches 1 but we can improve it using the combination
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of the hypothesis and Theorem 4.8 that leads to the complementation of Σp
3 represented by

(4.21). For large enough τ , this gives a contradiction for values of d approaching 1 from

below as c approaches 1 from above when ℓ ≥ 3.

The tight completeness result of Theorem 2.3 transfers the lower bounds to ΣℓSAT.

4.5 Lower Bound for Small-Space Alternating Machines

By paying close attention to the space used by the simulations in the proof of Theorem

1.1, we can actually obtain time-space lower bounds for randomized simulations of linear-

time alternating machines using space na for a < 1, given by Theorem 1.3. The main task

is to use the weaker assumption that ΣℓTISP(n, na) ⊆ BPTISP(nc, nd) to eliminate the

alternations introduced by the speedup of (3.3). This requires that the Σℓ-simulation after

the speedup uses an amount of space which is at most the ath power of its running time.

Since the simulation guesses (and stores) O(bs) bits in each alternating stage, this restricts

us to choose a small value of b, which in turn grants a smaller speedup. Therefore, our

bounds become weaker as a becomes smaller.

To prove Theorem 1.3, we first prove an analog of Lemma 4.11 which gives a series of

complementations of ΣℓTISP.

Lemma 4.13. Suppose that

ΣℓTISP(n, na) ⊆ BPTISP(nc, nd) (4.24)

for some integer ℓ ≥ 2 and constants 0 < a ≤ 1, c ≥ 1, and d > 0 with c+ ℓd ≤ 1 + (ℓ− 1)a

and (1− a)d ≤ ac. Then for any time function t and integer k ≥ 0 such that d ≤ hk,

ΣℓTISP(t, ta) ⊆ ΠℓTISP
(
(thk + n)c+d polylog(t+ n), (t+ n)d polylog(t+ n)

)
, (4.25)

where

hk = ( c+ℓd
1+(ℓ−1)a

)k. (4.26)

Proof. The base case k = 0 is given by combining the hypothesis (4.24) and the efficient

Π2-simulation of BPTISP given by Theorem 4.4. We now prove the inductive step k →
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k+1. Consider a ΣℓTISP(t, ta) computation. From the hypothesis (4.24), Theorem 4.4, and

the speedup of (3.3) (to Σℓ rather than Πℓ), we obtain a simulation which (neglecting the

polylog(t+ n) factors) is in

∀(T+n)d

ΣℓTISP

(

b(t+ n)d +
(t+ n)c+d

bℓ−1
, b(t+ n)d

)

︸ ︷︷ ︸

(α)

.

In order to apply the inductive hypothesis to complete the complementation to ΠℓTISP, the

space bound of (α) must be at most the ath power of its running time. This is the case when

b satisfies

b(t+ n)d =

(
(t+ n)c+d

bℓ−1

)a

,

which offers the choice

b = (t+ n)
ac+(a−1)d
1+(ℓ−1)a

as long as ac+ (a− 1)d ≥ 0. For such a value, (α) is a computation in

ΣℓTISP
(

(t+ n)
c+ℓd

1+(ℓ−1)a , (t+ n)a c+ℓd
1+(ℓ−1)a

)

,

taking an input of size O(n+ (t+ n)d), which is in O(n+ td) when d ≤ 1. Thus, instead of

achieving an ℓth root speedup as we do when we are not concerned about the space used by

the simulation of (3.3), we instead achieve a (1 + (ℓ− 1)a)th root speedup.

The inductive hypothesis gives a ΠℓTISP-simulation of (α), and hence a ΠℓTISP-simulation

of ΣℓTISP(t, ta) running in time big-O of (neglecting the polylog(t+ n) terms)

t∗
.
= (t+ n)d +

(

(t+ n)hk
c+ℓd

1+(ℓ−1)a + n+ td
)c+d

and using space big-O of

s∗
.
= (t+ n)d +

(

(t+ n)
c+ℓd

1+(ℓ−1)a + n+ td
)d

.

When c + ℓd ≤ 1 + (ℓ − 1)a and d ≤ 1, s∗ simplifies to (t + n)d. When we have the

further constraint that d ≤ hk+1, t
∗ has the appropriate leading terms and simplifies to

(thk+1 + n)c+d. Accounting for the polylog factors, we have shown that the simulation is of

the desired form.
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We note that the proof of Lemma 4.13 also yields a version in which the Πℓ on the right-

hand side of (4.25) is replaced by Π2. However, we do not see a way to exploit that fact to

strengthen our final result. For the sake of clarity and consistency, we present Lemma 4.13

as stated.

When c + ℓd < 1 + (ℓ− 1)a, hk → 0 as k →∞. In such a case, we can use Lemma 4.13

to derive a contradiction to Lemma 3.3 in an analogous fashion to how we used Lemma 4.11

to prove Theorem 4.12 for values of c as large as possible. For ℓ = 2, this gives a value of d

approaching a
2

from below as c approaches 1 from above. We can do better when ℓ ≥ 3 by

using Theorem 4.8 to derive a space-bounded complementation analogous to that given by

(4.21) in the unrestricted case.

Lemma 4.14. Suppose that

Σ3TISP(n, na) ⊆ BPTISP(nc, nd) (4.27)

for constants 0 < a ≤ 1, c ≥ 1 and 0 < d ≤ ac with c + d ≤ 1 + a. Then for any time

function t,

Σ3TISP(t, ta) ⊆ Π3TISP
(

(t
c+d
1+a + n)c polylog(t+ n), (t+ n)d polylog(t+ n)

)

.

Proof. The hypothesis (4.27) and Theorem 4.8 yield the complementation

Σ3TISP(n, na) ⊆ ∀nd log n∃nd log2 n∀log nDTISP(nc polylog(n), nd log n). (4.28)

Consider a Σ3TISP(t, ta) computation. Padding (4.28) and applying the speedup of (3.1)

(on the Π2-side) to the final deterministic stage gives a simulation of Σ3TISP(t, ta) which

(neglecting the polylog terms) is in

∀(t+n)d∃(t+n)d

Π2TISP(b(t+ n)d + (t+ n)c/b, b(t+ n)d)
︸ ︷︷ ︸

(β)

.

Choosing b = (t+n)
ac−d
1+a so that the in the space bound of (β) is the ath power of its running

time places the simulation in

∀(t+n)d ∃(t+n)d

Π2TISP((t+ n)
c+d
1+a , (t+ n)a c+d

1+a )
︸ ︷︷ ︸

(γ)

,
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when d ≤ ac. Under the same condition, (γ) is a computation in Σ3TISP((t + n)
c+d
1+a , (t +

n)a c+d
1+a ) taking an input of size n+(t+n)d, so that (4.28) gives a simulation of (γ) in Π3TISP.

Overall we have derived

Σ3TISP(t, ta)

⊆ Π3TISP
(

((t+ n)
c+d
1+a + n + (t+ n)d)c, (t+ n)d + ((t+ n)

c+d
1+a + n + (t+ n)d)d

)

⊆ Π3TISP
(

(t
c+d
1+a + n)c, (t+ n)d

)

,

where the last inclusion follows as long as d ≤ ac and c+d
1+a
≤ 1. Accounting for the polylog(t+

n) terms finishes the proof.

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. The proof for c < 1 follows from standard techniques, as in the proof

of Theorem 4.12.

For the case c ≥ 1, assume by way of contradiction that ΣℓTISP(n, na) ⊆ BPTISP(nc, nd)

for some constant d > 0 to be determined later. Then for a time function τ where τ(n)hk ≥ n,

Lemma 4.13 gives the complementation

ΣℓTISP(τ, τa) ⊆ ΠℓTISP
(
τ (c+d)hk polylog(τ), τd polylog(τ)

)
(4.29)

when c + ℓd ≤ 1 + (ℓ − 1)a, (1 − a)d ≤ ac, and d ≤ hk. When hk <
1

c+d
, the time bound

of the right-hand side of (4.29) is τ 1−ǫ for positive ǫ. Provided that c < 1 + (ℓ − 1)a, we

can choose a positive d and an integer k such that all the above conditions are met. More

specifically, for any value of d < 1+(ℓ−1)a−c
ℓ

, there exists a smallest positive integer k such

that hk <
1

c+d
. Since hk = c+ℓd

1+(ℓ−1)a
· hk−1 ≥ c+ℓd

1+(ℓ−1)a
· 1

c+d
, we can guarantee that d ≤ hk by

imposing the condition

d ≤ c+ ℓd

1 + (ℓ− 1)a
· 1

c + d
. (4.30)

It follows that we can meet all constraints mentioned so far by choosing d below some positive

threshold. All that remains to reach a contradiction with Lemma 3.3 is to ensure that the
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space bound of the right-hand side of (4.29) is τa−ǫ for some positive ǫ, which can be done

with the additional constraint on d that d < a.

For ℓ = 2 the upper bound on d approaches a
2

from below as c approaches 1 from above. In

the case ℓ ≥ 3 the upper bound on d imposed by the conditions other than (4.30) approaches

ℓ−1
ℓ
a as c approaches 1; condition (4.30) implies an upper bound of 1/

√
ℓ for a = 1 and a

somewhat weaker bound for smaller values of a. However, we can achieve a contradiction

for larger d as c approaches 1 and ℓ ≥ 3 using the following argument. For τ(n) ≥ n
1+a
c+d ,

Lemma 4.14 gives

Σ3TISP(τ, τa) ⊆ Π3TISP(τ c c+d
1+a polylog(τ), τd polylog(τ))

when c + d ≤ 1 + a and d ≤ ac. When c <
√

1 + a, we can choose d < min( (1+a)−c2

c
, a) and

arrive at a contradiction with Lemma 3.3. As c approaches 1 from above, the upper bound

on d approaches a from below, which gives the desired dependence.

4.6 Conclusion and Open Problems

This chapter presents the first polynomial-strength time-space lower bounds for natural

complete problems in the polynomial-time hierarchy on randomized machines. The key

ingredient is a time- and space- efficient alternating simulation of randomized machines.

We established such a simulation at the second level by exploiting the space bound, and

at the third level by additionally harnessing the power of alternations to quickly carry out

randomness-efficient error reduction. These simulations result in complexity-class inclusions

that are interesting in their own right. In fact, Viola [Vio07] studied second-level simulations

of BPP and showed that black-box techniques result in running times that are at least

quadratic; thus, our exploitation of the space bound, which is a non-black-box consideration,

is necessary to achieve our quasilinear-time simulation.

The results in this chapter do not seem to extend to the first-level problems of satisfiability

or tautologies in a straightforward way. This can be intuitively understood by the fact

that we know how to construct an efficient simulation of BPP in the second level of the
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polynomial hierarchy, but not the first. This causes our inability to exploit the assumption

NTIME(n) ⊆ BPTISP(nc, nd) to obtain an efficient complementation at some level of the

polynomial-time hierarchy. Thus, establishing time-space lower bounds for satisfiability on

randomized machines with two-sided error remains an important open problem. We prove

some results towards this goal in the next two chapters.

Another interesting open problem is to improve the quantitative strength of our lower

bounds. Recent developments in the deterministic setting have resulted in time-space lower

bounds for ΣℓSAT that lie somewhere in between nℓ and nℓ+1, cf. [vM07]. It might be

possible to use some of these techniques to obtain better lower bounds in the randomized

setting as well. However, there is evidence that a lower bound of nℓ+1 for ΣℓSAT is the best

that current techniques can possibly achieve in the deterministic setting [Wil07a]; thus, any

improvements to our randomized bounds are subject to the same limit.
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Chapter 5

Lower Bounds for Arthur-Merlin Games

In this chapter we prove our lower bounds for simulations of MA-games: first those for

black-box AM-simulations given by Theorem 1.4, and then the time-space lower bounds for

randomized simulations of MA-games given by Corollary 1.5.

5.1 Lower Bounds for Swapping Arthur and Merlin

We restate Theorem 1.4 for convenience.

Theorem 1.4 (restated). For any time function t, there is no black-box simulation of

MA-games running in time t by AM-games running in time o(t2).

The proof of Theorem 1.4 is inspired by work of Viola [Vio07], where he proves a quadratic

time lower bound for black-box simulations of BPP in the second level of the polynomial-time

hierarchy. Viola’s result builds on a switching lemma of Segerlind, Buss, and Impagliazzo

[SBI04] — later improved upon by Razborov [Raz03] — that uses random restrictions setting

very few variables.

This lower bound for BPP yields interesting corollaries that black-box simulations of

standard two-sided error AM- or MA-games by games of the respective type with perfect

completeness require a quadratic time overhead. This is because the two-sided error games

contain BPP, while the games with perfect completeness are (by definition) contained in

the second level of the polynomial-time hierarchy. However, since the transformation to the

second level requires a quadratic time overhead for both MA and AM, this does not rule
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out a linear-overhead, black-box simulation of MA by AM in the standard two-sided error

model. Therefore, something more is needed.

Our proof can be summed up as follows: first, we transform the setting from AM-games

into systems of disjunctive normal-form (DNF) formulas. This follows by viewing the be-

havior of an AM-game after Arthur sends his coin tosses as a nondeterministic computation

where each guess corresponds to a possible message from Merlin. The black-box setting

enforces that the outcome after the nondeterministic guess is determined by some number

of trials k(n) of the MA-game being simulated. Thus, by the standard polynomial-time

hierarchy-to-circuit connection [FSS84], the result of the game after Arthur’s move can be

viewed as the output of an exponential-size, depth-two OR-of-ANDs circuit with bottom

fan-in k— i.e., a k-DNF.

Next, we show that the ideas underlying the switching lemma of Segerlind et al. [SBI04,

Raz03] and its adaptation by Viola [Vio07] present us with a dichotomy for any such k-

DNF: either (i) its terms are spread out over the input variables and it accepts very often

on random inputs, or (ii) its terms are focused on a small set of variables, elevating their

influence above the rest. Our proof takes advantage of this dichotomy by constructing two

distributions on the outcomes of MA-games: one that generates mostly “no” instances and

one that generates mostly “yes” instances. We show that, for small k, if a k-DNF is of

type (i), then it accepts on most instances of the “no” distribution; if the k-DNF is of type

(ii), then it depends (with non-negligible probability) on too few variables to discern the

difference between the “yes” and “no” distributions. This means Arthur’s actions either

put Merlin in a position to wrongfully convince Arthur of false claims or prevent Merlin

from helping Arthur separate fact from fallacy with bounded error— either case is a failure.

Therefore, the number of trials k made by the AM-game cannot be small, which leads to the

lower bound.

The remainder of this chapter focuses on proving Theorem 1.4. However, we first need

to concretely establish what we mean by a “black-box” simulation.
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5.1.1 Black-Box Simulations

We begin by formally defining the class of languages recognizable by a time-bounded

AM-game. For any time function t, we say that a language L ∈ AM-TIME(t) if there exists

a deterministic Turing machine V that takes three inputs and runs in time t(n) such that

for any x,

x ∈ L ⇒ Pr
|z|=t(n)

[∃y ∈ {0, 1}t(n) such that V (x, y, z) = 1] ≥ 2/3 (5.1)

x /∈ L ⇒ Pr
|z|=t(n)

[∃y ∈ {0, 1}t(n) such that V (x, y, z) = 1] ≤ 1/3, (5.2)

where n = |x| and the probabilities are taken over the uniform distribution.

Similarly, the class of languages recognized by MA-games bounded by time t, MA-TIME(t),

are the languages L where there is a deterministic, time t(n) Turing machine V such that

for any x,

x ∈ L ⇒ ∃y ∈ {0, 1}t(n) : Pr
|z|=t(n)

[V (x, y, z) = 1] ≥ 2/3 (5.3)

x /∈ L ⇒ ∀y ∈ {0, 1}t(n) : Pr
|z|=t(n)

[V (x, y, z) = 1] ≤ 1/3. (5.4)

An AM- or MA-game has perfect completeness if the acceptance probability in the case

that x ∈ L (i.e., the right-hand side of (5.1) or, respectively, (5.3)) is replaced by 1 in the

above definitions. The resulting classes are referred to as AM-TIME1(t) and MA-TIME1(t),

respectively.

We often refer to the Turing machine V as the underlying predicate, the string x as the

problem input, y as Merlin’s message, and z as Arthur’s message.

We now precisely define the notion of a black-box simulation. This is meant to capture

any method of showing that MA is contained in AM by the design of a “modular” AM-game,

into which one can plug any MA-game’s underlying predicate V as a subroutine (i.e., it is

oblivious to the MA-games it simulates1). Such a simulation uses only the results of queries

to V to decide an answer and is indifferent to the computational details of how these answers

1We point out the difference to a relativizing inclusion, where we can have a different simulation for each
oracle.



70

are obtained: it should arrive at the right answer provided only that V satisfies the promise

of an MA-game given by conditions (5.3) and (5.4). Therefore, a black-box AM-simulation

of MA is an AM-game that solves the promise problem of whether or not a given subroutine

satisfies (5.3) or (5.4) on input x.

We cast this promise problem as one on the (exponentially long) characteristic vector of

the given subroutine on a fixed x. To do so, we first define the promise problem ApprMaj

corresponding to the acceptance condition of a probabilistic computation with bounded error.

This allows us to define the desired promise problem ∃-ApprMaj as one on matrices, where

each row corresponds to a possible proof from Merlin, and each column corresponds to a

possibility for Arthur’s coin tosses.

Definition 5.1. ApprMaj is the promise problem on Boolean strings where

ApprMajY = {r | at least 2|r|/3 bits of r are set to 1} ,

ApprMajN = {r | at most |r|/3 bits of r are set to 1}.

∃-ApprMaj is the promise problem on Boolean matrices where

∃-ApprMajY = {M | at least one row of M belongs to ApprMajY },

∃-ApprMajN = {M | every row of M belongs to ApprMajN}.

Thus, the definition of an AM-game that efficiently black-box simulates MA fitting our

intuition is one that solves ∃-ApprMaj on appropriately-sized matrices with few queries.

We charge the simulation t time units for each query, where t is the running-time of the

simulated MA-game, to capture the fact that a black-box simulation must calculate the bits

of the ∃-ApprMaj instance on the fly by running trials of the MA-game.

Definition 5.2. We say that an AM-game black-box q-simulates MA-games running in

time t(n) if there is a polynomial p(n) and an oracle machine S such that for any input

M ∈ {0, 1}2t×2t
,

M ∈ ∃-ApprMajY ⇒ Pr
|z|=p(n)

[∃y ∈ {0, 1}p(n) such that SM(y, z) = 1] ≥ 2/3

M ∈ ∃-ApprMajN ⇒ Pr
|z|=p(n)

[∃y ∈ {0, 1}p(n) such that SM(y, z) = 1] ≤ 1/3,
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where S queries M in at most q(n) locations.

We say that an AM-game running in time t′(n) black-box simulates MA-games running

in time t(n) if there is an AM-game that black-box q-simulates such MA-games for q = t′/t

and p = t′.

We prove the lower bound of Theorem 1.4 by showing that any AM-game black-box q-

simulating MA-games running in time t must have q = Ω(t); therefore, the running time of

such a simulation must be at least Ω(t2). In fact, the other computational aspects of the AM-

simulation, such as the bounds on the message lengths or the running-time of the underlying

predicate V , turn out to be irrelevant to the number of required queries. Therefore, we

simplify the situation by proving the query lower bound via a lower bound on the bottom

fan-in of depth-3 circuits for ∃-ApprMaj (where by bottom fan-in we mean the fan-in of the

gates adjacent to the input literals). In particular, the circuits we consider have the same

correspondence to AM-games as standard constant-depth circuits have to the polynomial-

time hierarchy [FSS84].

Definition 5.3. An AM-circuit is a depth-3 circuit with literals as inputs (variables or their

complements) whose output gate is an oracle gate for ApprMaj and each depth-2 subcircuit

is an OR of AND’s (i.e., a DNF); furthermore, we are guaranteed that the input to the

ApprMaj gate formed by the depth-2 subcircuits on any input X is either in ApprMajY or

ApprMajN .

The aforementioned connection to AM-games is given by the following proposition.

Proposition 5.4. If an AM-game black-box q-simulates MA-games running in time t, then

there is a family of AM-circuits with bottom fan-in q computing ∃-ApprMaj on matrices of

size 2t × 2t.

Proof. We model Arthur’s probabilistic move by the top ApprMaj gate, and Merlin’s non-

deterministic move by the middle-layer’s OR gate. The verification that takes place after

Merlin’s message is sent is a function that depends on at most q oracle bits; such a function
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can be decided by a depth-two OR-of-ANDs circuit with bottom fan-in q. Furthermore, the

guarantee that the inputs to the top gate are either in ApprMajY or ApprMajN is satisfied

by the conditions imposed on the game by Definition 5.2.

5.1.2 Proof of the Lower Bound

Proposition 5.4 allows us to prove Theorem 1.4 by showing a lower bound on the bottom

fan-in of AM-circuits for ∃-ApprMaj.

Theorem 5.5. Any AM-circuit solving ∃-ApprMaj on 2t × 2t matrices has bottom fan-in

Ω(t).

As outlined, the main idea behind the proof of Theorem 5.5 stems from an analysis of the

k-DNF subcircuits of an AM-circuit on different input distributions. For an AM-circuit with

bottom fan-in k to compute ∃-ApprMaj, Definition 5.3 requires most of its k-DNF subcircuits

to accept when the input is drawn from a distribution producing mostly “yes” instances

of ∃-ApprMaj and most to reject when the input is drawn from a distribution producing

mostly “no” instances. By the union bound, a nontrivial fraction of the subcircuits output

the correct answer most of the time for both the “yes” and “no” distributions. We construct

specific “yes” and “no” distributions such that any k-DNF with k = o(t) cannot do both at

the same time; therefore, such an AM-circuit for ∃-ApprMaj cannot exist.

We begin by defining the distributions producing mostly “yes” instances and “no” in-

stances of ∃-ApprMaj that we use to prove the lower bound.

Definition 5.6. Let Dn×m
N be the distribution on n×m matrices obtained by assigning each

entry independently to 1 with probability 1/6 and 0 with probability 5/6.

Furthermore, let Dn×m
Y be the distribution on n ×m matrices obtained by choosing one

row uniformly at random and setting each entry within this row to 1, while the remaining

entries are set as in Dn×m
N .

When n and m are clear from context, we simply use DY and DN .
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We claim that when m = Ω(log n), DY generates instances in ∃-ApprMajY and DN

generates instances in ∃-ApprMajN with high probability.

Claim 5.7. There exists a constant α > 0 such that for large enough n and m ≥ α log n,

Pr
M∈Dn×m

Y

[M ∈ ∃-ApprMajY ] = 1 and Pr
M∈Dn×m

N

[M ∈ ∃-ApprMajN ] ≥ (1− 1/n).

Proof. The case of DY is trivial, since we always set some row to all 1’s. For the case of DN ,

we expect there to be m/6 1’s in each row. Therefore, a row ofM has more thanm/3 1’s (i.e.,

is in not ApprMajN ) with probability at most 2−βm for some β > 0 by the Chernoff bound.

Then the probability that some row is not in ApprMajN (and therefore, M /∈ ∃-ApprMajN)

is at most n2−βm by the union bound; The claim follows for α = 2/β.

To analyze the relationship between the probability that a given k-DNF ϕ accepts on DY

and the probability that it accepts on DN , we introduce a “lazy” procedure, Eval, that tries

to evaluate ϕ(M) (see Figure 5.1). Given ϕ, input M , and a parameter s, Eval attempts to

reduce the problem of evaluating a k-DNF to that of evaluating a (k − 1)-DNF by querying

the values of a set of variables that cover the terms of ϕ (a cover, or hitting set, of a DNF

ψ is a subset Γ of the variables such that each term of ψ contains at least one variable in

Γ). Eval then restricts ϕ appropriately to obtain a (k − 1)-DNF ϕ′, whose evaluation on

the remaining variables is the same as the evaluation of ϕ, and recurses. However, Eval is

“lazy” in the sense that it refuses to query more than s variables at each step; if at any

step it becomes impossible to achieve the above term-size reduction in such few queries, Eval

simply gives up and outputs the current subformula. Thus, Eval has three possible outputs:

0, 1, or a restriction of ϕ that has a large minimum cover. We point out that if Eval outputs

0, then ϕ(M) = 0, and if Eval outputs 1, then ϕ(M) = 1; however, the converse does not

hold in either case due to Eval’s laziness.

Our proof requires the cover size s to balance two desires: (i) We need s large enough

so that if Eval outputs a formula ψ, then ψ is almost certainly satisfied by an input from

DN , and (ii) we need s small enough so that Eval has not queried many variables when

it arrives at a 0/1 answer. Property (i) ensures that the non-Boolean output case of Eval
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Procedure Eval(ϕ,M, s)

If ϕ ≡ 0, output 0.

Else if ϕ ≡ 1, output 1.

Else if every cover of ϕ has size greater than s, output ϕ.

Else

Γ← a cover of ϕ of size at most s.

Query the variables in Γ to obtain the partial assignment Γ(M).

ϕ′ ← ϕ|Γ(M).

Eval(ϕ′,M, s).

Figure 5.1 The “lazy” procedure, Eval.

cannot happen very often for ϕ a k-DNF in an AM-circuit computing ∃-ApprMaj on DN , so

the output of Eval(ϕ,M, s) almost always matches the evaluation of ϕ(M) when M ∈ DN .

Property (ii) guarantees that the event of Eval(ϕ,M, s) answering either 0 or 1 depends very

weakly on most rows, which is not enough for Eval to distinguish the one-row difference

between samples from DY and DN . Therefore, if ϕ behaves well on DN and outputs 0 most

of the time, then Eval(ϕ,M, s) not only outputs 0 most of the time for M ∈ DN by (i), but

also for M ∈ DY by (ii), so ϕ rejects too often on DY .

We first quantify the effect of property (i) on the correctness of Eval on DN .

Lemma 5.8. If ϕ is a k-DNF, then

Pr
M∈DN

[Eval(ϕ,M, s) 6= 0] ≤ PrM∈DN
[ϕ(M) = 1]

1− e−
s

k6k
.

The proof begins by showing that any DNF ψ output by Eval must have many variable-

disjoint terms due to its large cover size. These terms present too many independent events

that must align in order for ψ to reject reliably on DN .

Lemma 5.9. Let ϕ be a k-DNF. Then

Pr
M∈DN

[ϕ(M) = 0|Eval(ϕ,M, s) /∈ {0, 1}] ≤ e−
s

k6k .
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Proof. Suppose that Eval outputs some formula ψ. Notice that ψ 6≡ 0 is a restriction of

ϕ, so it is a k′-DNF for k′ ≤ k. Thus, a term of ψ is satisfied by DN with probability at

least 1/6k. We claim that ψ must have more than s/k variable-disjoint terms Γ. The lemma

follows if this is the case, since the events that a term in Γ is satisfied are independent, so

Pr
M∈DN

[ψ(M) = 0] ≤ Pr
M∈DN

[Each clause in Γ is not satisfied] ≤ (1− 1/6k)s/k ≤ e−
s

k6k .

To prove the claim, consider a maximal set Γ of variable-disjoint terms of ψ. There are

at most |Γ|k variables in these terms, and they must form a cover of ψ; if they do not, then

there is a term t that is not covered by the variables of Γ, i.e., t does not contain any of

the variables in Γ. Thus, Γ ∪ {t} is a set of variable-disjoint terms, which contradicts the

maximality of Γ. Furthermore, since ψ is a formula output by Eval, it cannot have a cover

of size at most s. Therefore, we have that |Γ|k > s, so |Γ| > s/k as claimed.

Thus, since the formulas on which Eval does not give a 0/1 output are very likely to

accept DN by Lemma 5.9, Eval cannot give such an output often on a formula ϕ that largely

rejects DN . Therefore, Eval must correctly output 0 for ϕ on most of these instances despite

its laziness, yielding Lemma 5.8.

Proof of Lemma 5.8. We have noted that if ϕ(M) = 1, then Eval(ϕ,M, s) must output

either 1 or a formula, so

Pr
M∈DN

[ϕ(M) = 1] = Pr
M∈DN

[Eval = 1] + Pr
M∈DN

[Eval /∈ {0, 1}] · Pr
M∈DN

[ϕ(M) = 1|Eval /∈ {0, 1}]
︸ ︷︷ ︸

(∗)

.

By Lemma 5.9, we have that (∗) is at least (1− e−
s

k6k ), so we conclude that

Pr
M∈DN

[ϕ(M) = 1] ≥
(

Pr
M∈DN

[Eval = 1] + Pr
M∈DN

[Eval /∈ {0, 1}]
)

(1− e−
s

k6k )

= Pr
M∈DN

[Eval 6= 0](1− e−
s

k6k ).

We now turn to quantify the effect of property (ii) on the relationship between Eval’s

behavior on DY and DN .
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Lemma 5.10. Let ϕ be a k-DNF. Then for any δ ≥ sk
n
,

Pr
M∈DY

[Eval(ϕ,M, s) = 0] ≥ (1− sk

δn
)

(

Pr
M∈DN

[Eval(ϕ,M, s) = 0]− δ
)

.

Proof. Recall that when the formula ϕ passed to Eval has small cover size, Eval reduces the

term size of ϕ by one to obtain ϕ′ (since Γ is a cover of ϕ). Therefore, Eval can make at most

k recursive calls on a k-DNF. At each such call, Eval queries at most s variables, for a total

of at most sk variables queried during the entire run. Different outcomes for the sample M

cause Eval to form different subformulas ϕ′ with (possibly) different covers, so the variables

queried by Eval follow some probability distribution determined by the input distribution.

We show that most variables, and in fact most rows, are queried with very small probability.

For a fixed k-DNF ϕ, s, and δ > 0, define B as

B
.
= {i| Pr

M∈DN

[Eval(ϕ,M, s) queries row i] ≥ δ}, (5.5)

the set of rows queried by Eval with probability at least δ. Since any individual run of Eval

queries at most sk variables, we have that

∑

i

Pr
M∈DN

[row i is queried by Eval(ϕ,M, s)] ≤ sk.

Therefore, B cannot be too large:

|B| ≤ sk

δ
. (5.6)

So (5.5) and (5.6) tell us that, for most rows i, Eval queries a variable in row i with very

small probability when δ > sk
n

.

We would like to isolate the cases of DY that choose a row outside of B to set to 1.

Towards this end, define Di
Y to be the distribution on n ×m matrices where each entry in

row i is assigned 1 and each other entry is assigned 0 with probability 5/6 (and 1 otherwise).

Then sampling M from DY is equivalent to choosing i ∈ {1, . . . , n} at random and sampling

M from Di
Y . This allows us to divide the probability that Eval rejects on inputs from DY

into cases by row. Discarding the rows in B, we have

Pr
M∈DY

[Eval(ϕ,M, s) = 0] ≥
∑

i/∈B

Pr
M∈Di

Y

[Eval(ϕ,M, s) = 0]/n. (5.7)
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Now consider how Eval(ϕ,M, s) differs when M is drawn from DN and when it is drawn

from Di
Y where i /∈ B. Notice that the only time that Eval queries variables which are

distributed differently in DN and Di
Y is when it queries a variable in row i. We know that

this happens with probability less than δ under DN by (5.5); this is also the case under Di
Y ,

since the distribution is identical to DN outside of row i. Thus, the outcome of Eval on DN

and Di
Y can be different on at most a δ fraction of inputs for i /∈ B,

Pr
M∈Di

Y

[Eval(ϕ,M, s) = 0] ≥ Pr
M∈DN

[Eval(ϕ,M, s) = 0]− δ. (5.8)

The lemma follows by combining (5.6), (5.7), and (5.8).

The two properties captured by Lemma 5.8 and Lemma 5.10 formalize the contradictory

dichotomy that allows us to prove Theorem 5.5.

Proof of Theorem 5.5. Let n = m = 2t and C be an AM-circuit with bottom fan-in k

purported to solve ∃-ApprMaj. Without loss of generality, we assume that 9/10 of C’s DNF

subcircuits accept on M ∈ ∃-ApprMajY while 9/10 reject on M ∈ ∃-ApprMajN—this can

be achieved by näıve error reduction by majority vote while increasing the bottom fan-in by

only a constant factor.

Consider sampling M from DY or DN and a random depth-2 subcircuit ϕ connected to

the output gate of C. Then by Claim 5.7,

Pr
M∈DY ,ϕ∈UC

[ϕ(M) = 1] ≥ 9

10
and Pr

M∈DN ,ϕ∈UC
[ϕ(M) = 0] ≥ 9

10
(1− 1

n
) > 5/6

for large enough n. Therefore, the probability that a random subcircuit is correct on most

instances of DY is greater than 1/2 (and similarly for DN):

Pr
ϕ∈UC

[ Pr
M∈DY

[ϕ(M) = 1] > 2/3] > 1/2 and Pr
ϕ∈UC

[ Pr
M∈DN

[ϕ(M) = 0] > 2/3] > 1/2.

Thus, by a union bound, there is a k-DNF ϕ∗ where

Pr
M∈DY

[ϕ∗(M) = 0] ≤ 1/3 and Pr
M∈DN

[ϕ∗(M) = 1] ≤ 1/3 (5.9)
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Our proof proceeds by showing that such a k-DNF ϕ∗ cannot exist when k = o(logn). By

Lemma 5.8, we have that

Pr
M∈DN

[Eval(ϕ∗,M, s) = 0] ≥ 1− 1/
(

3(1− e−
s

k6k )
)

. (5.10)

Plugging (5.10) into Lemma 5.10 gives

Pr
M∈DY

[Eval(ϕ∗,M, s) = 0] ≥ (1− sk

δn
)

︸ ︷︷ ︸

(∗)




1− 1/




3 (1− e−

s

k6k )
︸ ︷︷ ︸

(∗∗)




− δ




 . (5.11)

We claim that for small enough k, we can set δ and s so that the right-hand side of (5.11)

is at least 1/2. Since Eval outputs 0 no more often than ϕ∗(M) = 0, this contradicts that

PrM∈DY
[ϕ∗(M) = 0] ≤ 1/3 (from (5.9)), completing the lower bound for such k.

All that remains is to find the largest k so that we can choose δ and s appropriately. In

order for the right-hand side of (5.11) to be large enough, we need (∗) and (∗∗) to be close

to 1 and δ to be small. The condition on (∗) requires s = O( δn
k

), while the condition on (∗∗)
requires s = Ω(k6k). Choosing δ to be a small constant, say, δ = 1/100, we see that such a

setting is possible when k26k = O(n)— i.e., when k = c logn for small enough c.

We now highlight a few details of the preceding analysis. First, notice that the time

complexity of the simulated MA-game’s verification procedure V enters into the running-

time of the AM-simulation only when accounting for the resources needed to compute each

query in the black-box setting of Definition 5.2— the circuit lower bound of Theorem 5.5

depends solely on the dimensions of the instance of ∃-ApprMaj, which correspond to the

number of bits sent by Arthur and Merlin in the MA-game.

Additionally, notice that the only place that the number of columns m in the instance of

∃-ApprMaj (corresponding to the number of coins tossed by Arthur in an MA-game) enters

into the proof is in Proposition 5.7, where a lower bound on m is needed to ensure that the

distribution DN behaves properly. Thus, Theorem 5.5 actually gives a lower bound of Ω(n)

for n ×m instances of ∃-ApprMaj, where m ≥ α log n for α as defined in Proposition 5.7.
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This implies that the black-box lower bound of Theorem 1.4 holds even when simulating

MA-games where Arthur tosses very few coins.

The above two observations show that the crucial factor in determining the number of

queries needed by an AM-game black-box simulating MA is the number of bits sent by Merlin.

We point out that this behavior is shared by the known simulations of MA by AM (such as

Babai’s).

Furthermore, the instances produced by DY satisfy an even stricter promise than

∃-ApprMajY , since every bit in some row is set to 1. This corresponds to the promise on the

“yes” side fulfilled by MA-games with perfect completeness. Therefore, Theorem 1.1 holds

even for simulations of the weaker class of time-t MA-games with one-sided error 2

Finally, we take a moment to compare our techniques to those of Viola’s [Vio07]. Our

approach is similar in that it uses ideas inspired by recent small-restriction switching lemmas

[SBI04, Raz03] to show that k-DNF’s behave similarly enough on certain “yes” and “no”

instances of the problem in question. In the setting of normal depth-3 circuits that Viola

considers (for the problem ApprMaj), it is sufficient to give an argument that explicitly

constructs a “yes” instance rejected by one particular depth-2 subcircuit (in the case where

the top gate is AND) assuming that the subcircuit behaves correctly on “no” instances.

However, one incorrect subcircuit is insufficient to fool an AM-circuit (as required by our

setting), since the top gate only rejects if most subcircuits reject. Our approach addresses

this issue via the aforementioned probabilistic construction of the bad “yes” instances. By

producing instances that are independent of the specific subcircuits they are designed to fool,

we simultaneously violate many more of them than we could by an explicit construction.

The bounded error of the AM-circuit setting also leads to a quantitatively better state-

ment of the lower bound than in the depth-3 setting: the latter result states that no depth-3

circuit can compute ApprMaj with small bottom fan-in unless it is very large; in contrast,

2Since the usual definition of an MA-game has two-sided error and applies the same bound to the message
bits and the time bound of the verification procedure, we chose not to draw any of these distinctions in
Theorem 1.4.
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Theorem 5.5 states that no AM-circuits with small bottom fan-in can compute ∃-ApprMaj,

regardless of their size.

5.2 Time-Space Lower Bounds for Merlin-Arthur Games

We now turn to proving lower bounds for simulations of MA-games by randomized ma-

chines, i.e., trying to decide the same language without the aid of Merlin.

Corollary 1.5 (restated). For any constant c <
√

2, there exists a positive constant d

such that linear-time MA-games with perfect completeness cannot be simulated by randomized

random-access machines with two-sided error running in time nc and space nd.

As mentioned in Section 1.4, Corollary 1.5 follows from our lower bounds for the second

level of the polynomial-time hierarchy; in particular, we refer to the lower bound of Theorem

4.12 for Σ2TIME(n). We extend this lower bound to MA in a proof by contradiction: if the

desired lower bound does not hold for MA, then we show that Σ2TIME(n) can be computed

efficiently enough to contradict Theorem 4.12, i.e. in time nc and space nd for c < 2 small

enough d. This requires a slight improvement of the efficient alternating simulation of space-

bounded randomized computations with two sided error given by Theorem 4.4. In particular,

we need the simulation to be an MA-game with perfect completeness.

Lemma 5.11. For any time function t and space function s,

BPTISP(t, s) ⊆ MA-TIME1(ts polylog(t)).

Proof. Theorem 4.4 shows that BPTISP(t, s) ⊆ Σ2TIME(ts polylog(t)). Recall that Laute-

mann’s proof argues that a randomized algorithm with small enough error accepts an input

if and only if a few number of shifts of the set of accepting random strings covers the entire

universe. By requiring that the error be smaller than required to satisfy this property by a

factor of 1/3 (which can be achieved while only increasing the running time by a constant

factor), we strengthen the condition on the rejecting side so that every small set of shifts

cannot cover even a third of the universe of random strings. This ensures bounded error
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on the “no” side of the simulation, allowing us to portray it as an MA-game with perfect

completeness. The improvements of Theorem 4.4 retain this property, placing the simulation

in MA-TIME1(ts polylog(t)).

With this simulation in hand, we are ready to prove the lower bound for MA.

Proof of Corollary 1.5. Assume that linear-time MA-games with perfect completeness can

indeed be simulated by small-space randomized machines with two-sided error running in

time O(nc). Specifically, the assumption is that

MA-TIME1(n) ⊆ BPTISP(nc, nd), (5.12)

for some constants c ≥ 1 and d > 0. Since randomized classes are closed under complement,

the hypothesis (5.12) gives that co-MA can be efficiently simulated by space-bounded ran-

domized machines; as a special case, this provides such simulations for conondeterministic

computations. In turn, the simulation given by Lemma 5.11 yields efficient MA-games with

perfect completeness error for coNP:

coNTIME(n) ⊆ BPTISP(nc, nd) ⊆ MA-TIME1(n
c+d polylog(n)). (5.13)

Consider an arbitrary Σ2-machine N running in linear time. We view this as a game

where the prover goes first and, instead of a randomized verifier (as in MA), we have a

conondeterministic “verifier”. On input x, the prover sends a string y of length n, and

the outcome of the game is determined by a linear-time conondeterministic computation

performed by the verifier on input (x, y). However, (5.13) allows the conondeterministic

verification to be done by a one-sided error MA-game at the cost of raising the running-time

to the power of c+ d (modulo a polylog factor). Thus, by asking the prover for the original

proof and that required by the MA-simulation of the conondeterministic stage, we have

devised an MA-simulation of N with perfect completeness. In turn, the hypothesis (5.12)

provides that this game can be simulated by a space-bounded randomized machine by again

raising the running-time to the power of c. All in all, we have that

Σ2TIME(n) ⊆ MA-TIME1(n
c+d polylog(n)) ⊆ BPTISP(nc2+cd polylog(n), ncd+d2

),



82

which contradicts Theorem 4.12 when c2 < 2 and d is small enough.

5.3 Conclusion and Open Problems

This chapter establishes a lower bound for black-box techniques to switch the order of

Arthur and Merlin in two-round Arthur-Merlin games. These results connect in an important

way to the task of proving time-space lower bounds for satisfiability on randomized machines:

they show that some new, non-black-box techniques are needed to extend our results for

Σ2SAT (Theorem 1.1) to satisfiability.

The most compelling related open problem is to determine whether or not a subquadratic-

overhead simulation of MA by AM is at all possible— i.e., to either prove a general quadratic

lower bound for the overhead of any simulation of MA by AM or to use some non-black-box

technique to actually achieve a subquadratic AM-simulation. Either case yields something

interesting: in the former case, one gets a hierarchy for MA and AM; in the latter case, one

makes progress towards time-space lower bounds for satisfiability on probabilistic machines.

Furthermore, we ask if there are any common restrictions on the verifier that a non-black-

box approach could take advantage of to allow a subquadratic simulation of a restricted class

of MA-games. Especially interesting is the case of a space-bounded verifier: a subquadratic

AM-simulation that exploits the verifier’s space bound could also be used to achieve time-

space lower bounds for SAT on randomized machines. Recall that we have used space

bounds previously to avoid black-box impossibility arguments: our efficient simulation of

space-bounded randomized algorithms in the second level of the polynomial-time hierarchy,

Theorem 4.4, exploits the space bounds in a crucial way, as Viola [Vio07] showed that black-

box simulations cannot achieve this level of efficiency.

Another direction is to extend the black-box lower bound to relationships between other

complexity class inclusions where the best known simulations have quadratic overhead. In

particular, inclusions that proceed by reducing the error of a probabilistic computation to

be exponentially small seem particularly amenable, since we already know that the error
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reduction cannot be done faster in a black-box manner [CEG95]. We propose finding black-

box lower bounds for the overhead of inclusions such as MA ⊆ PP, ⊕ ·BPP ⊆ BP · ⊕P, etc.

The latter is particularly interesting, since it applies to the time overhead of the collapse of the

polynomial-time hierarchy to BP · ⊕P in Toda’s Theorem [Tod91]; it is currently unknown

how to achieve such a collapse with a sublinear factor increase in time per alternation.

Achieving such an efficient collapse could yield new time-space lower bounds for counting

problems.
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Chapter 6

Time-Space Lower Bounds for Tautologies

In this chapter we consider the task of proving time-space lower bounds for complete

problems in the first level of the polynomial-time hierarchy; in particular, we focus on the

coNP-complete language of tautologies. Our results improve the known time-space lower

bounds for nondeterministic algorithms solving tautologies (Theorem 1.6) and give an even

better lower bound for the special case of randomized machines with one-sided error (Theo-

rem 1.7).

6.1 Lower Bounds for Proof Complexity

We begin by proving our generic results on proof complexity and the NP versus coNP

problem. Our result boosts the exponent in known time-space lower bound for tautologies

on nondeterministic machines from
√

2 ≈ 1.414 [FvM00, FLvMV05] to 3
√

4 ≈ 1.587. More

precisely, we obtain the following result.

Theorem 1.6 (restated). For every real d < 3
√

4 there exists a positive real e such that

tautologies cannot be decided by nondeterministic algorithms running in time nd and space

ne.

The earlier result of Fortnow and Van Melkebeek [FvM00, FLvMV05] can be refined

to rule out either nondeterministic algorithms solving tautologies in time nc (regardless

of space) or nondeterministic algorithms solving tautologies in simultaneous time nd and

space ne for certain combinations of c, d, and e. The precise relationship between the

parameters in [FvM00, FLvMV05] is that for every c and d such that (c2 − 1)d < c, there
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is a positive e such that the previous sentence holds. In particular, tautologies cannot have

both a nondeterministic algorithm that runs in time n1+o(1) and a nondeterministic algorithm

that runs in logarithmic space [For00]. Correspondingly, our argument yields the following

refinement.

Theorem 6.1. For all reals c and d such that c2d < 4, there exists a positive real e such

that tautologies cannot be solved by both

(i) a nondeterministic algorithm that runs in time nc and

(ii) a nondeterministic algorithm that runs in time nd and space ne.

In order to compare the condition c2d < 4 in Theorem 6.1 with the corresponding con-

dition (c2 − 1)d < c in [FvM00, FLvMV05], we include a plot of those bounds in Figure

6.1. Note that the interesting range of parameters satisfies d ≥ c ≥ 1. This is because an

algorithm of type (ii) is a special case of an algorithm of type (i) for d ≤ c, and that an

algorithm of type (i) with c < 1 can be ruled out unconditionally by simple diagonalization.

The condition due to this paper, c2d < 4, is less restrictive for values of d not too much

larger than c. Thus, Theorem 6.1 gives a better lower bound in this range. In particular, for

c = d, our condition requires c < 3
√

4 ≈ 1.587, whereas that of [FvM00, FLvMV05] requires

c <
√

2 ≈ 1.414; this setting yields the improvement stated in Theorem 1.6.

Our main technical contribution builds upon the reasoning underlying the (c2 − 1)d < c

condition of [FvM00, FLvMV05]. Briefly, the argument for the latter follows an indirect diag-

onalization argument similar to that found in the proof of Theorem 1.1, inductively deriving

a series of more and more efficient complementations of the first level of the polynomial-time

hierarchy. Our new approach allows us to harness the complementation provided by the

inductive hypothesis twice in each inductive step, whereas earlier approaches could only do

so once per step. This yields better performance in an interesting range of c and d. Due to

the double application of the inductive hypothesis, the resulting recurrence relation for the

exponents in the complementations’ running times becomes of degree two (rather than one

as before) and has nonconstant coefficients, but we can still handle it analytically.



86

 1

 1.25

 1.5

 1.75

 2

 1  1.5  2  2.5  3  3.5  4

c

d

f(d)
g(d)
h(d)

Figure 6.1 Tautologies cannot have both (i) a nondeterministic algorithm that runs in time
nc and (ii) a nondeterministic algorithm that runs in time nd and space no(1). The function
f(d) solves for the best bound on c due to the prior results of [FvM00, FLvMV05], and g(d)
does the same for Theorem 6.1; the function h(d) marks the case c = d, illustrating the
bound in Theorem 1.6.

6.1.1 Lower Bound for Nondeterministic Machines

We begin with a brief discussion of the techniques required to prove the result of [FvM00,

FLvMV05] in the subpolynomial-space setting, namely, that tautologies cannot be solved by

subpolynomial-space nondeterministic machines running in time nd for any reals d <
√

2.

Recall that the tight connection between coNTIME(n) and tautologies, Theorem 2.3,

allows lower bounds for the class coNTIME(n) to carry over to tautologies. Therefore,

we focus our efforts on proving lower bounds for the former class. We do so by indirect

diagonalization. This starts with the assumption, by way of contradiction, that

coNTIME(n) ⊆ NTISP(nd, no(1)). (6.1)

The relevant technical lemma from [FvM00, FLvMV05] can be thought of as trading

space for time within NP under the indirect diagonalization assumption. More precisely, we

try to establish

NTISP(t, s) ⊆ NTIME(g(t, s)) (6.2)
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for the smallest possible functions g, with the hope that g(t, s) ≪ t. In particular, for sub-

polynomial space bounds (s = to(1)) and sufficiently large polynomial t, [FvM00, FLvMV05]

achieves g = td−1/d+o(1),

NTISP(t, to(1)) ⊆ NTIME(td−1/d+o(1)), (6.3)

which is smaller than t when d < φ ≈ 1.618.

To see the utility of this statement, we combine it with the indirect diagonalization

assumption (6.1) padded to a sufficiently large polynomial time function t:

coNTIME(t) ⊆ NTISP(td, to(1)) [by assumption (6.1)]

⊆ NTIME(td
2−1+o(1)) [by trading space for time using (6.3)].

This is a contradiction with the direct diagonalization argument of Lemma 3.2 when d <
√

2,

yielding the desired lower bound.

The space-for-time inclusion (6.3) is shown by an inductive argument that derives state-

ments of the type (6.2) for a sequence of smaller and smaller running times g = gk,

k = 1, 2, . . .. The idea can be summarized as follows: we start with a space-bounded non-

deterministic machine and apply the divide-and-conquer speedup for space-bounded nonde-

terministic machines at the cost of two alternations, (3.5):

NTISP(t, s) ⊆ ∃bs ∀log b NTISP(t/b, s)
︸ ︷︷ ︸

(∗)
︸ ︷︷ ︸

(∗∗)

. (6.4)

We then use the inductive hypothesis to trade the space bound of the final stage (∗) of this

Σ3-simulation for time:

NTISP(t, s) ⊆ ∃bs∀log bNTIME(gk(t/b, s)).

We conclude the inductive argument by using the assumption (6.1) to eliminate the two

alternations in this simulation, ending up with another statement of the form

NTISP(t, s) ⊆ NTIME(gk+1(t, s)).
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Notice that the above inductive argument does not rely on the space bound in (6.1); the

weaker assumption that coNTIME(n) ⊆ NTIME(nd) is enough to eliminate the alternations

introduced by the speedup. Our new argument exploits the fact that when we transform

(∗) using the assumption (6.1), we eliminate an alternation and re-introduce a space-bound.

This allows us to apply the inductive hypothesis for a second time and trade that space

bound for a speedup in time once more. This way, we hope to eliminate the alternation in

(∗∗) more efficiently than before, yielding a smaller gk after completing the argument.

Some steps of our new argument exploit the space bound while others do not. In the

analysis we allow for different parameters in those two assumptions, say we assume that

coNTIME(n) ⊆ NTISP(nc) ∩ NTISP(nd, no(1)),

where d ≥ c ≥ 1. The success of our approach to eliminate the alternation in (∗∗) now

depends on how large d is compared with c: if d is not too large compared to c, then the

increased cost of complementing via the space-bounded assumption is counteracted by the

benefit of trading this space bound for time. That our approach works better in this range

of c and d makes plausible the behavior illustrated in Figure 6.1.

Two key ingredients that allow the above idea to yield a quantitative improvement for

certain values of c and d are (i) that the conondeterministic guess at the beginning of stage

(∗∗) is only over log b bits and (ii) the fact mentioned in Section 3.1 that (∗) has input

size only O(n + s). Because of (i), the running time of (∗∗) is dominated by that of (∗),
allowing us to reduce the cost of simulating (∗∗) without an alternation by reducing the cost

of simulating (∗) in coNP. Item (ii) is important for the latter task because the effective

input size for the computation (∗) is much smaller than the O(n + bs) bits taken by (∗∗);
in particular, it does not increase with b. This allows the use of larger block numbers b to

achieve greater speedups while maintaining that the final stage runs in time at least linear

in its input. The latter behavior is crucial in allowing alternation removal at the expected

cost — raising the running time to the power of c or d — because we can pad the indirect

diagonalization assumption up (to superlinear time) but not down (to sublinear time)— see

Proposition 3.1.
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Now that we have sketched the intuition and key ingredients, we proceed with the actual

argument. The following lemma formalizes the inductive process of speeding up nondeter-

ministic space-bounded computations on space-unbounded nondeterministic machines.

Lemma 6.2. If

coNTIME(n) ⊆ NTIME(nc) ∩NTISP(nd, ne)

for some reals c, d, and e then for every nonnegative integer k, time function t, and space

function s ≤ t,

NTISP(t, s) ⊆ NTIME
(
(tsk)γk + (n + s)ak

)
,

where γ0 = 1, a0 = 1, and γk and ak are defined recursively for k > 0 as follows: Let

µk = max(γk(d+ ek), eak), (6.5)

then

γk+1 = cγkµk/(1 + γkµk), (6.6)

and

ak+1 = cak ·max(1, µk). (6.7)

Proof. The proof is by induction on k. The base case k = 0 is trivial. To argue the inductive

step, k → k + 1, we consider a nondeterministic machine M running in time t and space s

and construct a simulation with the goal of achieving a speedup at the cost of sacrificing the

space bound. We begin by simulating M in the third level of the polynomial-time hierarchy

via the divide-and-conquer speedup (3.5) using b > 0 blocks (to be determined later); this

simulation is in

∃bs∀log t NTISP(t/b, s)
︸ ︷︷ ︸

(∗)

. (6.8)

We focus on simulating the computation of (∗) as described above. Recall that the input

to (∗) consists of the original input x of M as well as two configuration descriptions of size

O(s), for a total input size of O(n + s). The inductive hypothesis allows the simulation of

(∗) in

NTIME((
t

b
sk)γk + (n+ s)ak). (6.9)
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In turn, this simulation can be complemented while simultaneously introducing a space

bound via the assumption of the lemma; namely, (6.9) is in

coNTISP

(

((
t

b
sk)γk + (n+ s)ak)d, ((

t

b
sk)γk + (n + s)ak)e

)

, (6.10)

where here the (n+s)ak term subsumes the O(n+s) term from the input size because ak ≥ 1.

The space bound allows for a simulation via the inductive hypothesis once more, yielding a

simulation of (∗) in

coNTIME
(
(( t

b
sk)γk + (n+ s)ak)γk(d+ek) + (n+ s+ (( t

b
sk)γk + (n + s)ak)e)ak

)

⊆ coNTIME
(
( t

b
sk)γkµk + (n + s)akµk + (n+ s)ak

)
.

(6.11)

Replacing (∗) in (6.8) by (6.11) eliminates an alternation, lowering the simulation of M

to the second level:

∃bs ∀log tcoNTIME

(

(
t

b
sk)γkµk + (n + s)akµk + (n+ s)ak

)

︸ ︷︷ ︸

(∗∗)

(6.12)

We now complement the conondeterministic computation represented by (∗∗) via the

lemma’s assumption that NTIME(n) ⊆ coNTIME(nc), eliminating one more alternation in

the simulation of M . Specifically, since (∗∗) takes input of size O(n + bs), this places the

simulation in

∃bsNTIME
(
(( t

b
sk)γkµk + (n + s)akµk + (n+ s)ak + (bs + n))c

)

⊆ NTIME(((
t

b
sk)γkµk

︸ ︷︷ ︸

(ց)

+(n + s)akµk + (n+ s)ak + bs
︸︷︷︸

(ր)

)c), (6.13)

where the inclusion holds by collapsing the adjacent existential phases (and the time required

to guess the O(bs) configuration bits is accounted for by the observation that c ≥ 1).

Therefore, we have arrived at a simulation that gives rise to an inclusion of NTISP(t, s)

in NTIME(·); all that remains is to choose b to optimize the running time. Notice that the

running time of the simulation in (6.13) has one term, (ր), that increases with b and one

term, (ց), that decreases with b. The running time is optimized up to a constant factor by
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choosing b to equate the two terms, resulting in a choice of

b∗ =

(
(tsk)γkµk

s

)1/(1+γkµk)

.

When this value is at least 1, the running time of the nondeterministic simulation (6.13) is

O
(
(tsk+1)cγkµk/(1+γkµk) + (n+ s)cakµk + (n+ s)cak

)
,

resulting in the recurrences (6.6) and (6.7). If b∗ < 1, then b = 1 is the best we can do; the

desired bound still holds since in this case (ր) + (ց) = O(s), which is dominated by the

(n+ s)ak+1 term.

Under the assumption of Lemma 6.2, we can further deduce that for a sufficiently large

polynomial τ ,

coNTIME(τ) ⊆ NTISP(τd, τ e) ⊆ NTIME(τ (d+ek)γk + τ eak) = NTIME(τµk), (6.14)

which is a contradiction with the direct diagonalization argument of Lemma 3.2 when µk < 1.

Therefore, the key question is for what values of c, d, and e does µk take on a value less

than 1. Our analysis focuses on small values of e and shows how such a setting allows us to

exhibit the desired behavior in µk.

Theorem 6.3. For all reals c and d such that c2d < 4 there exists a positive real e such that

coNTIME(n) * NTIME(nc) ∩ NTISP(nd, ne).

Proof. The case where either c < 1 or d < 1 is ruled out by Lemma 3.2. For c ≥ 1 and

d ≥ 1, assume (by way of contradiction) that

coNTIME(n) ⊆ NTIME(nc) ∩NTISP(nd, ne)

for a value of e to be determined later. As noted above, the theorem’s assumption in

conjunction with Lemma 6.2 yields the complementation (6.14) for any integer k ≥ 0 and

sufficiently large polynomial bound τ .
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Our goal is now to characterize the behavior of µk in terms of c, d, and e. This task

is facilitated by focusing on values of e that are small enough to smooth out the complex

behavior of µk caused by (i) the appearance of the nonconstant term ek in the recurrence

and (ii) its definition via the maximum of two functions.

We first handle item (i) by introducing a related, nicer sequence by substituting a real β

(to be determined) as an upper bound for ek: Let

µ′
k = max(γ′k(d+ β), ea′k), (6.15)

where γ′0 = 1, a′0 = 1 and

γ′k+1 = cγ′kµ
′
k/(1 + γ′kµ

′
k), (6.16)

and

a′k+1 = ca′k ·max(1, µ′
k). (6.17)

As long as β behaves as intended, i.e., that ek ≤ β, we can show by induction that γk ≤ γ′k,

ak ≤ a′k, and µk ≤ µ′
k. Therefore, µ′

k upper bounds µk up to a value of k that depends on e,

and this k-value becomes large when e is very small. This allows us to use µ′
k as a proxy for

µk in our analysis.

To smooth out the behavior caused by issue (ii), we point out that the first term in the

definition (6.15) of µ′
k is larger than the second when e is very small. Provided that this is

the case, µ′
k equals the sequence νk defined as follows:

ν0 = d+ β

νk+1 = ν2
kc(d+ β)/((d+ β) + ν2

k).
(6.18)

This delivers a simpler sequence to analyze. Notice that because the underlying transforma-

tion

η → η2c(d+ β)/((d+ β) + η2) (6.19)

is increasing over the positive reals, the sequence νk is monotone in this range. It is decreasing

if and only if ν1 < ν0, which is equivalent to (c−1)(d+β) < 1. Furthermore, when c2(d+β) <

4, the transformation has a unique real fixed point at 0. Since the underlying transformation



93

is also bounded and starts positively, the sequence νk must decrease monotonically to 0 in

this case.

Therefore, when c2d < 4 we can choose a positive β such that νk becomes as small as we

want for large k. Provided that β, e, and k satisfy the assumptions required to smooth out

items (i) and (ii), this also gives us that µk is small. More formally, let k∗ be the first value

of k such that νk < 1. Then to satisfy item (i), we require that

ek∗ ≤ β. (6.20)

For item (ii), we require that the first term in the definition (6.15) of µ′
k dominates the

second up to this point, namely,

γ′k(d+ β) ≥ ea′k for all k ≤ k∗. (6.21)

When all of these conditions are satisfied, we have that

µk∗ ≤ µ′
k∗ = νk∗ < 1,

and the running time of the conondeterministic simulation represented by (6.14) for k = k∗

runs in time

O(τµk∗ ) = O(τµ′
k∗ ) = O(τ νk∗ ). (6.22)

Therefore, by choosing a small enough positive e to satisfy the finite number of con-

straints in (6.20) and (6.21), we arrive at our goal of exhibiting an exponent cost in the

complementation of (6.14) that is smaller than 1. This is a contradiction, which proves the

desired lower bound for coNTIME(n).

The proof of Theorem 6.3 establishes c2d < 4 as a sufficient condition for our approach

to work but it isn’t clear that the condition is also necessary. For completeness we include

an argument showing that our analysis in the proof is tight — our approach does not work

for any setting with c2d ≥ 4.

Referring to the notation used in the proof of Theorem 6.3, our approach works if we can

find a value of µk < 1 so that (6.14) contradicts Lemma 6.2. Without loss of generality, we
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can assume that the space-efficient simulation only uses logarithmic space, in which case the

sequence µk simplifies to νk given by (6.18), where the term β is negligible. Since ν1 ≥ 1,

νk has to decrease in order to obtain a contradiction; as this happens when (c − 1)d < 1,

we can rule out success in settings with c2d ≥ 4 and d = 1, or c ≥ 2. For c2d = 4 and

d > 1, the underlying transformation (6.19) has a unique positive fixed point to which the

sequence νk converges, namely cd/2 =
√
d, which is less than d. If we let c grow, the double

fixed point separates into two positive fixed points that gradually diverge from but remain

centered around cd/2. As long as the largest of the two fixed points remains less than d, the

sequence converges to it in a monotone decreasing way. At the verge where that fixed point

reaches d, the sequence remains constant, which means that (c− 1)d = 1. Beyond that the

sequence monotonically increases to the larger fixed point. This argument implies that at

all times νk ≥ cd/2. In order to have νk < 1, we would need cd < 2, which is incompatible

with our assumption that c2d ≥ 4 and d > 1.

6.2 Lower Bounds for Randomized Machines with One-Sided Er-

ror

Theorem 1.6 yields the same lower bounds for randomized machines with one-sided error

as a special case. However, we can take advantage of the extra structure provided by such

machines to establish a better lower bound in the latter setting.

Theorem 1.7 (restated). For every constant c < 2 cos(π/7) ≈ 1.801 there exists a positive

constant d such that tautologies cannot be solved by randomized random-access machines with

one-sided error running in time nc and space nd.

In fact, we actually prove time-space lower bounds for a more powerful class of machines,

namely nondeterministic machines that are restricted to guess few bits.

Theorem 6.4. For any constant c < 2 cos(π/7) ≈ 1.801 there exists positive reals a and d

such that tautologies cannot be solved by nondeterministic random-access machines that run

in time nc, space nd, and nondeterministically guess only na bits.
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By way of the space-bounded derandomization of Theorem 4.3, a space-bounded ran-

domized machine with one-sided error can be made to use very few random bits. Since a

randomized machine with one-sided error is also a special type of nondeterministic machine,

we can view the one-sided error machines obtained by Theorem 4.3 as nondeterministic ma-

chines which guess very few random bits. Thus, the time-space lower bounds of Theorem

1.7 follow as a corollary to Theorem 6.4.

Proof of Theorem 1.7. By the derandomization of Theorem 4.3, if tautologies can be solved

in RTISP(nc′ , nd), then it can also be solved in ∃nd log nDTISP(nc′ polylog(n), nd). This

contradicts Theorem 6.4 as long as c′ < 2 cos(π/7) and d < min(a∗, d∗), where a∗ and

d∗ are the values given by Theorem 6.4 for a and d, respectively, for some c such that

c′ < c < 2 cos(π/7).

Our main technical contribution for Theorem 1.7 is to upgrade existing indirect diago-

nalization arguments for the deterministic setting to handle a small number of guess bits.

This follows by showing that these guesses can effectively be ignored, so that we can proceed

almost as we do in the deterministic arguments. For example, consider the task of speed-

ing up a subpolynomial-space nondeterministic machine that guesses only a subpolynomial

number of bits. We can do this by way of the divide-and-conquer speedup for nondeter-

ministic machines given by (3.5), but this adds one more alternation than the speedup for

deterministic machines. Alternatively, we can view the machine as one that guesses a sub-

polynomial number of bits, writes them down on a worktape, and then verifies this guess

with a subpolynomial-space deterministic machine. Since little time is spent in the guessing

stage, we can speed up the entire machine by only focusing on the verification stage. The

latter is deterministic and space-bounded, so it can be sped up by a Σ2-simulation. This

results in a computation that nondeterministically guesses a small number of bits and then

verifies them with a Σ2-machine, which is overall a faster Σ2-machine. Thus, we’ve realized

a speedup using only one alternation, just as in the deterministic case. The conditional
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elimination of alternations works similarly. Some careful accounting is required to show that

these ideas work for small polynomial numbers of guess bits.

We instantiate our techniques within the current state-of-the-art time-space lower bound

for satisfiability [Wil07b]. This proof proceeds in two stages: first, we show that the indirect

diagonalization assumption allows for a conditional speedup of space-bounded deterministic

machines that is better than that given unconditionally by (3.1); we then use this improved

speedup in a bootstrapping argument to derive more and more efficient complementations

of the second level of the polynomial-time hierarchy, until one contradicts the known di-

agonalization argument of Lemma 3.2. The latter part takes a form similar to that of the

main lemma for our randomized lower bounds, Lemma 4.11, although we must pay careful

attention to the effect of input sizes in order to achieve the best quantitative result.

6.2.1 Lower Bound for Few Guess Bits

We set out to prove Theorem 6.4 by proving lower bounds for the class coNTIME(n);

these transfer to tautologies via the tight connection given by Theorem 2.3. It is actually

more convenient for us to prove results about the complementary classes, so we write the

assumption of the indirect diagonalization argument as:

NTIME(n) ⊆ ∀na

DTISP(nc, nd). (6.23)

This unlikely scenario certainly yields an efficient complementation with which we can elim-

inate alternations, and it is actually strong enough to allow for something more: under this

hypothesis, we can improve the space-bounded speedup of (3.2) for certain values of a, c and

d.

Lemma 6.5. Suppose that

NTIME(n) ⊆ ∀na

DTISP(nc, nd) (6.24)

for positive reals a, c ≥ 1, and d such that c+ d ≤ 2 and a ≤ c + d − 1. Then for any time

function t, space function s, and integer j ≥ 0,

DTISP(t, s) ⊆ Σ2TIME((ts)γj + n + s), (6.25)
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where γ0 = 1
2

and γj+1 =
(c+d)γj

(c+d)γj+1
.

Before proving the lemma, we analyze the sequence (γj)j in order to clearly assess the

speedup represented by Lemma 6.5. In fact, we study sequences that have the general form

of (γj)j , as we encounter another one later.

Proposition 6.6. For any positive reals r and ξ0, the sequence

ξi+1 =
rξi

rξi + 1

converges monotonically to 1− 1
r

if r ≥ 1 and to 0 otherwise; it is decreasing if and only if

ξ0 > 1− 1
r
.

Proof. Notice that the transformation underlying the sequence (ξi)i,

x 7→ rx

rx+ 1
, (6.26)

is increasing over the reals. It follows that the sequence (ξi)i is monotonic and that it

decreases if and only if ξ0 < 1− 1
r
. Furthermore, (6.26) has fixed points at 0 and 1− 1

r
; since

(ξi)i is continuous and bounded, it must converge to one of these fixed points. Notice that

the condition for the sequence to be decreasing corresponds exactly to the start point being

greater than the fixed point at 1− 1
r
. Thus, the sequence converges to 1− 1

r
as long as this

value is nonnegative, namely, when r ≥ 1. Otherwise, the sequence converges to the other

fixed point at 0.

The sequence (γj)j is the same as (ξi)i in Proposition 6.6 for r = (c + d). Since γ0 = 1
2

and c ≥ 1, the proposition tells us that (γj)j decreases monotonically to 1 − 1
c+d

. Thus,

when s is small, Lemma 6.5 essentially offers a (1 + 1
c+d−1

)th-root speedup of a DTISP(t, s)

machine on a Σ2-machine, provided this running time remains at least linear. Recall that the

unconditional speedup offered by (3.2) gives a similar square-root speedup. Thus, Lemma

6.5 offers a greater speedup than we had unconditionally when c+ d < 2.

We prove Lemma 6.5 by inductively deriving better and better speedups of DTISP(t, s)

into Σ2. The inductive step uses the unconditional speedup (3.1) and the assumption (6.23)
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of the indirect diagonalization argument to go from a speedup in Σ2 to one in NP with a

space-bounded verification procedure. We apply the inductively derived speedup into Σ2 to

this verification, resulting in an overall simulation in Σ2. Choosing the number of blocks

used in the initial step to optimize the final running time results in each new speedup being

superior to the previous for certain ranges of a, c and d.

Proof of Lemma 6.5. The proof is by induction on j. For the base case j = 0, (6.25) holds

unconditionally by the standard square root speedup of (3.2). For the inductive step j →
j + 1, consider a DTISP(t, s) computation. We speed up this computation using (3.1):

DTISP(t, s) ⊆ ∃bs ∀log bDTISP(t/b, s)
︸ ︷︷ ︸

(i)

.

We can see that (i) represents a computation in conondeterministic time O(t/b) taking

an input of length O(n + bs). Thus, the assumption (6.24) gives a simulation of (i) which

yields

DTISP(t, s) ⊆ ∃bs∃(t/b+n+bs)a

︸ ︷︷ ︸

(ii)

DTISP((t/b+ n + bs)c, (t/b+ n+ bs)d)
︸ ︷︷ ︸

(iii)

.

Notice that the final space-bounded deterministic stage (iii) takes an input of size O(n +

bs + (t/b)a) provided a ≤ 1, so the inductive hypothesis yields a simulation of this stage in

Σ2TIME(((t/b+ n+ bs)c+d)γj + n+ bs + (t/b)a + (t/b+ n + bs)d).

Merging the initial existential phase of this simulation with that represented by (ii), we see

that we have arrived at a simulation of DTISP(t, s) on a Σ2-machine running in time big-O

of

bs+ (t/b+ n+ bs)max(a,d) + ((t/b+ n+ bs)c+d)γj + n.

To simplify this, notice that when c + d ≤ 2, we have that (c + d)γj ≤ 1 (since γj ≤ 1
2
). If

c ≥ 1, we have d ≤ (c + d)γj (since γj ≥ 1 − 1
c+d

). Furthermore, if a ≤ c + d − 1, we have

a ≤ (c+d)γj (since γj ≥ 1− 1
c+d

). Under these conditions, the above running time simplifies

to big-O of

bs + (t/b)(c+d)γj + n.
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To minimize this running time up to a constant factor, we choose a value for b such that

bs = (t/b)(c+d)γj , namely

b∗
.
= (

t(c+d)γj

s
)1/((c+d)γj+1).

If b∗ ≥ 1, this choice results in a running time in big-O of

(ts)
(c+d)γj

(c+d)γj+1 + n = (ts)γj+1 + n.

On the other hand, if b∗ < 1, then b = 1 is the best we can do; this yields a running time

of O(s+ n). In either case, O((ts)γj+1 + n + s) is an upper bound on the running time. By

induction, (6.25) holds for all j ≥ 0 and a, c, and d as above.

We point out that, under the conditions of Lemma 6.5, we can actually derive a comple-

mentation within the second level of the polynomial-time hierarchy that is at least as good

as the one provided by the indirect diagonalization hypothesis, (6.23), alone. To see this, we

write

Π2TIME(n) ⊆ ∃nac

DTISP(nc2, ncd)

⊆ Σ2TIME(nc(c+d)γj + ncd + nac + n), (6.27)

where the first inclusion holds by using (6.23) twice and the second holds by Lemma 6.5.

Thus, the new complementation of the second level comes at the cost of raising the running

time to the power of c(c+d)γj, compared to the cost of c in the hypothesis (6.23) (assuming

the nc(c+d)γj term dominates the running time in (6.27); if this isn’t the case, then we already

have a better complementation for a, d < 1). Since γj → 1− 1
c+d

, the exponent cost c(c+d)γj

approaches c(c+ d− 1), which is at most c when c+ d ≤ 2: the new complementation (6.27)

is at least as good under these conditions.

This leads to an approach to derive even better speedups than those offered by Lemma 6.5:

rather than staying within the second level and eliminating alternations with the hypothesis

(6.23), we go beyond the second level where we can reap the benefits of greater speedups

offered by using more alternations and where we can eliminate alternations more efficiently

using (6.27).
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Lemma 6.7. Suppose that

NTIME(n) ⊆ ∀na

DTISP(nc, nd) (6.28)

for positive reals a, c ≥ 1, and d such that c+ d ≤ 2 and a ≤ c + d − 1. Then for any time

function t, space function s, and integers j, k ≥ 0,

DTISP(t, s) ⊆ Σ2TIME
(

(tsk)βj,k + (n+ s)ck
)

, (6.29)

where βj,0 = γj and βj,k+1 =
(c+d)cγjβj,k

(c+d)cγjβj,k+1
for (γj)j defined as in Lemma 6.5.

Before proving Lemma 6.7, we compare its speedup to that offered in Lemma 6.5 by

observing the behavior of the exponent βj,k relative to γj. For a fixed j, the sequence (βj,k)k

is of the form (ξk)k in Proposition 6.6 for r = (c + d)cγj. Since (βj,k)k begins at γj, the

behavior we are interested in is if (βj,k)k is decreasing; this occurs when γj > 1− 1
c(c+d)γj

by

Proposition 6.6. Recall that, when c+ d ≤ 2 for positive d, we have 1− 1
c+d
≤ γj ≤ 1

2
. Thus,

1− 1

c(c+ d)γj
< 1− 1

c+ d
≤ γj,

so we conclude that (βj,k)k is decreasing when c + d ≤ 2. Therefore, Lemma 6.7 represents

an improvement of Lemma 6.5 for sufficiently large polynomials t and small enough s.

Proof of Lemma 6.7. The proof is by induction on k. The base case k = 0 follows directly

from Lemma 6.5. For the inductive step k → k+1, consider the speedup of DTISP(t, s) into

Σ2 given by (3.1):

DTISP(t, s) ⊆ ∃bs ∀log b DTISP((t/b), s)
︸ ︷︷ ︸

(i)
︸ ︷︷ ︸

(ii)

.

Recall that the computation represented by (i) takes as input the descriptions of two con-

figurations in addition to the global input, for an input size of O(n + s). The inductive

hypothesis in combination with the assumption of the lemma allows us to simulate (i) in

Π2TIME

(

(
t

b
sk)βj,k + (n+ s)ck

)

⊆ coNTIME

(

((
t

b
sk)βj,k + (n + s)ck

)c

)

.
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Thus, we have that (ii) can be simulated by a computation in coNP that takes an input of

size O(n+ bs). The assumption of the lemma allows us to simulate (ii) in

∃(t∗)a

DTISP((t∗)c, (t∗)d)
︸ ︷︷ ︸

(iii)

,

where

t∗
.
= ((

t

b
sk)βj,k + (n+ s)ck

)c + bs.

The input to (iii) includes the input to (ii) in addition to (t∗)a guess bits. Lemma 6.5 allows

us to speed up (iii) by a simulation in

Σ2TIME((t∗)(c+d)γj + n + bs+ (t∗)a).

Putting all of the simulations together and merging adjacent existential quantifiers, we

have a Σ2-simulation of DTISP(t, s) that runs in time

O
(
(t∗)max(a,(c+d)γj ) + n+ bs

)
.

Provided that c+ d ≤ 2, we have seen that the sequence (γj)j decreases monotonically from

1
2

to 1− 1
c+d

. In this case, we note that the exponent of max(a, (c+d)γj) in the above running

time simplifies to (c + d)γj provided that a ≤ c + d − 1; furthermore, this exponent is at

most 1. In this case, expanding t∗ shows that the running time is

O

(

(
t

b
sk)(c+d)cγjβj,k + bs + (n+ s)ck+1

)

.

We minimize this expression up to a constant factor by choosing b so that the two terms

depending on b are equal. This occurs at the value

b∗
.
= (t(c+d)cγjβj,ksk(c+d)cγjβj,k−1)

1
(c+d)cγjβj,k+1 .

When b∗ ≥ 1, this yields a running time of

O

(

(tsk+1)
(c+d)cγjβj,k

(c+d)cγjβj,k+1 + (n+ s)ck+1

)

= O
(

(tsk+1)βj,k+1 + (n+ s)ck+1
)

If b∗ < 1, then b∗ = 1 is the best we can do, and the running time becomes O(s+(n+s)ck+1
) =

O((n+ s)ck+1
). Either case completes the inductive step, proving the lemma.
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We now prove Theorem 6.4 by showing that the speedup offered by Lemma 6.7 actually

cannot exist for certain values of a, c and d.

Proof of Theorem 6.4. Assume by way of contradiction (and Theorem 2.3) that

NTIME(n) ⊆ ∀na

DTISP(nc, nd),

where c is given and the positive reals a and d are to be determined later. We must have

c ≥ 1 or else we have an immediate contradiction with Lemma 3.2 by choosing a ≤ 1. When

c+ d ≤ 2 and a ≤ c+ d− 1, the hypothesis in addition to Lemma 6.7 yields

Σ2TIME(τ) ⊆ ∀τac

DTISP(τ c2 , τ cd)

⊆ Π2TIME
(

τ (c2+kcd)βj,k + (n + τac + τ cd)ck
)

(6.30)

for integers j and k and time function τ ≥ n. We wish to determine the values of c where

βj,k < 1/c2 (6.31)

for large enough j and k and some positive d. In this case, choosing τ to be a large enough

polynomial,

d <
1/βj,k − c2

kc
, and a, d < 1/ck+1, (6.32)

results in the running time of τ 1−ǫ for positive ǫ in the right-hand side of (6.30). This

contradicts the direct diagonalization argument of Lemma 3.2, yielding the lower bound for

such c.

Of course, we must ensure that choosing parameters in this way is possible: the choice of

j and k that satisfies (6.31) depends on the choice of d, which in turn depends on the choice

of k in (6.32). We claim that it is valid to first determine j and k as in (6.31) for some initial

value of d and then reduce d to comply with the upper bounds (6.32) that depend on k.

This follows because (γj)j and (βj,k)k only become smaller when d is made smaller, making

(6.31) and (6.32) easier to satisfy.

Therefore, we focus on satisfying (6.31). For fixed j, (βj,k)k converges to either 0 or

1 − 1
(c+d)cγj

. We are done in the case of the former, as we can pick k large enough to



103

have (βj,k)k smaller than any positive constant. In the case of the latter, notice that this

fixed point approaches 1 − 1
(c+d−1)c

as j grows, since γj → 1 − 1
c+d

. We want this limit

point to be less than 1/c2 in order to satisfy (6.31) for large enough j and k; provided that

1 − 1
(c−1)c

< 1/c2, we can choose a positive d so that this holds. The condition on c is

equivalent to c3 − c2 − 2c + 1 < 0. Standard techniques to solve cubic equations show that

this occurs in the range of c ≥ 1 as long as c < 2 cos(π/7).

In either case, whenever c < 2 cos(π/7) the above method of setting a, d, j, and k given

an initial positive value of d such that 1 − 1
(c+d−1)c

< 1/c2 and c + d ≤ 2 leads to a setting

that is guaranteed to satisfy (6.31) and lead to the desired contradiction.

6.3 Conclusion and Open Problems

This chapter presents the current state-of-the-art time-space lower bounds for the tau-

tologies problem. On the one hand, we improve the quantitative strength of time-space

lower bounds for tautologies on nondeterministic machines, boosting the time exponent from
√

2 ≈ 1.414 to 3
√

4 ≈ 1.587. On the other hand, we strengthen the best known time-space

lower bounds for tautologies on deterministic machines by proving lower bounds of the same

strength for randomized machines with one-sided error. The latter result is tantalizingly

close to a full-fledged, nontrivial time-space lower bound for satisfiability on randomized

machines with two-sided error.

Aside from bridging the gap to two-sided error algorithms, the most compelling avenue for

future work is to improve the quantitative strength of the lower bounds for tautologies. There

is no a priori reason to believe that the exponents involved for nondeterministic machines,

3
√

4, or for one-sided error machines, 2 cos(π/7), could not be improved upon in the near

future by making modifications to current arguments. For example, one might think that

applying the inductive hypothesis more than twice per step in the case of nondeterministic

machines or more than once per step in the case of one-sided error machines would lead

to further progress, but this approach fails. In fact, an automated search exploiting the

regularity within current indirect diagonalization practices revealed no evidence of any proof
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doing better [Wil07a]. Therefore, we believe that an improvement to these lower bounds

must involve novel ingredients or even a completely new approach to proving lower bounds

for NP-complete and related hard problems.

One way that we might get more mileage out of current indirect diagonalization argu-

ments is to find new ways to exploit their structure. This approach has already yielded

dividends: our improvement to nondeterministic lower bounds relies on the input-size be-

havior of the divide-and-conquer speedup (3.5) in a key way. In fact, this speedup contains

another promising detail that has yet to be fully exploited: one of the quantifiers is only

over a logarithmic number of bits. It might be possible to achieve better lower bounds by

finding a technique to remove such small quantifiers at a reduced cost.
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