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Abstract

This paper presents an algorithm for a non-standard logic-
minimization problem that arises in 3-valued propositional
logic. The problem is motivated by the potential for obtain-
ing better answers in applications that use 3-valued logic.
An answer of 0 or 1 provides precise (definite) information;
an answer of 1/2 provides imprecise (indefinite) informa-
tion. By replacing a formula ¢ with a “better” formula 1,
we may improve the precision of the answers obtained. In
this paper, we give an algorithm that always produces a for-
mula that is ““best’ (in a certain well-defined sense).

1. Introduction

A number of recent approaches to verifying properties
of hardware and software systems have used 3-valued log-
ics of one sort or another. For instance, 3-valued propo-
sitional logic is used in Symbolic Trajectory Evaluation
(STE) [23, 12, 7] for verifying properties of hardware sys-
tems. In program analysis, dataflow analyses that simultane-
ously track “may” and “must” information (e.g., [20, 4]) can
also be viewed as working in 3-valued propositional logic.
In 3-valued logic, a third truth value (“1/2”) is introduced
to denote uncertainty (or, as it is sometimes expressed, to
denote a “truth-value gap” [24, 3]).

This paper concerns a non-standard logic-minimization
problem that arises in 3-valued propositional logic. To il-
lustrate the issue, consider the following trivial example
(where we use [¢](a) to denote the value of a formula ¢
with respect to an assignment a of truth values to propo-
sitional variables): In 2-valued logic, the formula p vV —p
is equivalent to the formula 1; that is, in 2-valued logic,
[pV —p](a) = [1](a) = 1 for all assignments a that as-
sign some truth value to p. In contrast, p vV —p and 1 are not
equivalent in 3-valued logic, as can be seen by considering
their values under various (3-valued) assignments:

[1]([p — OI) 1 = [pV -pl(lp — 0))
[1(p—1/2]) = 1 # 1/2 = [pV —pl([p— 1/2])
[lp=1]) =1 = [pv-pllp=1])

In particular, for [p — 1/2], the formula 1 provides a defi-
nite answer (i.e., 1), but p\V —p provides an indefinite answer
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(i.e., 1/2).

As this example demonstrates, in 3-valued logic there is
a notion of one formula being “better” than another: among
the formulae that are equivalent in 2-valued logic, some may
evaluate to a definite value on more 3-valued assignments.
Our interest in this phenomenon is motivated by the possi-
bility of exploiting it to obtain better answers in applications
that use 3-valued logic. An answer of 0 or 1 provides precise
(definite) information; an answer of 1/2 provides imprecise
(indefinite) information. By replacing a formula ¢ with a
“better” formula v, we may improve the precision of the an-
swers obtained.

One might approach the problem of “improving” ¢ by sim-
plifying ’s subterms using rewriting rules, such as

YV —1 yA—y — 0.

However, one is left with the question of whether such an
approach always produces a formula that is as good as pos-
sible.

In this paper, we give an algorithm that uses a different
approach; the algorithm always produces a formula that is
“best” (in a certain well-defined sense). The paper makes
the following contributions:

e We provide a formalization of the “semantic-
minimization” problem: Given a formula ¢, the goal
is to find a best formula ¢. (See Sect. 3.)

e \We show that one can always find a best formula.
o \We present several methods for creating a best formula.

The remainder of the paper is organized as follows: Sect. 2
introduces some terminology and notation. Sect. 3 defines
the problem of semantic minimization for 3-valued propo-
sitional logic. Sect. 4 presents a couple of different meth-
ods for performing semantic minimization. Sect. 5 defines
a semantic-minimization algorithm that, for efficiency, uses
Binary Decision Diagrams in certain stages. Sect. 6 dis-
cusses related work. (Several proofs appear in App. A.)

2. Terminology and Notation

In this section, we define a standard 2-valued propositional
logic, together with a related 3-valued propositional logic
with a semantics due to Kleene [13].

2.1. 2-Valued Propositional Logic

We write propositional formulae over a set of propositional
variables V using the propositional constants 0 and 1, the



unary connective —, and the binary connectives A and V.
We also make use of conditional expressions, for which we
adopt a C-like syntax: ¢, ? @s : 3.1

For brevity, we will sometimes use juxtaposition in place
of A, and use an overbar to denote negation; e.g., (-z Ay A
z) V (x A =y A —z) may also be written as Tyz V 7 Z.

Propositional variables and negations of propositional vari-
ables will be referred to collectively as literals.

The (2-valued truth-functional) semantics for propositional
logic is defined in the standard way:

Definition 2.1 An assignment a is a (finite) function in
VY — {0,1}. Given a formula ¢ over the propositional vari-
ables z1,...,x, and an assignment a that is defined on (at
least) x4, ..., z,, the 2-valued truth-functional meaning
of ¢ with respect to a, denoted by [¢](a), is the truth value
in {0, 1} defined inductively as follows:

[0](a) =0 [z:i)(a) = a(z:)
[1](a) =1 [-¢](a) = 1-[¢l(a)
[o1 Apa](a) = min([p1](a), [¢2](a))

[¢1 V @2](a) = max([p1](a), [v2](a))
[p1 702 : psl(a) = [(p1 A p2) V (=1 Ags)](a)

We say that a satisfies ¢, denoted by a |= o, iff [¢] (a) = 1.
O

Later on, it will be useful to be able to indicate that var-
ious semantically equivalent formulae are syntactically re-
lated in certain ways. We use = to denote syntactic equality
between formulae, up to rearrangements of conjuncts and
disjuncts; we use =py to denote =, extended with applica-
tions of De Morgan’s laws and introductions/cancellations
of double negations. For instance,

=((zA-2) V (y A1)
£ (mzV ) Ay A )
=pm (mzVz) A (y A —x)

(mzAY)V (—z A—x)
V (zAy)V(zA-x)

- :I:/\—|y)
x A —y)
)

)

L ANT]

((
= ((
=((
~((

All four of the formulae used above have the same
2-valued truth-functional meaning.  We reserve “=”
for semantic equality (e.g., [-((z A —y) V (mz A 2))] =
[(mzAy)V(mzA-z)V(zAy)V (z A -x)]).

2.2. 3-Valued Propositional Logic

Moving now to 3-valued logic, the language of formulae
that we work with is identical to that defined in Sect. 2.1,
except that there is one additional propositional constant,

LFor now, one can think of 1 ? @2 : @3 asashorthand for (p1 Ag2)V
(m¢1 A @3) (see Defn. 2.1). Later on, for technical reasons, we will con-
sider it to be ashorthand for (1 A p2) V (—@1 A @3) V (w2 A @3) (see
Defn. 2.3 and Ex. 5.9).

0 | 1
1/2 || 1/2 v Tyt vg U3
1 0 V2 0 1/2 1
o o 12 1
vw=0 |1/2]| 0 1/2 1
3 81é2 : 0 1/2 1
o o 12 12
1720 1/2 1/2
{ o 1§2 { vw=1/211/2]|1/2 172 1/2
1)1/2 172 1
o0 0 o
v o0 1/21 w=1 |1/2]1/2 1/2 1/2
00 1/2 1 1 1 1
12172 172 1
11 1 1

Table 1. The 3-valued truth tables for the
propositional operators.

1/2. At the semantic level, a third truth value—1/2—is in-
troduced to denote uncertainty. We say that the values 0 and
1 are definite values and that 1/2 is an indefinite value, and
define a partial order C on truth values to reflect their degree
of definiteness (or information content): I; C I, denotes
that [, is at least as definite as /»:

Definition 2.2 [Information Order]. For I, €
{0,1/2,1}, we define the information order on truth val-
ues as follows: Iy C Iy iff iy = Iy orly = 1/2. We use
Iy Clywhenl; C Iy andly # . The symbol LI denotes the
least-upper-bound operation with respect to C:

oo 1/2 1

0o 1/2 1/2
1/2111/2 1/2 1/2
1|12 1/2 1

O

We now generalize Defn. 2.1 to define the meaning of a
formula with respect to a 3-valued assignment A. (Our con-
vention will be to use lower-case letters for 2-valued assign-
ments, and upper-case letters for 3-valued assignments.)
Definition 2.3 A 3-valued assignment A is a (finite) func-
tion in V — {0,1,1/2}. Given a formula ¢ over the
propositional variables zi,...,z, and an assignment A
that is defined on (at least) z1, - . ., ., the 3-valued truth-
functional meaning of ¢ with respect to A, denoted by
[¥](A), yields a truth value in {0,1,1/2}. The meaning
of ¢ is defined inductively as in Defn. 2.1, with the following
changes:

[/2)4) = 172
1 7 2 1 03](A) = [(p1 A w2) V (m1 Aps) V (02 A p3)](A)

We say that A potentially satisfies ¢, denoted by A = ¢, iff
[v](4) 21 (ie., [0](4) =1/20r [¢](A) =1).O

The 3-valued truth tables for the propositional operators
are shown in Tab. 1.

In 2-valued logic, (w1 A @2) V (=1 A ¢3) and (o1 A
©2) V (m1 A @s3) V (p2 A @3) yield equivalent definitions



1/2
/ \ 1/2
; 1 |

(a) Information order (b) Logical order

Figure 1. The semi-bilattice of 3-valued logic.

of the 2-valued truth-functional meaning of 1 ? @5 : 3. In
3-valued logic, however, (o1 Apa) V(=91 Aps) V (2 Aps)
yields a more precise semantics. In the truth table for
“v1 7 g : w3”, the sub-table for “vy = 1/2” (which can be
obtained by evaluating (1/2Av2)V(—=1/2Av3)V(v2Avs)) IS
identical to the truth table for “vq Liws” (cf. Defn. 2.2). Con-
sequently, 1/2 ? v : v3 yields a definite value when v, and
vz are either both O or both 1. In particular, for the assign-
ment [vs — 1,v3 — 1], (1/2Awvy)V (=1/2 Aws) yields the
indefinite value 1/2, whereas (1/2 A ve) V (=1/2 Aw3) V
(va Aws) yields 1. (We will look at this from another vantage
point later, in Ex. 5.9.)

We will use LI as a binary connective for constructing for-
mulae: @1 LI ¢ is ashorthand for 1/2 ? ¢y : ¢s.

It should be noted that throughout the remainder of the pa-
per, the symbol = means the potential-satisfaction relation
of Defn. 2.3, even when we are talking about a 2-valued
assignment. For instance, [p — 1] &= p A 1/2 because
[pA1/2]([p— 1]) =1/2.

As shown in Fig. 1, the values 0, 1, and 1/2 form a math-
ematical structure known as a semi-bilattice (see [11]). A
semi-bilattice has two orderings: the information order and
the logical order:

e The information order is the one defined in Defn. 2.2,
which captures “(un)certainty”.

e Thelogical order is the one used in Tab. 1: thatis, A and
V are meet and join in the logical order (e.g., 1A1/2 =
1/2,1v1/2=1,1/2A0=0,1/2Vv 0 =1/2,etc.).

A value that is “far enough up” in the logical order indi-
cates “potential truth”, and is called a designated value. We
take 1/2 and 1 as the designated values; thus, an assign-
ment A potentially satisfies a formula when the formula’s
truth-functional meaning with respect to A is one of the des-
ignated values.

The information ordering on values is extended pointwise
to an information ordering on assignments (also denoted by
C):eg.[p= 1g—=> 0 Clp— lg~ 1/2,[p+w
1,g—» 0 Clp—1/2,q—=0,p—1,g—=0C[p+—
1/2,q — 1/2], etc. When A does not contain any bindings
of a propositional variable to the value 1/2, we say that A4 is
definite (and usually write it with a lower-case a).

Kleene’s 3-valued semantics is monotonic in the informa-

tion order (cf. Tab. 1 and Defn. 2.3):
Lemma 2.4 Let ¢ be a formula, and let A and A’ be two
assignments such that A C A’. Then [¢](A) C [¢](4"). O
Kleene’s semantics retains a number of properties that are
familiar from 2-valued logic, including De Morgan’s laws
and the ability to introduce/cancel double negations. For
this reason, = and =py relate formulae that are semantically
equivalent in 3-valued logic.

Lem. 2.4 provides a way to relate the 2-valued and 3-
valued truth-functional meanings of formulae: the value ob-
tained by evaluating any formula ¢ with respect to a 3-
valued assignment A is always safe (i.e., greater than or
equal to in the information order) compared to the value ob-
tained by evaluating ¢ with respect to any 2-valued assign-
menta C A. In particular,

o If [¢](A) yields a definite value, then [¢](a) must
yield the same definite value.

o If [](A) yields 1/2, then [](a) can be either 0 or 1.

We say that a 3-valued assignment A represents all 2-
valued assignments a C A. Another outlook on the way
2-valued and 3-valued assignments are related stems from
the following corollary (which follows immediately from
Lem. 2.4):

Corollary 2.5 Suppose that A represents a. If a |= ¢, then
AEe O

Thus, if we think of a propositional formula ¢ of 2-valued
logic as a device for accepting a set S of 2-valued assign-
ments, then when ¢ is considered as a formula of 3-valued
logic, the potential-satisfaction relation corresponds to an
implicit condition for accepting/rejecting an entire set of
2-valued assignments—those that are represented by a 3-
valued assignment. Moreover, acceptance via the potential-
satisfaction relation is safe with respect to the actual set of
2-valued assignments accepted by ¢:

{a € def. assignments | a |= ¢} C {arep.by A | A |= ¢}

This point of view is useful when 3-valued assignments
are used as the space of abstract values in an abstract in-
terpretation (e.g., see Chou’s account of STE in abstract-
interpretation terms [7]). We will also adopt this viewpoint
in Sect. 3.2 in order to justify our definition of the semantic-
minimization problem.

3. The Semantic Minimization Problem

In Sect. 1, we observed that although the formula 1 is
equivalent to p V —p in 2-valued logic, in 3-valued logic,
1 is better than p v —p. This raises the question, “For any
given ¢, is there always a best formula?”, which, in turn,
raises the question, “What properties must a ‘best’” formula
possess?”



3.1. Defi nition of the Minimization Problem

The concept of a “best formula” is formalized using the
concept of a formula’s “supervaluational meaning” [24]:
Definition 3.1 Given a formula ¢ and assignment A, the 3-
valued supervaluational meaning of ¢ with respect to A,
denoted by {(¢)) (A), is the truth value in {0, 1,1/2} defined
by

(e = ||

arep. by A

[#](a).

O

Definition 3.2 Given a propositional formula ¢, we say that
the formula 4 is a semantically minimal variant of ¢ iff,
for all 3-valued assignments A, [¢](A) = {eH(A). The
semantic-minimization problem for propositional logic is
as follows:

Given a propositional formula ¢, find a formula ¢
that is a semantically minimal variant of .

O

For instance, 1 is a semantically minimal variant of pV —p;
in particular,

{eh(lp = 1/2]) = L

a€{[p—0],[p—1]}
=1U1

= [1](lp — 1/2)).
Similarly, 0 is a semantically minimal variant of p A —p.

3.2. Justifi cation of the Problem Defi nition

[#](a)

It is worthwhile to spend a few moments to consider
why Defn. 3.2 is the appropriate definition of the semantic-
minimization problem. Let us contrast Defn. 3.2 with a pos-
sible alternative definition:

Strawman Definition 3.3 Given a propositional formula
o, we say that ¢ is a semantically minimal variant of ¢
iff for all 3-valued assignments A, [#](4) C [¢](4). O
The motivation behind this definition is that, by using ¢ in
place of ¢, (i) we could sometimes obtain answers that are
strictly more definite, and (ii) we could never obtain answers
that are strictly less definite. The question we must ask, how-
ever, is whether we would obtain acceptable answers with
Strawman Defn. 3.3.

Note that with Defn. 3.2, neither 0 nor 1 is a semanti-
cally minimal variant of 1/2. In contrast, with Strawman
Defn. 3.3, the formulae 0 and 1 would both be semanti-
cally minimal variants of 1/2. The latter situation would
get us into trouble because their meanings, [0] = Aa.0 and
[1] = Aa.1, arein conflict; that is, with Strawman Defn. 3.3,
the admissible +’s are not all semantically equivalent in 2-
valued logic. In contrast, with Defn. 3.2, the admissible s

are all semantically equivalent in 2-valued logic; by defini-
tion, they all have the meaning {{¢))—the supervaluational
meaning of .

An even better way to see that Strawman Defn. 3.3 is un-

satisfactory is by considering how the two concepts of “se-
mantically minimal variant” relate to the view of a formula
as a device for accepting a set of assignments (cf. the discus-
sion following Cor. 2.5).
Desideratum 3.4 [Better Acceptance Device I]. When we
view a formula as a device for accepting a set of assign-
ments, we would like for ¢ to correspond to a better accep-
tance device than . That is, when applied to an assignment
A, either 2-valued or 3-valued, 1) may yield a more precise
acceptance condition than : in circumstances in which ¢
waffles (i.e., [¢](A) = 1/2), ¢ can either

o waffle itself (i.e., [¢'](4) = 1/2)
e accept A (i.e., [¢](4) =1)
o reject A (i.e., [¢](A) =0)

However, ) must always be safe with respect to the 2-valued
assignments that ¢ accepts:

{a € def. assignments | a = ¢} C {arep. by A | A = ¢}

1)
Similarly, =7 must always be safe with respect to the 2-
valued assignments that — accepts:

{a € def. assignments | a =~} C {arep.by A | A = —}.
)
m|
For instance, suppose that ¢ is the formula 1/2. Under
Strawman Defn. 3.3, the formula 0 is an admissible «); how-
ever, Egn. (1) does not hold:

{a € def. assignments | a |= 1/2} = {a € def. assignments}
= {arep.by A| A =0}

Similarly, under Strawman Defn. 3.3, the formula 1 is also
an admissible v; however, Eqn. (2) does not hold:

{a € def. assignments | a |= —1/2} = {a € def. assignments}
0
={arep.by A| A = -1}

Under Defn. 3.2, 1/2 is an admissible ¢, but 0 and 1 are
not; clearly, with ¢ = ¢ = 1/2, Eqgns. (1) and (2) both
hold.

The notion of a “better acceptance device” can also be ex-
pressed in a different way, which nicely parallels the state-
ment of Cor. 2.5, but with ¢ in the consequent:?

2The two properties in Desideratum 3.5 are parallel to (i) the property
stated in Cor. 2.5, and (ii) the property stated in Cor. 2.5 with ¢ replaced by



Desideratum 3.5 [Better Acceptance Device I1]. Let ¢ be
a semantically minimal variant of ¢. Then, for every 3-
valued assignment A and 2-valued assignment a such that
A represents a, both of the following must hold:

1. Ifa = ¢, then A = 4.
2. Ifa = —p, then A |= —p.

O

In contrast to the unsatisfactory results obtained with
Strawman Defn. 3.3, we have the following:

Lemma 3.6 If “semantically minimal variant” means the
concept defined in Defn. 3.2, then Desideratum 3.5 holds.
Proof: The desired properties can be restated as follows:

1. 1f [¢](a) 3 1, then [](4) 3 1.
2. 1f [~¢](a) 3 1, then [~¢] (4) O 1.

These are proved, respectively, as follows:

Lo [¥1(4) = {e)(4)
=
arep.by A
a1
2. [](4) =1-[¢](4)
=1-{ph(4)
=1- |_|

arep.by A

= | a-[lel@)

arep. by A

L] [+l
arep.by A
J1

[¥1(a)

[#](a)

O

Henceforth, the term “semantically minimal variant
means the concept defined in Defn. 3.2.

Strawman Defn. 3.3 was motivated by the desire to obtain
more precise answers by using v in place of . In fact, with
Defn. 3.2, we do have such a property:

Lemma 3.7 If ¢ is a semantically minimal variant of ¢,
then for all 3-valued assignments A, [4](A) C [¢] (A4).
Proof: For every semantically minimal variant +, we have,
by the monotonicity of [¢] (i.e., Lem. 2.4),

[¥1(A4) = (LD (A)
= || ki@

arep.by A

C [e](A).

1]

That the term “semantically minimal variant” is appropri-
ate can be seen from:

Lemma 3.8 If is a semantically minimal variant of ¢, and
@' is any formula that agrees with ¢ on all 2-valued as-
signments, then for all 3-valued assignments A, [¢](A) C
[#'1(A).

Proof: For every semantically minimal variant ¢, we have,
by the monotonicity of [¢'] (i.e., Lem. 2.4),

[¥1(4) = (L) (A)
= | Ko

arep.by A

Ll 1)

arep.by A

C [#1(A).

O

4. An Algorithm for Semantic Minimization

We now return to the question “For any given ¢, is there
always a best formula?”, and answer it in the affirmative.
(More precisely, for each formula ¢, there is an equivalence
class of best formulae, which may or may not contain ¢ it-
self.) Our solution relies on a result, due to Blamey [2, 3, 1],
that relates Boolean functions and 3-valued propositional
formulae. The result can be stated in a couple of differ-
ent forms; these yield different methods for creating a best
formula. (In Sect. 5, we will focus on a special case of
Blamey’s result; the latter variant will allow us to define a
more efficient minimization algorithm.)

4.1. Realization of Monotonic Boolean Func-
tions Via Formulae

In this section, we review a theorem, due to Blamey, that
relates monotonic Boolean functions and 3-valued proposi-
tional formulae. We say that a formula ¢ realizes a func-
tion f iff [¢] = f. Blamey’s theorem states that, for ev-
ery 3-valued function f : {0,1,1/2}" — {0,1,1/2} that
is monotonic in the information order, there is a formula—
built from 0, 1, -, A, V, U, and the propositional variables
x1, ..., T,—that realizes f.3 Blamey’s proof of the result
provides an explicit method for constructing a formula that
realizes a given f.

3In a dlight abuse of notation, we will refer to a Boolean function f
as being a member of {0,1,1/2}™ — {0,1,1/2}, but will make use
of applications such as f(A), where A is a 3-valued assignment inV —
{0,1,1/2}. No confusion should result if one thinks of f as afunction
over the forma parameters z1,...,z,, and assignment A as supplying
vauesfor z1,...,z,. Under this convention, statements such as[¢] = f
are sensible, even though [¢] is really of type (¥ — {0,1,1/2}) —
{0,1,1/2}.



Definition 4.1 [2, 3, 1]. Let f(=y,...,z,) be any mono-
tonic function in {0,1,1/2}™ — {0,1,1/2}; let A be a 3-
valued assignment that is defined on (at least) z1,...,z,.
We define One(f, A, i) and Zero(f, A,i), for 1 < i < mn, as
well as One[f], Zero[ f], and Formula[f], as follows:

2 if F(A) = 1and A(z:) = 1
.\ def ) T Iff(A) =1and A(:II,) =0
One(f; 4:9) = 1 if f(4) = 1and A(zy) = 1/2
0 if £(4) 20
3
i if f(A) = 0and A(z;) = 1
Cw | @ iFF(A) = 0and Alzy) =
zero(f, 40) =4 o if £(4) = 0.and A(z;) = 1/2
1 iff(4) 31

one[/1Z \/ A\ One(£,4i) (5

Ae{0,1,1/2}n 1<i<n

Zero[f1Z£ N \/ Zero(f,4,i) (6)

A€{0,1,1/2}" 1<i<n

Formula[f] £ One[f] L Zero[f] (7

O

Theorem 4.2 [Realization Theorem]. [2, 3, 1]. For
any monotonic function f(zi,...,z,) : {0,1,1/2}" —
{0,1,1/2}, Formula[f] realizes f, i.e., [Formula[f]] = f.

Proof: See [2]. O
Example 4.3 Consider the formula ¢ £ 27 VZZ V yz. Its

truth-functional semantics, [¢], is shown in the following
truth table:

z

yl[ 0 12 1
o 1 1/2 0
z=0 |[1/2] 1 1/2 1/2

1)1 172 1
o[1/2 1/2 1/2
z=1/2|1/2|1/2 1/2 1/2
112 172 1
of 1 1 1
z=1 |1/2|1/2 1/2 1/2
10 1/2 1

Of the twenty-seven disjuncts of One[[¢]], all but nine are
000: Ty Z, T1Z, Tyz, Tyz, lyz, 2y Z, zyl, zyz, zyz. Of
the twenty-seven conjuncts of Zero[[¢]], all but two are 1 v
1v1l:zVvyVvzandZVyV z The formulathat would be

created by Eqn. (7) is
TzyzVzTlZzVITYyzVzyz VvV lyz
Formula[[¢]] = ( V 2yzZVzylV gz V zyz )
U(xVyVZ)(ZTVYV2).

(8)
The reader can verify that Egn. (8) realizes the truth table. O
Defn. 4.1 is somewhat subtle: for instance, an assignment
A on which f evaluates to 1/2 contributes the conjunction

/\ One(f,A,i) = 00...0 to formula One[f]; however,
1<i<n
even though [00. .. 0](A) will necessarily be 0, the overall
value of [One[f]](A) is not necessarily 0—due to the con-
tributions from other terms that capture how f behaves on
other assignments, i.e., | /\ One(f,A’,i)](A). Despite

1<i<n

such effects, Blamey has shown that the Realization Theo-
rem holds [2].

By applying De Morgan’s laws, we can derive several vari-
ants of Eqn. (7). We have

Zero(f, A, i) =pm —One(—f, A, 1)
One(f, A,i) =pm —Zero(—f, A, ),

which lead to the following variant forms of Eqgn. (7):

Formula[f] £ One[f] LI =One[—f] 9)
Formula[f] £ —Zero[-f] L Zero[f] (10)
Formula[f] £ —Zero[-f] U —-One[-f].  (11)

With Egn. (7), the formula constructed has the form
“sum-of-products LI product-of-sums”; with Eqgn. (9), it has
the form “sum-of-products LI =sum-of-products”; etc. For
instance, using Eqgn. (9) in place of Eqgn. (7), Eqn. (8) be-
comes
TYzZVzTl1ZVITYz Vzyz Vv lyz
Formula[[¢]] = ( V 2yzZVzylV gz V zyz )
U —(ZTyz V xyz).
(12)

4.2. Creating a Semantically Minimal Variant

Defn. 3.1 and Eqgns. (7), (9), (10), or (11) give us the tools
needed to construct a semantically minimal variant of a for-
mula ¢:

Theorem 4.4 [Minimization Theorem]. Let ¢ be
Formula[{x)]. Then ¢ is a semantically minimal variant
of .

Proof: It follows immediately from Defn. 3.1 that {y)), the
supervaluational semantics of ¢, is a monotonic function in
{0,1,1/2}™ — {0,1,1/2}. Thus, {¢)) meets the condi-
tions of Thm. 4.2:

[¥] = [Formula[ ()]

= () (by Thm. 4.2),



and hence 1) is a semantically minimal variant of . O

Example 4.5 Consider again the formulay £ zyVzzVyz2.
The following table shows the three 3-valued assignments A

for which (@)(4) C [e](4):

A {ed(4) || [£1(4)
[ z—1/2, y—0, z—0 ] 1 1/2
[ z—0, y—1, z—1/2 ] 1 1/2
[ z—1, y—1/2, z—1 ] 1 1/2

Thus, the supervaluational semantics, (), is as follows:

z

y| 0 12 1
0o 1 1/2 0
z=0 [1/2| 1 1/2 1/2
1 1 1

o 1 1/2 1/2
r=1/2]1/2|1/2 1/2 1/2
1172 172 1
o 1 1 1
r=1 |1/2|1/2 1/2 1
1] 0 1/2 1
The formula that would be created by the semantic-
minimization algorithm (using Eqn. (9)) is

( TYZVITIZVTYZ V Tyl )

VZyzV1yzV1yzVzyz
VaylVayzValzVayz
U ~(ZTyz V zyZz).

Formula[{v)] =

(13)
Comparing with Eqn. (12), note the three additional dis-
juncts in the first part of Eqn. (13): 1y z, zy1, and z1z.
These correspond to the three entries that have value 1/2 in
the truth table for [¢], but have value 1 in the truth table for

{p). O
4.3. An Improved Construction for Formula][f]

Blamey’s thesis contains an improved construction for
Formula[ f], which often results in a formula that has fewer,
and less complicated, constituents.

Definition 4.6 [2]. Let f(x1,...,x,) be any monotonic
function in {0,1,1/2}* — {0,1,1/2}; let A be a 3-
valued assignment that is defined on (at least) z1, ..., z,.
Formula[f] is as defined in Eqns. (7), (9), (10), or (11), but
with One[f] and Zero[f] redefined as follows:

One[f] £ V N One(f, 4,i)
A: f(A)=1and 1<i<nand
VA" JAf(A)=1/2 A(z:)1/2

(14)

Zero[f] £ N V Zero(f, A, i)
A: f(A)=0and 1 <i<mnand
VA" JAf(A)=1/2 A(z;)C1/2

(15)

An empty disjunction has the value 0; an empty conjunction
has the value 1. O

The differences between Eqns. (5) and (6) and Eqgns. (14)
and (15) are that, in the latter,

e The outer connectives are indexed by “A
f(4) = landVA'" O A.f(4") = 1/2” and
“A: f(A) = 0andVA' O A.f(A") = 1/2", respec-
tively, which leads to fewer terms being generated.

e The indices of the inner connectives only range over
values of ¢ for which A(z;) is a definite value, and
hence One(f, A, ) and Zero(f, A, 1) generate only lit-
erals, leaving out unnecessary occurrences of 1 and 0.

Example 4.7 Consider again the formulap < 25 VZZVyz
that was discussed in Exs. 4.3 and 4.5. Suppose that
Formula[f] is defined as in Eqn. (9), but that One[f] and
Zero[f] are defined as in Defn. 4.6. The formula that would
be created via Formula[[¢]] is

ryVITZVyz

Formula[[«]] U —(ZFzV 2y7)

1l

(cf. Egn. (12)). The semantically minimal variant of ¢ that
would be created via Formula[{))] is

YyzVyzVITzVITYyVvVaezVay
Formula[{(@)] = |, ?i(fyZmez). ! !

(16)

(cf. Egn. (13)). O

Theorem 4.8 [2]. Let f be a monotonic function in
{0,1,1/2}™ — {0,1,1/2}. Let Formula[f] be the formula
One[f] U Zero[f], where One[f] and Zero[ f] are defined as
in Eqgns. (14) and (15), respectively. Then Formula[f] real-
izes f (i.e., [Formula[f]] = f).

Proof: See [2]. O

Henceforth, One[-] and Zero[-] mean the operations defined
in Defn. 4.6 (Eqns. (14) and (15), respectively).

5. A BDD-Based Minimization Algorithm

This section presents an improved algorithm for semantic
minimization. The worst-case running time of the algorithm
is exponential in the size of ¢; however, all operations can
be implemented using BDDs.

The issues that we face in using the material that has been
presented in Sects. 4.2 and 4.3 are

1. How do we efficiently represent the function () :
{0,1,1/2}" = {0,1,1/2}?



2. To use Eqgns. (14) and (15), how do we efficiently im-
plement the indexing operations needed in the outer-
most connectives:

A:f(A)=1andVA' JAfA)=1/2 (@17
A:f(A)=0andVA' T Af(A)=1/2. (18)

Our approach to issue 1 is to use BDDs [6]. Our approach
to issue 2 is based on the following observation:
Observation 5.1 The Realization Theorem provides a way
to construct a 3-valued propositional formula that realizes
any given monotonic Boolean function. However, the re-
alization problem that arises in the semantic-minimization
problem does not require this general a method: In the
semantic-minimization problem, the monotonic Boolean
functions that arise are always ones that are in the range of
{(-)»; that is, we are only concerned with realization prob-
lems of the form Formula[{¢)]. O

Focusing on this special case of the realization problem
allows us to sidestep issue 2 by implementing One[-] and
Zerol-] differently from the way they are stated in Eqns. (14)
and (15). The approach described takes advantage of the
BDD-based representation used to address issue 1.

5.1. Representing the Supervaluational Seman-
tics
Given ¢, our goal is to find a semantically minimal variant

1. The truth-valuational semantics of 1) must be equal to the
supervaluational semantics of :

[V1(4) = (eh(4) = ||

arep.by A

[](a).

Thus, in order to capture {¢)), we need only concern our-
selves with the truth-functional semantics of ¢ on defi-
nite assignments—i.e., just a portion of the truth-functional
semantics of . In other words, rather than considering
[«] and {¢) as functions in {0,1,1/2}™ — {0,1,1/2},
we need only consider them as functions in {0,1}" —
{0,1,1/2}. (Functions of the latter type are called Boolean
functions with don’t cares or incompletely specified
Boolean functions.)

An incompletely specified Boolean function f can be rep-
resented via a pair of total Boolean functions (i.e., func-
tions in {0,1}" — {0,1}), denoted by (| f],[f]), where
| f| conflates 0 and 1/2, and [ f] conflates 1 and 1/2:*

_J1 iff(a)=1 1 iff(a)31

f)(a) = {o if f(a)30 /1@= {o if f(a) = 0

4Thus, there are three types of Boolean functions that play arolein this
paper:

(3-valued) Boolean functions: {0,1,1/2}™ — {0,1,1/2}
incompletely specifi ed Boolean functions: {0,1}* — {0,1,1/2}
total Boolean functions: {0,1}™ — {0,1}

We do not introduce any specia notation to distinguish among functions

|f] and [f] can each be represented using ordinary
BDDs [6], as proposed by Minato et al. [16].

To capture (v) (as a function from {0,1}" —
{0,1,1/2}), it will be represented as the pair
(L&e) ), T(o) 1), where [(@)] and [{p)] are both
functions in {0,1}™ — {0,1}. Given the formula ¢ (over
the propositional variables z1, . .., z,), this can be accom-
plished by traversing ¢, applying the following translation
rules bottom-up:

0 — (\a.0, Aa.0)
1 — (Aa.l,)a.l)
1/2 — (Aa.0,)a.1)
z; — (Aa.a(z;), Aa.a(z;))
(L T — (=[],
(LALTAD A (L2l [£2]) — (LAT A L) TAT A TSR]
(LALTAD V (L2, [f2]) — (LA V L) [A]TV [f2])
(L), [AD U (Lf2), [f2]) — (L) A Lf2), TATV [ f2])
(LALTAD 2 (L2l [f21) = (s, Tfs]) —

( (LAJ? L) s LD ATAT? L2 2 LfsD), )
(A7 L] [fsDA(LAL?[F]: [ f3])

(19)
All of the operations on total Boolean functions that are re-
quired on the right-hand sides of the above rules are ones
from the standard repertoire of BDD operations: the creation
of BDDs for Aa.0, Aa.1, and Aa.a(z;) (for 1 < i < n), and
the application of the following Boolean operations to exist-
ing BDDs: —, A, Vv, and (- 7 - : -) (also known as ITE [5]).

5.2. Realization for Semantic Minimization

Definition 5.2 (Cf. [17, 8].) A superscripted propositional
variable z®, where b € {0, 1}, stands for a literal:

T w ifb=0
Let f be a total Boolean function over the propositional
variableszq, . .., z,. A conjunction of literals in which each

propositional variable appears at most once—either negated
or unnegated—i.e.,

A (20)

i€SC{1,...,n}

is an implicant of f if, for every 2-valued assignment a such
that a(z;) = b; for all i € S, we have f(a) = 1.

Each conjunction of literals of the form shown in (20) can
be thought of as the set of literals {z} | i € S}. Animpli-
cant is a prime implicant if none of its proper subsets is an
implicant (i.e., corresponds to a conjunction of literals that
is an implicant). O

of the three types (although terms of the form |-| and [-] aways denote
total Boolean functions). In particular, occurrences of [¢] and {(¢)) some-
times denote incompletely specifi ed Boolean functions (which may be to-
tal Boolean functions), but sometimes denote 3-valued Boolean functions.
However, it should always be clear from context which use is intended.



Example 5.3 zy, xz, and zyz are all implicants of zz V yZ.
x, y, and z are not implicants of zz V yZz; hence, zy and zz
are prime implicants. O

Our concern is with realization problems of the form
Formula[f], where f = {¢)). We now show that for this
case, realization can be can be implemented as follows:

Formula[f] = Primes[| f]] U —Primes[-[ f1],

where Primes[g] is the operation that, given a total Boolean
function g, creates the disjunction of g’s prime implicants:

Primes[g] £ \V .

7 aprimeimplicant of g

Lemma5.4 Let A be a 3-valued assignment such that
(i) {ph(4) = 1, and (i) for all A" O A4, {pH(A") = 1/2.
Then the formula

def
= A

1 <i<mnad
A(zl) C 1/2

One({(¢)), A, 1)

is a prime implicant of | {¢))].
Proof: See App. A. O

Lemma5.5 Let w by a prime implicant of |{¢)|. Then
there is a 3-valued assignment A such that

(i) {p(4) =1
(i) Forall A’ T A, {()(A") =1/2
(iii) = = A

1<i<nand
A(z) C 1/2

One({¢h, 4,4)

Proof: See App. A. O

These results yield the following procedure for semantic
minimization:
Theorem 5.6 Let ¢ be Primes[| {¢)) |JL—Primes[—[{x)1].
Then ) is a semantically minimal variant of .

Proof: From Defn. 4.6 (i.e., Eqn. (14)), and Lemmas 5.4
and 5.5, it follows that One[{p)] = Primes[|{x)]].

~{(p) s represented by both ([~{e)], [~(e)]) and
=([{eN |, [€e)]); by translation method (19), the latter

equals (@)1, ~L{@). This implies that |~(¢)] =
=[{e)], and hence

Zero[{(¢)] =pm—One[—{(¢)]
—Primes[[ (o) ]
—Primes[=[{(p)1]-

The claim now follows from Thms. 4.8 and 4.4. O

[1] forrmula M nimzeFormula(formula ¢) {

[2] Transform o to ([{eh], [{eN]) using
transl ation nethod (19)

[3] return Primes[| (o) |] L —Primes[-[{e)1]
[4 }

Figure 2. A minimization algorithm.

Thm. 5.6 provides the justification for the function Mini-
mizeFormula, shown in Fig. 2; given a propositional formula
 as input, MinimizeFormula creates and returns a semanti-
cally minimal variant of . MinimizeFormula uses the aux-
iliary procedure Primes[f], which creates a sum-of-prime-
implicants formula for a given formula f. Any of several
known methods for efficiently generating prime implicants
can be used for this step [9, 8, 21]. (These methods all start
from the BDD representation of f; thus, when line [2] is im-
plemented with BDDs, exactly the right kind of input struc-
ture is at hand.)

Let us return again to the formula ¢ L YVTZVyz(cf.
Exs. 4.3, 4.5, and 4.7). MinimizeFormula would create the
formula that we saw in Egn. (16) of Ex. 4.7—although Min-
imizeFormula would arrive at the answer by a different, and
more efficient, method:

YyzVyzvVzzZVvVzIyVvzzVay

U ~(T7z V zyZ). (16)

Formula[{p)] =

A drawback of MinimizeFormula is the need to gener-
ate all prime implicants. One might try to substitute other
sum-of-products expressions that can be used to represent
a given function (in 2-valued logic), such as an irredundant
prime cover [15, 10]. This approach is not tenable, however;
for instance, for the formula ¢ = 25 V ZZ V yz, if we sub-
stitute the irredundant-prime-cover algorithm from [10] for
the two calls on Primes[-] in line [3] of MinimizeFormula,
we would get the following formula:

JZVyzVIZVzzU(Tyz V 2yZ). (21)

However, formula (21) is not a semantically minimal vari-
ant of ¢: for the assignment [z — 0,y — 1,z — 1/2],
Eqn. (16) evaluates to 1, whereas formula (21) evaluates to
1/2. Moreover, formula (21) is actually worse than ¢ itself
(and Eqn. (16)) for the assignment [z — 1,y — 0,z —
1/2]: ¢ and Eqgn. (16) evaluate to 1, whereas formula (21)
evaluates to 1/2.

5.3. Other Semantically Minimal Formulae

In this section, we derive some other forms, different from
the one that was the subject of Thm. 5.6, in which one can
express a semantically minimal formula. The proof of the
following theorem can be found in App. A:

Theorem 5.7 If f is a total Boolean function, then
[Primes[f]] = [-Primes[—f]]. O



In the proof of Thm. 5.6, we showed

One[(p)] = Primes[[{(¢)]]
Zero[{¢)] =om—Primes[=[{p)1]-

These imply

[One[{pN]] = [Primes[[ () ]]] (22)
[zero[{(p)]] = [-Primes[-[{x)1]]- (23)

Applying Thm. 5.7 results in two new relationships:

[One[{pN]] = [=Primes[=[{¢) 1] (24)
[zero[{(p)]] = [Primes[[ o) 1]]- (25)

Consequently, we can “mix and match” Eqgns. (22), (23),
(24), and (25) to create expressions that yield semantically
minimal formulae different from the one given in Thm. 5.6.
That is, the function MinimizeFormula of Fig. 2 creates a
semantically minimal variant of ¢ with any of the following
four expressions used in line [3]:

Zero
sum-of-products \ —sum-of-products

Primes([ () ]] Primes([ () ]]
U Primes[[{p)1] |U —Primes[~[{o)1]
—Primes[~[ () ]]| —Primes[=[(y) ]]
U Primes[[{p)]] |U —Primes[-[{y)]]

A term in -sum-of-products form can be put in
product-of-sums form (with no blow-up in size) by apply-
ing De Morgan’s laws. Thus, we may create a semantically
minimal formula with any combination of sum-of-products
and product-of-sums terms that we desire.

Our final result provides a condition under which we may

generate a semantically minimal variant that does not con-
tain an occurrence of LI
Corollary 5.8 Suppose that ¢ is a formula such that ()
is a total Boolean function. Let ¢»; = Primes[{(¢))] and
Yo £ —Primes[-{)]. Then ¢, and v, are both semanti-
cally minimal variants of ¢.
Proof: When () is a total Boolean function, |{p)| =
[{eN] = (). The result follows from Egns. (22), (23),
(24), and (25)—and the elimination of duplicate terms in
the diagonal entries of the table given above. O

In particular, any formula that does not contain an explicit

occurrence of 1/2 or U has a semantically minimal variant
that does not contain an occurrence of L.
Example 5.9 Consider the formula ¢ £ 2y V Tz. In 2-
valued logic, ¢ can be treated as a syntactic shorthand for
x?y:z In Sect. 2.2, we discussed why ¢ is not a suit-
able syntactic shorthand for (the extension of) z 7y : z to
3-valued logic, and why zy V Zz V yz is a suitable short-
hand.

One | sum-of-products

—sum-of-products

We can now derive this by means of our results on semantic
minimization: zy V Tz does not contain an explicit occur-
rence of 1/2 or LI, and thus {(zy V Zz)) is a total Boolean
function. Because Primes[{(zy V Zz2))] = zy V Tz V yz,
zy V Tz V yz is a semantically minimal variant of zy Vv Zz.
m|

6. Related Work

There is a substantial body of work that addresses meth-
ods for syntactic minimization of propositional formula.
Previous work has addressed finding minimal-size sum-of-
products formulae [17], as well as minimal-size formulae
for other forms [22]. In contrast, this paper concerns seman-
tic minimization (in 3-valued propositional logic). Because
the minimization criterion is a semantic one, rather than a
syntactic one, the formula ¢/ that results is not necessarily
smaller than ¢.

The realization problem, and the two versions of the Real-
ization Theorem that we have used, are due to Blamey [2, 3,
1]. However, Blamey’s work did not address the semantic-
minimization problem that we defined in Sect. 3. In Sect. 5,
we focused on a special case of the realization problem,
which allowed us to define a semantic-minimization algo-
rithm (MinimizeFormula) that is more efficient than what
one would have using the general realization constructions
given by Blamey.

Our motivation for investigating the semantic-
minimization problem for propositional logic was as a
heuristic for creating “better” formulae in a 3-valued
first-order logic (with a transitive-closure operator). This
logic is the basis of a system for “shape analysis” (i.e.,
the determination of information about the heap-allocated
data structures that a program manipulates), and, more
broadly, for a variety of static analyses of programs that
manipulate heap-allocated data structures [18, 19, 14]. By
replacing a formula ¢ with a formula ¢, we may improve
the precision of the answers that the system obtains. We
have implemented MinimizeFormula, and have used it as a
subroutine in a heuristic method for minimizing first-order
formulae; the method works on a formula bottom-up, apply-
ing MinimizeFormula to the body of each non-propositional
operator (i.e., each quantifier or transitive-closure operator).
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A. Proofs

Lemma 54 Let A be a 3-valued assignment such that
(i) €N (A) = 1, and (ii) for all A" O A, {L)H(A’) = 1/2. Then
the formula

def
= A

1<i<nad
A(zi) C1/2

One({e), 4, 1)

isaprimeimplicant of | {¢)].

Proof: By Defn. 4.1 (Eqn. (3)), and the presence of the guard
“A(z;) C 1/2” in the index of the conjunction, = is a conjunc-
tion of literals of the form shown in (20), namely the conjunction

= /\ :vf(m"). (26)
A(z;)C1/2
By assumption (i), {¢)(A) = 1. Defn. 3.1 implies that {¢)) is a
monotonic function in {0,1,1/2}" — {0,1,1/2}. Thus, for all
arep. by A, {ph(a) C {eH(A) = 1, which, by the definition of
|-], implies that | ()] (a) = 1. Because a(z;) = A(x;) for all
z; for which A(z;) C 1/2, 7 is an implicant of | {¢))].
To see that  is a prime implicant of | {¢)) |, consider the right-
hand side of Eqn. (26) to be the set of literals

Se = {9 | A(z:) £ 1/2}).

For any S that is a strict subset of S, we would have the set of
literals .

S = f{ai" | A'(2i) C 1/2}
corresponding to an assignment A’, where A’ 71 A. However, by
assumption (ii), {p)(A") = 1/2, which means, by Defn. 3.1, that

{{eN(a) | arep.by A"} = {0,1}.

Therefore, there is a 2-valued assignment ao such that ao(z;) =
A'(z;) for all z; for which A’(z;) C 1/2, and {¢)(ao) = 0, and
hence | {¢) |(ao) = 0. This means that .S, or more precisely,

/\ m?’(-’”i)
Al(z;)C1/2
is not an implicant of | {)].
Consequently, 7 is a prime implicant of | {¢)|. O

Lemma 5.5 Let 7 by a prime implicant of | {¢))|. Then thereisa
3-valued assignment A such that

) €eN(A) =1
(i) Forall A" 3 A, {p)(A') =1/2
(i) == N\ One((e), A,d)

1<i<nad
A(z;) C1/2

Proof: Let 7 be the product

and let As be the assignment

U R ifi e S
S 1/2 otherwise



(i) Because  is a prime implicant of | ()], for all a represented
by As, [{¢)) | (a) = 1. Therefore,

{eN(@) =1  (by the definition of |-])
[el(a)=1  (by Defn. 3.1)
(eN(As)=1  (by Defn. 3.1)

(i) If As =[z; — 1/2 |1 <1 < n](and hence  is the formula
1), then property (ii) holds vacuously. Thus, we may assume
that As binds at least one z; to a definite value.

Let A’ be an assignment such that A’ 17 As. A’ and Ags
agree on some (possibly empty) set {z; | i € S'}, for some
S c S. Let S, be {«* | A'(z;) = bi,i € S'}. By our
assumptions, Sy is not an implicant of [ {)) |. Thus, there is
a 2-valued assignment ao such that ao(x;) = A'(z;) for all
i€ S and | {e)|(ao) = 0; consequently, by the definition
of |-]. {¢)(a0) 20

Pick any a1 represented by As. Because 7 is a prime impli-
cant of [{¢)) ], we have

L[{eh](a1) =1
{eMar) =1
[el(ar) =1
Because A’ 1 As, a1 is also represented by A’. Thus,
ey = || Il
a rep. by A’

2 [¢l(ao) U [#](ar)
Joul

=1/2

(by Defn. 5.2)
(by the definition of |-|)
(by Defn. 3.1)

(iii) 7 can be rewritten as

A g, @7)
1<i<nand
As(z;) C1/2
Because we showed in (i) that {¢)(As) = 1, formula (27)
can, in turn, be expressed as

/\ One(((go)), AS= l)
1 <i<nand
As(z;) C1/2

O

LemmaA.1 If f isa total Boolean function, then [Primes[f]] =
((Primes[£1).
Proof: Let A be a 3-valued assignment. By Defn. 3.1 and the
monotonicity of [-] (Lem. 2.4), if [Primes[f]](A) yields a definite
value d, then ((Primes[ f]))(A) must also yield d.

Thus, we must only consider the case in which

[Primes[f]](A) =1/2. (28)

To show that ((Primes[f])(4A) = 1/2, we need to show
that there exist definite assignments (i) a rep. by A, such
that [Primes[f]](a1) = 1, and (ii) ao rep.by A, such that
[Primes[f]](ao) = 0.

(i) Pick any disjunct of Primes[f] that evaluates to 1/2 under as-
signment A, say 75 = /\ . Consider the vari-
i€SC{l,...,n}
ables x; such that j € S and A(z;) = 1/2. Create a; from
A by replacing each binding z; — 1/2 with z; — b;. Be-
cause [rs](a1) = 1, we have [Primes[f]](a1) = 1.
(ii) Suppose for the sake of argument that,

for all a rep. by A, [Primes[f]](a) = 1. (29)

By Defn. 5.2, this implies that for all a represented by A,
f(a) =1, which means that the formula

N 2l
A(z;)C1/2

is an implicant of f. Consequently, Primes[f] contains a
disjunct 7 such that 7 (considered as a set of literals) is a
subset of w4 (considered as a set of literals). Therefore,
[7](A) = 1, which means that [Primes[f]](4) = 1. How-
ever, this contradicts assumption (28), and hence our subse-
quent assumption, assumption (29), must be incorrect.
Because f is a total Boolean function, there cannot be any
definite assignment a such that [Primes[f]](a) = 1/2. Thus,
the fact that assumption (29) is incorrect implies that there
must exist an ao rep. by A such that [Primes[f]](ao) = 0.

O
LemmaA.2 If f isatotal Boolean function, then for all defi nite

assignments a, [Primes[f]](a) = [-Primes[-£]](a).
Proof:

[Primes[f]](a) = f(a) (follows from Defn. 5.2)

=1-(1-f(a))

=1-f(a)

=1-f(a)

=1 — [Primes[—f]](a) (follows from Defn. 5.2)
= [-Primes[-f]](a)

O

Theorem 5.7 If f isa total Boolean function, then [Primes[f]] =
[—Primes[—f]].
Proof: Let A be a 3-valued assignment.

[Primes[f]](A) = (Primes[f]))(A)
|| [Primes[f]l(a)

(by Lem. A.1)
(by Defn. 3.1)

arep.by A
= || [-Primes|=fll(a)  (byLem.A2)
arep.by A
= | (- [Primes[~fI](a))
arep.by A
=1- || [primes[-f]](a)
arep.by A

=1 — ((Primes[=f])(A)
= 1 — [Primes[—f]] (A4)
= [-Primes[-f]](A4)

(by Defn. 3.1)
(by Lem. A.1)



