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Abstract. Thispapershavshow to achieve,undercertainconditions abstract-interpretation
algorithmsthat enjoy the bestpossibleprecisionfor a given abstractionThe key ideais a
simple procesof successie approximatiorthatmakesrepeatedtallsto a decisionproce-
dure, and obtainsthe bestabstractvalue for a setof concretestoresthat are represented
symbolically usingalogical formula.

1 Intr oduction

Abstractinterpretatior6] is awell-establishedechniqudor automaticallyproving cer
tainprogrampropertiesin abstractnterpretationsetsof programstoresarerepresented
in a conserative mannerby abstractvalues.Eachprogramstatements givenaninter
pretationover abstractvaluesthatis conserative with respecto its interpretatiorover
correspondingetsof concretestoresthatis, theresultof “executing”a statemenmust
be an abstractvaluethatdescribes supersebdf the concretestoresthatactuallyarise.
This methodologyguaranteethattheresultsof abstracinterpretatioroverapproximate
thesetsof concretestoresthatactuallyariseat eachpointin the program.

In [7], it is shown that, undercertainreasonableonditions,it is possibleto give a
speci cationof themost-precisabstractnterpretatiorfor agivenabstractiomain.For
a Galois connectionde ned by abstractiorfunction and concretizatiorfunction
the bestabstractpostoperatorfor transition , denotedby , canbe expressed
in termsof theconcretepostoperatorfor , asfollows:

1)

Thisde nesthelimit of precisionobtainablaisingagivenabstractionHowever, Eqn.(1)
is non-constructie; it doesnot provide analgorithmfor nding or applying

Graf and Sadi [11] shaved thatdecisionprocedureganbe usedto generatebest
abstractransformerdor abstractdomainsthatare x ed, nite, Cartesiamproductsof
Booleanvalues.(The useof suchdomainsis known as predicateabstiaction predi-
cateabstractions alsousedin SLAM [2] and othersystemg8, 12].) The work pre-
sentedin this papershovs how someof the bene ts enjoyed by applicationsthat use
the predicate-abstractioapproachcan also be enjoyed by applicationsthat use ab-
stractdomainsotherthanpredicate-abstractiodomains.In particular this papers re-
sultsapplyto arbitrary nite-height abstracdomains notjustto Cartesiarproductsof
BooleansFor example, it appliesto theabstractlomainsusedfor constanpropagation
andcommon-subgpressiorelimination[14]. Whenappliedto a predicate-abstraction
domain,the methodhasthe sameworst-caseompleity asthe Graf-Sadi method.

To understandvherethe dif culties lie, considerhow they areaddressedh predi-
cateabstractionin generaltheresultof applying to anabstracwvalue is anin nite
setof concretestores;Graf andSadi sidestephis dif culty by performing symboli-
cally, expressingheresultof asaformula . They thenintroducea functionthat,
in effect,is thecompositiorof and (it applies to andmapstheresult



backto theabstracdomain.In otherwords,Eqn. (1) is recastusingtwo functionsthat
work atthesymboliclevel, and 23 suchthat .

To provideinsightonwhatopportunitiesexist aswe movefrom predicate-abstraction
domainsto the more generalclassof nite-height lattices,we rst address simpler
problemthan , hamely

How can beimplemented7hatis, how canoneidentify themost-precisab-
stractvalueof a givenabstracdomainthatoverapproximatea setof concrete
storesthatarerepresentedymbolically?

We thenemploy the basicideausedin  to implementour own versionof
The contributionsof the papercanbe summarizedsfollows:

— The papershavs how someof the bene ts enjoyed by predicateabstractioncan
be extendedto arbitrary nite-height abstractdomains.In particular we describe
methoddor eachof the operationsieededo carryout abstracinterpretation.

— With somelogics, the resultof applying to a givensetof concretestores
(representedymbolically)canalsobe expressedgymbolically asaformula . In
this casewe canproceedy computing . For otherlogics,however, cannot

be expressedymbolicallywithout passingo a more powerful logic. For instance,
If setsof concretestoresarerepresenteavith quanti er-free rst-order logic,
it mayrequirequanti ed rst-order logic to express
If setsof concretestoresarerepresentedvith a decidablesubsebf rst-order
logic, it mayrequiresecond-ordelogic to express

In suchsituationsthe procedurghatwe give to compute providesaway
to computethe besttransformemvhile stayingwithin the originallogic.

Theremainderf the paperis organizedasfollows: Sect.2 motivatesthe work by
presentingan procedurdor aspeci ¢ nite-heightlattice.Sect.3 introducegerminol-
ogyandnotation.Sect4 presentshegeneratreatmenbf procedurefor nite-height
lattices.Sect.5 discussesymbolictechniquegor implementingransferfunctions(i.e.,

). Sect.6 makessomeadditionalobsenationsaboutthe work. Sect.7 dis-
cusseselatedwork.

2 Motivating Examples

This sectionpresentsseveral examplesto motivatethe work. The treatmenthereis at
a semi-formallevel; a moreformal treatments givenin later sections(This section
assumes certainamountof backgroundn abstracinterpretationsomereadersmay
nd it helpfulto consultSect.3 beforereadingthis section.)

Theexampleconcerns simpleconcretedomain:let denotethesetof variables
in the programbeinganalyzedthe concretedomainis

Predicate Abstraction A predicate-abstractiotlomain is basedonaset of
predicatenamesgachof which hasan associatedle ning formula: o
. Eachvaluein is a setof possiblynegatedsymbolsdrawvn from

, Wwhereeachsymbol s eitherpresenin positive or negative form (but not both),

or absententirely, For instancewith o o “ valuesin
include , , ,and .

% We usethediacritic  onasymbolto indicatean operatiorthateitherproducesr operate®n
asymbolicrepresentationf a setof concretestores.



We will usea predicate-abstractiodomainin which thereis a Booleanpredicate

o for each andeachdistinctconstant thatappearsn theprogram.
For instanceif the programis

(2)

def def

the predicate-abstractiodomainis basedon the predicateset ,
def def def def

Note that this domaindoesnot provide an exact representatiomf the nal statethat
arises, . The bestthat can be doneis to usethe abstractvalue

, which provideslimited informationaboutthevalue
of x.

Our choice of predicate-abstractiodomain was
madesolelyfor the sale of simplicity. With a differentchoiceof predicatesye could
have retaineda greateror lesseramountof informationaboutthevalueof x in thestate
after program(2); however, therewould alwaysbe someprogramthat givesrise to a
statein which informationis lost.

The  Function for Predicate-Abstraction Domains One of the virtues of the
predicate-abstractiomethodis thatit providesa procedureto obtaina most-precise
abstractvalue,given (a speci cationof) a setof concretestoresasa logical formula
[11]. We will call this procedure ; it relieson theaid of a decisionprocedureand
canbede ned asfollows:

is valid is valid 3)
Forinstancesupposé¢hat istheformula , whichcaptures
the nal stateof program(2). For to produceheanswer

, the decisionproceduremust demonstratehat the
following formulasarevalid:

Going Beyond PredicateAbstraction We now show thatthe ability to implementthe
functionof aGaloisconnectiorbetweeraconcreteandabstractiomainis notlimited
to predicate-abstractiatiomainsin particular we will demonstratghis for theabstract
domainusedin the constant-propagatigoroblem: . Theabstractvalue
represents; anabstractaluesuchas representall concrete
storesin which programvariables and arebothmappedo .4

Theprocedurdo implement for the constant-propagatictiomain,which we call

, IS actuallyaninstanceof a generalprocedurefor implementing functionsthat

appliesto afamily of Galoisconnectionsilt is presentedh Fig. 1; is theinstanceof
this procedurén which thereturntype is , and“structure”in line [5]
means‘concretestore”.

4 We write abstractvaluesin Courier typeface (e.g., ), and concrete

storesn Romantypeface(e.g., ).



[1] (formula )

[2] ans =

[3] =

[4] while ( is satisfiable)

[5] Select a structure such that
[6] ans = ans

[7] ans

(8]

[9] return  ans

[10]

Fig. 1. An algorithmto obtain, with the aid of a decisionprocedurea most-precise
abstractaluethatoverapproximatea setof concretestoresln Sect.2, thereturntype
Lis , and“structure”in line [5] means‘concretestore”.

As with procedure is permittedto make calls to a decisionprocedure
(seeline [5] of Fig. 1). We make oneassumptiorthatgoesbeyondwhatis assumedn
predicateabstractionnamely we assumehatthe decisionprocedurds a satis ability
checlerthatis capableof returninga satisfyingassignmentor, equivalently, thatit is a
validity checler thatreturnsa counter&ample.(In the latter case the countergample
obtainedby calling ProveValid( ) is asuitablesatisfyingassignment.)

Theotheroperationaisedin procedure are , ,and :

— Theconcreteandabstracdomainsarerelatedby a Galoisconnectiorde ned by a
representatiofunction thatmapsaconcretestore to anabstract
value . For instance, mapsthe concretestore

to theabstracvalue

— isthejoin operationn . Forinstance,

— Thereis anoperation thatmapsanabstractvalue to aformula suchthat
and representhe samesetof concretestores For instancewe have

Theresultingformulacontainsnoterminvolving because doesnotplace
ary restrictionson thevalueof

Operation permitstheconcretizatiorof anabstracstoreto berepresentedym-
bolically, usingalogical formula. This allows setsof concretestoresto bemanipu-
latedsymbolically via operation®n formulas.

To seehow works,considerthe program
(4)

andsupposéhat istheformula , which captureghe nal state
of program(4). The following sequenc®f operationavould be performedduring the



invocationof

Initialization:
Iterationl: /l Somesatisfyingconcretestore
Iteration2: /l Somesatisfyingconcretestore
ff
Iteration3: is unsatis®able
Returnvalue:
At this point the loop terminates, and returns the abstract value
. In effect, has automaticallydiscovreredthat in the ab-

stractworld the besttreatmenf the multiplication operatoris for it to be non-strictin
. Thatis, is amultiplicative annihilatorthatsupersedes:

Ingeneral, carriesoutaproces®f successie apprOX|matlonmaklngrepeated
callsto a decisionprocedurelnitially, issetto and is setto . On eachiter-
ationof theloopin , thevalueof becomes betterapproximatiorof the desired
answey andthe valueof describesa smallersetof concretestores,namely those

storesdescribedby that are not, asyet, coveredby . For instance at line [7]
of Fig. 1 during Iteration 1 of the secondexample of , hasthe value
, andthe updateto ans , sets to

. Thus, describegxactlythestoreghataredescribedy
, but arenot, asyet, coveredby

Eachtime aroundtheloop, selectsa concretestore suchthat . Then
uses and to performwhatcanbe viewed asa “generalization”operation: con-
verts concretestore  into an abstractstore;the currentvalue of is augmented
with using . For instance,at line [6] of Fig. 1 during Iteration 2 of the sec-
ond example of , 's value is changedfrom to
In otherwords, the generalizatiorfrom two possiblevaluesfor , and ,is

whichindicateshat maynotbeaconstanattheendof theprogram.
Fig. 2 presentsa sequencef diagramsthat illustrate schematicallyalgorithm
from Fig. 1.

3 Terminology and Notation

For us,concretestoresarelogical structues Theadwantageof adoptingthis outlookis
thatit allows potentiallyin nite setsof concretestorego berepresentedsingformulas.

De nition 1. Let bea nite setof predicatesymbolsgad with a
xed arity; let  denotethesetof predicatesymbolswith arity . Let
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Fig. 2. Schematiadiagramsthat illustrate the processcarriedout by algorithm
fromFig.1; , ,and denotethevaluesof , ,and  duringthe iteration.
(a) Initially, issetto and issetto ;  isastructuresuchthat
(b) is setto ;  Issetto ans ; isastructure
suchthat .Notethat belonggo ans .(c) is setto

;  issetto ans ; isastructuresuchthat .(d)
is setto ;  Issetto ans ; isastructuresuchthat
(e) is setto ;  Issetto ans .Inthecaseportrayechere,
theloop terminatesat this point because ff. The desiredansweris heldin
)] obtainsthemost-precisabstracwvalue thatoverapproximates

bea nite setof constantsymbolsLet bea nite setof function
symbolseadt with a xed arity; let  denotethe setof functionsymbolswith arity .
A logical structur e over vocakulary is a tuple in
which

— isa(possiblyin nite) setof individuals.
— istheinterpretationof predicatesymbolsi.e., for everypredicatesymbol ,
denoteghesetof -tuplesfor which holds.



— istheinterpretationof constantsymbolsj.e., for every constantsymbol ,
denotegheindividual associatedvith
— istheinterpretationof functionsymbolsj.e., for everyfunctionsymbol ,
maps -tuplesinto anindividual.

Typically, somesubsebf the predicatesymbolsconstansymbolsandfunctionsymbols
haveaninterpretationthatis xed in advancethisde nesa family of intendedmodels.
We denotethe(in nite) setof structuesover , wheketheinterpretationsof are
xed in advanceby

Examplel. In Sect.2, we considerecconcretestoresto be membersof
Thisis acommonway to de ne concretestoreshowever, in theremaindeiof the Umvmq
concretestoresare identi ed with logical structuresA storein which programvari-
ablesareboundto integervaluesis a logical structure over vocahulary
, Where is a mappingof programvari-

ablegto integers,andthesymbolsin

,and havetheir cmcm_Bmm:_:@m_uoq
instancean mxmq:n_moo:oﬁmﬁmﬂoaﬂoq aprogramin which is

5)
Henceforthwe abbreviatea storesuchas(5) by

To manipulatesetsof structuressymbolically we useformulasof rst-order logic
with equality If  is alogical structureand is a closedformula,the notation
meansthat satises accordingto the standardTarskiansemanticdor rst-order
logic (e.g.,se€[10]). Weuse  to denotethe setof concretestructureghatsatisfy

Example2.
De nition 2. A completejoin semilattice is a partially ordered set
with partial order , sud thatfor everysubset of , containsaleastupperbound
(or join), denotecdby

Theminimal element is .Weuse asa shorthandfor . We
write when and

The powersetof concretestores is acompletejoin semilattice,
where(i) iff , (i) , and(iii)
De nition 3. Let bea completgoin semilattice A strictly increas-
ing chainin isasequencefvalues sud that .Wesaythat has

nite height if everystrictly increasingchainis nite.
We now de ne anabstracdomainby meanf arepresentatiofunction[18].

De nition 4. Given a completejoin semilattice and a rep-
resentation function sud that for all



, a Galoisconnection is de-
ned by extending pointwisei.e., for and ,

It is straightforward to showthat this de nesa Galoisconnectionj.e,, (i) and are

monotonic(ii)  distributesover |, (iii) , and(iv) .
We saythat overapproximatesa setof conciete stores if Ctis
straightforwai to showthat is the most-pecise(i.e., least)abstmact valuethat

overapproximates

Example3. In ourexamplestheabstractiomainwill continueto betheoneintroduced

in Sect.2, namely .Aswesawv in Sect.2, mapsaconcretestorelike
to anabstracvalue . Thus,
Supposedhat abstractvalue is . Because doesnot

placeary restrictionsonthevalueof , wehave

4 Symbolic Implementation of the  Function

This sectionpresentsa generaframework for implementing functionsof Galoiscon-
nectionsusingprocedure from Fig. 1. nds the most-precisabstractvaluein
a nite-height lattice, givena speci cationof a setof concretestoresasa logical for-
mula . representsetsof concretestoressymbolically usingformulas,andinvokes
adecisionprocedureon eachiteration.

Theassumptionsf the framework areratherminimal:

— Theconcretedomainis the power setof

— The concreteand abstractdomainsarerelatedby a Om_o_moo::mozoam ned by
arepresentatiofunction thatmapsa structure toan
abstracvalue

— It is possibleto take thejoin of two abstract/alues.

— Thereis anoperation thatmapsanabstractvalue to aformula suchthat

(6)

Operation permitsthe concretizatiorof an abstractvalueto be representedymbol-
ically, usinga logical formula, which allows setsof concretestoresto be manipulated
symbolically via operationson formulas. (In this paper we use rst-order logic; in
generalhowever, otherlogicscouldbeused.)



Exampled. As we saw in Sect.2, because doesnot placeary restrictionson
thevalueof ,wehave . FromExs.2
and3, we know that

andthusEqn.(6) is satis ed.For , is de ned asfollows:

ff if
otherwise

Speci cation of Alpha Procedure isto implement , givena speci cationof a set
of concretestoresasa logical formula . Therefore, musthave the propertythatfor
all | .
Notethatalogicalformula representthesetof concretestores ; thus,
(andhence , aswell) is the most-precisabstractvaluethatoverapproximatethe
setof concretestoresepresentedymbolicallyby

Implementation of Alpha Procedure is givenin Fig. 1.

Exampleb. A traceof acallon for the constant-propagatictiomain
was presentedn Sect.2. In generalizingthe ideafrom Sect.2, concretestoreshave
beenidenti ed with logical structuresso insteadof writing, e.g.,

, we would now write

Theorem 1. Supposdhat the abstiact domainhas nite heightof at most . Given
input , hasthefollowing properties:

(i) Thelooponlines[4]-[8] in procedue is executedat most times.
(ii) (i.e., computeghe most-peciseabstact valuethat overap-
proximateghe setof concretestoresrepresentedgymbolicallyby ).

5 Symbolic Implementation of Transfer Functions

5.1 Transfer Functionsfor Statements

If is asetof predicateconstantor functionsymbols,let  denotethe samesetof
symbols but with a attachedo eachsymbol(i.e., iff ).

The interpretationof statementsnvolvesthe speci cation of transitionrelations
using formulas. Such formulas will be over a “double vocalulary”

, Whereunprimedsymbolswill bereferredto aspresent-state

symbols,and primed symbolsas next-statesymbols® The satishction relation for a
two-vocalularyformula will bewrittenas ,where and arestructures
overvocahularies and , respectiely; is called
atwo-vocallary structuse.

5 For economyof notation,we will not duplicatethe symbols whoseinterpretationis
®xedin adwance.



Example6. Theformulathatexpresseshesemantic®f anassignment with
respecto storesover vocahulary , de-

notedby , canbespeci edas o

For parallelform, we will alsoassumehatwe have two isomorphicabstractdo-
mains, and ,andassociatedariantsof and

Formula Formula

For the constant-propagatiodomain, this just meansthat a next-stateabstractvalue
producedby onetransition,e.qg., , canbeidenti ed as
thepresent-statabstractalue for the next transition®

Speci cation Givenaformula for a statemens transitionrelation,the resultof ap-
plying to asetof concretestores s

exists suchthat
(Note thatthis is a setof structuresover vocatulary ) is to returnthe
most-precis@bstracivaluein  thatoverapproximates
Implementation canbe computedby the procedurepresentedn Fig. 3.
After s initialized to in line [3], operatesrery muchlike , ex-
ceptthatonly abstraction®f the  structuresareaccumulatedn variableans' (see
lines[5] and[6]). Oneachiterationof theloopin , thevalueof ans’ becomes
abetterapproximatiorof the desiredanswerandthevalueof describe@ smallerset
of concretestoresnamelythose storeghataredescribedy , butwhose
range(i.e., projectionon the next-statesymbols)is not, asyet, coveredby ans'
[1] (two-vocabulary formula over , )
[2] ans' =
[3] =
[4] while ( is satisfiable)
[5] Select a two-vocabulary structure s.t.
[6] ans' = ans'
[7] ans'
(8]
[9] return  ans'
(10]

Fig. 3. An algorithmthatimplements

6 Alternatively, we couldhave useda singleabstractiomain, , andthede®nitions

Formula Formula

The motivationfor usingtwo abstractdomainsis to eliminatea possiblesourceof confusion
in theexamples By usingseparat@abstracdomains and , primedsymbolsalwaysdistin-
guishnext-stateabstractaluesfrom present-statenes.



Example7. Supposedhat , andthe statemento be inter-
pretedis . Then is the formula , and is the formula
. Fig. 4 shavs why we have

Initialization:

Iterationl: /I Somesatisfyingstructure

Iteration2: /I Somesatisfyingstructure
ff

Iteration3: is unsatis®able

Returnvalue:
Fig. 4. Operationgerformedduringa call

Theorem 2. Supposdhat the abstract domainhas nite heightof at most . Given

inputs and , hasthefollowing properties:
(i) Thelooponlines[4]-[8] in procedue is executedat most  times.
(i) (i.e., computeghe most-peciseab-
stractvaluein  thatoverapproximates ).
Theoperator canbeimplementedisinga procedurehatis dualto Fig. 3.

5.2 Transfer Functionsfor Conditions

Speci cation Theinterpretatiorof acondition with respecto agivenabstracvalue

must“passthrough”all structureghatarebothrepresentetly andsatisfy ,i.e.,those

in . Thus,the most-preciseapproximatiorto the interpretationof condition
, denotedby ,isde ned by

Implementation canbecomputedby thefollowing method:



Example8.

6 Discussion

Thispapershavshow themost-preciseersionof thebasicoperationsieededo create
an abstracinterpreterare,undercertainconditions,implementableThesetechniques
usetheideaof consideringa rst-order formula asadevice for describing(or accept-
ing) a setof concretestructuresnamely the setof structureghatsatisfy . Not every
subsetof concretestructurescanbe describedoy a rst-order formula; however, it is
straightforwardto generalizeéheapproacho othertypesof logics,which canbeconsid-
eredasalternatve structure-descriptioformalisms(possiblymore powerful, possibly
lesspowerful). For thebasicapproacho carryover, all thatis requiredis thatadecision
procedurexist for thelogic.

Automatic theoremprovers—suchas MACE [16], SEM [20], and Finder[19]—
canbe usedto implementthe proceduregpresentedn this paperbecausehey return
countergamplesto validity: a counter&ampleto the validity of is a structurethat
satis es . Suchtools alsoexist for logics otherthan rst-order logic; for example,
MONA [15] cangenerateountergampledor formulasin weakmonadicsecond-order
logic.

Sometools,suchasSimplify [9] andSVC[1], provide countergamplesn symbolic
form, i.e.,asaformula. Theformularepresents setof countergamplesary structure
thatsatis esthe formulais a countergampleto the query For example,if is
atline [5] of Fig. 1, thevaluereturnedwould betheformula itself, ratherthan
a particularsatisfyingstructure,suchas . This presentsan obstacle
becauseat line [6] requiresan argumentthat is a single structure.In the caseof
quanti er-free rst-order logic with lineararithmetic,sucha structurecanbe obtained
by feedingthe countergampleformulato a solver for mixed-integer programming,
suchasCPLEX[13].

) With the aid of Simplify, we have veried the
int X, y, z constant-propagatioaxamplesin this paper as well

mo.0|_ Bl B2 as examples that combine the constant-propagation
y = 3 L . . . hal

i . domain with a predicate-abstractiodomain. This is
X = 4 y +1 .. .
read(2) an additionalbene t of the approachit canbe used
Bl = z < 29 to generatethe best transformerfor combined do-
B2 = 7z < 27 mains,suchasreducedcardinalproductandthosecre-
if Blthen y := 5 ated using other domain constructorg7]. For exam-
if B2 then x := y + 8 ple, the besttransformerfor the combinedconstant-

propagation/predicate-atyaction domain determines

Fig. 5. A programwith corre-  thaithevariablex mustbe  attheendof the program
latedbranches. givenin Fig. 5.



7 RelatedWork

This paperis mostclosely relatedto pastwork on predicateabstractionwhich also
usesdecisionprocedureso implementmost-preciseversionsof the basic abstract-
interpretatioroperationsPredicateabstractioronly appliesto a family of nite-height
abstractdomainsthatare nite Cartesiarproductsof Booleanvalues;our resultsgen-
eralizethesedeasto abroadersetting.In particular our work shovsthatwhena small
numberof conditionsare met, mostof the bene ts that predicate-abstractiodomains
enjoy canalsobe enjoyedin arbitraryabstractdomainsof nite height,and possibly
in nite cardinality However, procedure of Fig. 1 usesanapproactthatis fundamen-
tally differentfrom theoneusedin predicateabstractionAlthoughbothapproachesse
multiple callsonadecisionprocedurdo passrom the spaceof formulasto thedomain
of abstracwalues, goesdirectlyfrom aformulato anabstractvalue,whereas of
Fig. 1 makesuseof the domainof concretevaluesin a critical way: eachtime around
theloop, selectsaconcretevalue suchthat ; uses and togeneralize
from concretevalue to anabstracwalue.

Procedure is alsorelatedto analgorithmusedin machindearning,calledFind-S
[17, Section2.4]. In machine-learnindgerminology both algorithmssearcha spaceof
“hypotheseso nd the most-speci chypothesighatis consistentwith the positive
training examplesof the “concept”to belearned.Find-Srecevesa sequencef train-
ing examples,and generalizests currenthypothesiseachtime it is presentedvith a
positive training examplethatfalls outsideits currenthypothesisThe problemsettings
for thetwo algorithmsareslightly different:Find-Srecevesa sequencef positive and
negative examplesof theconcept. alreadystartswith a precisestatemenbf the con-
ceptin hand,namely theformula ; on eachiteration,the decisionprocedurds used
to generatéhe next (positive) trainingexample.

We have sometimedeenasked “How do your techniquesomparewith predicate
abstractioraugmentedvith an iterative-re nementschemethat generatesiew predi-
cates,asin SLAM [3] or BLAST [12]?". We do not have a completeanswerto this
questionhowever, afew obsenationscanbemade:

— Ourresultsextendideasemployedin the settingof predicateabstractiorto amore
generaketting.

— For the simple examplesusedfor illustrative purposesn this paper iterative re-
nement would obtainsuitablepredicatesvith appropriateconstantvaluesin one
iteration.Our techniqueschieve thedesiredprecisionusingroughlythe sameog-
ical machinery(i.e., the availability of a decisionprocedure)jput do not rely on
heuristics-basenhachineryfor changingheabstracdomainin use.

— This paperstudiesthe problem“How can one obtain most-preciseesultsfor a
givenabstractdomain?”.Iterative re nementaddressea differentproblem:“How
canonego aboutimproving anabstracdomain?"Theseareorthogonaljuestions.

The questionof how to go aboutimproving anabstracdomainhasnot yetbeen
studiedfor abstracdomainsasrich asthe onesin which our techniquesanbe ap-
plied. This is the subjectof future work, andthussomethingaboutwhich onecan
only speculateHowever, we have obsenedthatourapproactdoesprovideafunda-
mentalprimitive for mappingvaluesfrom oneabstracdomainto anothersuppose
that and aretwo differentabstractdomainsthat meetthe conditionsof the
framawork; given , the most-precisevalue that overapproximates

is obtainedby



The domain-changingprimitive opensup several possibilitiesfor future work.
For example,counter@ample-guidedbstraction-re nemenstrateies[5, 4] iden-
tify the shortestinvalid pre x of a spuriouscounterg&ampletrace,andthenre ne
the abstractdomainto eliminateinvalid transitionsout of the last valid abstract
stateof the pre x. The domain-changingprimitive appeargo provide a system-
atic way to sahageinformationfrom the counter&ampletrace:for instancejt can
be invokedto corvertthe lastvalid abstracistateof the pre x into anappropriate
abstractstatein the re ned abstractdomain.Moreover, it yields the most-precise
valuethatany conserative salagingoperationis allowedto produce.

In summary becauseour resultsenablea betterseparatiorof concernshetweenthe
issueof haw to obtainmost-precis@esultsfor a givenabstracdomainandthatof how
to improve anabstractdomain,they contrituteto a betterunderstandin@f abstraction
andsymbolicapproacheto abstracinterpretation.
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