Practical Issuesin Graphical Constraints

Michael Gleicher
School of Computer Science
Carnegie Mellon University

Pittsburgh, PA 15213

gl ei cher @s. cnu. edu

Abstract

Use of constraint-based techniques in interactive graphics applications poses a variety of
unique challenges to system implementors. This paper begins by describing how interface
concerns create demands on interactive, constraint-based, graphical applications. We will
discuss why such applications must be able to handle systems of non-linear constraints, and
survey some of the techniques avail ableto solvethem. Employing these numerical agorithms
in the contexts of interactive systems provides a set of chalenges, including dynamically
setting up the equationsto be solved and achieving adequate performance and scalability. This
paper will explore these issues and describe the methodswe have used in our effortsto address
them.

1 Introduction

The ability to represent and maintain relationships among objects can be an extremely useful tool
in agraphical application. Since the earliest interactive graphical applicationg 29], the use of such
constraint techniques has been demonstrated in applications including drawing, 3d modeling, user
interface construction, animation, and design.

In employing constraint-based techniques in such graphical applications, system designers
must face a variety of new challenges. This paper aims to describe some of these challenges, and
discuss some techniques to address them. We begin by looking at how usability concernsfor such
applications create demands on what systems must do. We will discuss why these applicationswill
often demand the power and generality of non-linear numerical techniques. Issuesin employing
such algorithmswithininteractive systemswill be surveyed, with an emphasis on how the equations
to be solved can be set up and how adequate scalability and performance might be achieved.
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For this paper, we are concerned with the class of graphical applicationswhere the user creates
and edits models made up of a number of graphical objects. An example is an object-oriented
drawing program, where the model (or drawing in this case) is made up of lines and circles, but
not a painting program in which the model is a bitmap or image. Also, the constraints that we are
concerned with in this paper are those used within the model, for example, to enforce arelationship
withinadrawing. Thisisdifferent fromthecommon useof constraintsin user interfaceconstruction,
where a constraint is used by the programmer to enforce internal consistency within the program,
asin systems like Thinglab 11[20], Garnet[21], or Mel[16]. These two uses of constraints provide
different sets of challenges, although some of theissues and sol utions presented here apply to both.

2 The Challenges of Constraint-Based Graphical Applications

An interactive graphical application with constraints must contend with the same basic challenges
as those without constraints. However, there are challenges which are inherent when constraints
among objects are provided. Constraints obvioudy add to models, in addition to the graphical
objects, constrained model sal so contain constrai nts which must be stored, displayed, edited, saved,
etc. More significantly, constraints change the nature of interaction in a graphical application.
Without them, actions only affect the objects to which they refer. For example, dragging an
object in a traditional drawing program moves only the object. With congtraints, this locality is
lost: altering one object may cause other objects to be affected. This global nature of constraint
operations is at the core of many of the difficult issues in employing constraints. It introduces
challenges in implementation, in performance, and in usability. The latter is potentially most
concerning, not only for its difficulty, but also because usability concerns create further challenges
for implementation and performance.

Without user specified constraints, graphical objects have fixed behaviors. For instance, an
ellipse in a drawing program behaves like an elipse. The system designer can design a good,
usable behavior which the user can learn and apply to all ellipses. When user specified constraints
among objectsareintroduced, the situation changes. To begin with, the behaviorscan becomemore
complicated because of interactions among objects. Each combination of objects and constraints
will have its own behavior. These behaviors are specified by the user in terms of the constraints,
the user is effectively programming.

As in more traditional programming, complexity in the constrained behavior of a graphical
model becomesaproblemwhenit hasbugs, e.g. whenthebehaviorisn't what isdesired or expected.
The most obvious form of bug iswhen the constraintsforce the model into aconfigurationwhichis
not what the user desires, or the constraints prevent the user from achieving adesired configuration.
Another class of constraint bug stems from bad constraints where sol utions cannot be found, either
because of conflicting specifications or solver failures.



Because constraint errors occur, interactive graphical applications which provide constraints
to users must deal gracefully with bad situations, such as conflicting or redundant constraints.
Underdetermined models also must be handled, as it is impractical to expect the user to fully
specify all possible degrees of freedom. Because of the potential for errors, it is crucia to aid the
user in understanding the complex behaviors of constrained models. Providing continuous motion
animation seems to be important for helping users understand complicated behaviors as it alows
them to use their perceptual skills to connect states This places demands on systems to provide
rapid enough iterations to provide the illusion of continuous motion. Another important weapon
in avoiding constraint bugs is the devel opment of specification techniques which help avoid them;
thisis evidenced by the large effort in automatically inferring constraints, such as[1, 13, 18].

The interactive nature of constraint-based graphical application aso causes the systems of
constraints to be dynamic. Typically, as the user edits the model, constraints are added, removed,
and altered. While there are some applications, such as [27], where it is possible to separate
manipulation and modeling, applications must typically interleave atering the constraints with
solving them. The ability to rapidly alter the set of constraints can also be used to create new
facilitiesin the solver. For example, switching a constraint on and off at the correct times permits
the creation of inequality constraints, using what are called active-set methodg 6].

With al of the discussion of constraints, it is easy to lose sight of the fact that constraints are
usually atool to aid in the process of creating graphical models. The constraint solver must not get
in the way of the creative process. This leadsto demands of reliability and robustness for solvers.
It also means that users should not be forced to deal with equations. Artifacts of the solving
process must be hidden from the user. For example, users should not be forced to create constraints
which have properties which stem only from solver limitations; for example, some solversrequire
constraints to be expressible as directed acyclic graphs. Similarly, we cannot expect the user to
tweak algorithms on a per problem basis, asis often the case in numerical analysis.

2.1 An Example Application

A constraint-based drawing program demonstrates how theissuesin building interactive constraint-
based graphical applications manifest themselves. The idea of using constraints in a drawing
program is not new; in fact, it dates back to one of the earliest interactive systemg 29]. However,
despitethe nearly universal agreement ontheir utility, constraints never really caught onin graphical
applications. What has been successful are direct manipulation programs.

We have built a drawing program called Briar[7, 13], depicted in Figure 1 which aimed
to keep the the features of the successful direct manipulation systems, but to augment them
with congtraintg8]. Briar is based on an existing, highly evolved direct manipulation drawing
techniqueg[ 2], and augments them by making the relationships between objects persistent. Briar
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Figure 1: The Briar graphical editor editing a constrained drawing.



providesaset of Snap-Dragging featuresto help usersdraw precisely and quickly. However, unlike
other Snap-Dragging systems, Briar providesthe facility of making these snapping operationsinto
persistent constraints. Thiscan be done without the user explicitly specifying the constraints. Briar
usesavisual languagefor displaying the constraints, which closely parall el sthe snap specifications,
and aso provides smple methods for deleting constraints based on drawing operations. The
avoidance of direct reference to constraints avoids several classes of constraint bugs including
conflicty§].

Despite its constraint features, Briar maintains the fundamental direct manipulation feel of
dragging. Like more traditional programs, objects are dragged and move with continuous motion,
except that in Briar, constraints among the objects can be maintained. For example, the user can
draw a mechanical contraption, and have it stay together when the crank is turned.

Briar only represents two types of constraints. point—on—object and point—-on—point. More
complicated relationships, such as distance, orientation, or co-linearity, are created by combining
these ssimple elements with special alignment objects. These more complex relationships lead to
non-linear equations which Briar’'s solver must handle. Hierarchical grouping with rotation and
interesting objects also lead to non-linearities. Briar uses avisual representation for constraints so
the user is never confronted with equations.

Another important aspect of the constraints in Briar is that they are dynamic. The user is
continually creating and destroying constraints. These changes occur during drawing operations,
so it would be unacceptable if adding or deleting a constraint were time consuming.

3 TheNeed for General Purpose Solving

The interface needs of interactive graphical applications place difficult performance demands on
constraint algorithms. In order to keep up with interactive rates, it is tempting to make restrictions
on the types of constraints which the solver can handle. However, the things which it is most
tempting to restrict are exactly those which things from which a constrai nt-based approach derives
much of itsvalue. Namely, it is tempting to limit the class of equations that the solver can handle,
ad it istempting to limit the ways that constraints can be combined simultaneoudly.

One of the most obvious smplifications to a constraint system is to restrict the class of
constraints it can handle, as simpler types of constraints usually have smpler, faster solving
algorithms. However, for interactive graphical applications, restricting the set of equations is
unacceptable. Eveninthe most basic 2d applications, non-linear equationsarise. Simplegeometric
relationships, such as distance and orientation, give rise to non-linear equations. Many graphical
objects are most easily represented in ways that give rise to non-linear functions. Similarly in 3D,
many of the interesting relationships among objects require non-linear equations.

A genera purpose non-linear solver frees interface developers to experiment with novel and



Figure2: A lamp is manipulated by dragging the point at the center of whereitslight hitsthe floor.
The constraint solver can adjust joint angles based on the manipulation of the light's target, aswell
as positions of the light.

unusual constraints since they need not worry about how to solve new types of constraints. For
example, in our work we have experimented with constraints on such things as the outcome of
viewing transformationg[11], on the positions of reflections and shadows, and on the results of
lighting calculations, permitting constraining the colors that objects appear[9]. Such constraints
areinteresting because permit usersto control modelsdirectly intermsof aspectsthey areinterested
in, as demonstrated by the example of Figure 2. Such constraints are also interesting because they
can be used in combination with one another to create other interesting interaction techniques.
The ability to solve constraints smultaneoudy is one of the biggest advantages for the user
of a constraint-based system. Simultaneity helps avoid redundant work, as constraints can keep
things previously done on the drawing persistent over subsequent editing operations. Being able
to arbitrarily combine constraints permits the user to specify parts of the model in an unordered
fashion. It permits users to mix and match specification tactics to meet their needs. It also aidsin
explorationsof design spaces, by permitting the user to constrain aspects of the design and altering
the free parametersto explore what configurationsare consistent with these constraints. The ability



to combine constraints also can also aid interface designers as it provides an interesting way to
define interaction techniqued[9].

Although the ability to solve constraints simultaneoudly is crucia to interactive graphical
applications, some common classes of solvers severely restrict how constraints can be combined
in an effort to achieve better performance. For example, the popular propagation solvers can only
solve combinations of constraintswhich can be solved one at atime by some ordering. While some
solvers, such as Delta Blug[5], employ sophisticated algorithms to find these orderings, they still
place substantial restrictions on what constraints can be combined. Also, the distinction between
what the solvers can and cannot do is based on aspects of the data structures, for example that the
constraint graph is acyclic, which is probably not what the user of a graphical editor is thinking
about.

3.1 Propertiesof Constraint Problems

Not only must the constraint solver in a constraint-based graphical application handle non-linear
eguations, but it must al so manage equationswith some other difficult properties. Underconstrained,
overconstrained, and cases of redundant constraints may arise.

It isimpractical to require the user to specify all aspect of a geometric model. For example,
there may be some uncertainty in the design. In general, it is difficult to tell if a model is fully-
specified. It is therefore important that the constraint solver can handle these underdetermined
cases. What this requires is that the solver is able to choose from all of the possible solutionsin
the underconstrained case. The best choice would be for the solver to select the solution which the
user wants, something that is impossible without some mind reading. This means that a heuristic
isneeded. Even if the goal of choosing an underconstrained solution is relaxed to simply pick the
one which will surprise the user the least, e.g. the “Principle of Least Astonishment”[4], some for
of operation metric is needed.

A common heuristic for selecting an underconstrained sol ution is minimize the amount that the
model changes in order to meet the constraints. A justification for this heuristic is that if the user
did not ask for something to change, the system should minimize the amount that it is changed.
There are many ways to measure the amount the model changes, ranging from minimizing the
amount of work done by the solver[14] to optimization metrics such asleast-squares normsor even
user-defined optimization criteria, as provided by Ascend[23]. A discussion of some of the options
for these optimization criteria are given in [?]. In our work, we have chosen least-squares as it
provides a global metric which distributes change in a predictable and uniform way, and it can be
implemented easily in the context of non-linear constraint techniques.

Although they are often easier to prevent than underconstrained cases, overdetermined con-
straints still arisein interactive graphical applications. Such situations are often caused when users



attempt to specify more and more of their model when the heuristics used to choose undercon-
strained solutionsfail. Overconstrained cases are a problem both in the case of redundancy, where
many congtraints all lead to a consisted solution, and conflicts, where there will be no solution
which satisfies al the constraints. Redundant constraints are difficult for solvers, as a little nu-
merical inaccuracy can make them appear to be conflicts. Conflicting constraints are difficult for
non-linear solvers as it is not always possible to determine if there is no solution, or if the solver
merely has no found it yet.

There are severa possible behaviors which may be desirable when constraints conflict. One
useful way to resolve conflicts is to attempt to minimize the error residual, for example in a
weighted |east-squares sense. This might be unacceptable if the constraints are meant to represent
rules which cannot be violated. Another option is to provide a preference ordering, or hierarchy,
for the constraintg4]. In such a scheme, more important constraints must be satisfied before less
important ones. Providing a genera hierarchy mechanism for non-linear constraints appears to be
adifficult problem. However, the techniques which we have used provide a two-level hierarchy
of “hard” and “soft” controlg[11], with weighted least-squares minimization at each level of the
hierarchy. Itispossibleto achieveathirdlevel tothishierarchy by using effectively infiniteweights
on some of the hard constraints, but this can lead to numerical problems when there are conflicts
or redundancy among these constraints.

4 Solving Constraints

A constraint in an interactive graphical application is a relationship, typically geometric, among
objects. A constraintisrepresented by an equation which must hold for the constraint to be satisfied.
This equation is over the variables which determine the configuration of the model, called the state
vector. The standard form of these equations is to write them as some function of the state vector
equals a constant, often zero with no loss of generality. Inequalities are similarly handled by an
eguation which states that the function is greater than zero. This function is called the constraint
function. The job of a constraint solver isto find configurations of the state vector for which the
constraints hold. If continuous motion isto be achieved, the solver must be called for each frame.

A guaranteed general method for solving systems of non-linear equations does not exist, and
there are arguments that such a method cannot exist[25]. However, there are methods, which
despite their lack of total generality and guarantees, perform reasonably on redlistic problems.
These methods iteratively converge on a solution to the equations. A well known iterative method
for solving non-linear systems is Newton’s method, which has many variants and is the basis for
many of the more sophisticated techniques. For each iteration, these methods solve alinear system
based on the derivatives of the constraint equations to compute the next value.

Wehavebeen using avariant of theseiterative approachesin our work, whichwecall differential



methods. Rather than specifying what the desired values for constraint functions are, we instead
specify how they are to change, e.g. their time derivatives. For example, we might specify that
something isnot to change, or isto movetowardsatarget. Such an approachisuseful for interaction
because we want our objects to move continuously, rather than jump to their goal positions. The
derivatives of variables can be computed from the derivatives of the constraint functionsby solving
asystem of linear equations, evenif the constraint functionsthemselves are non-linear. Differential
methods are detailed in [10] and [11].

Differential methods and Newton-like methods are very similar. Both repeatedly solve linear
systems to iteratively move towards satisfying non-linear equations. One way to describe the
difference might be that a Newton-style method attempts to race towards the goa as fast as
possible, regardless of the route taken, while the differential methods try to take a good continuous
route, even if it takeslonger. The former method runs more of the risk of speeding off in awrong
direction, but may arrive at its goal soone.

The method actually used to solve constraintsis an implementation detail to which the user of
a constraint-based application. What isimportant to making such a system successful, however, is
that constraints are solved in a manner that isfast, robust, and reliable.

4.1 SolvingLinear Systems

Almost any method chosen will repeatedly solve systems of linear equationsbased onthederivatives
of the non-linear equations.! Linear system solving dominates the computational complexity of
constraint-based graphical applications (see section 5), and is a key place where stability and
reliability concerns must be met.

Thelinear system solver at the coreof the constraint solver must beableto handleill-conditioned
and singular cases. Such cases arise not when the constraints are over-specified, but also arisefrom
certain types of geometric configurationg19]. To better handle these cases, we use a variant of
damping, atechnigue seen in roboticg 22, 30] and in the Levenberg-Markardt method[25]. Such
methods add small amounts to the diagonal elements of the matrix raising their condition number
and permitting them to be solved more easily. The method effectively trades some precision in the
constraint calculation for better performance and stability.

To solve linear systems in our constraint applications, we have used a conjugate-gradient
algorithm. This algorithm is particularly attractive because it permit exploiting sparsity without
pre-analysis. This is useful because the structure of the sparsity of our matrices changes as the
user atersthe constraints. Because it conjugate-gradient an iterative technique, we have the ability
to trade precision for performance by adjusting tolerance parameters. While there are techniques,

1There are non-global methods for solving non-linear equations which do not solve linear systems. In [24] these
relaxation or penalty methods are described, including a discussion of why they are not good.



such as singular value decomposition, which better handle singular and near-singular matrices,
these techniques do not exploit sparsity as easily nor permit the performance adjustments. 1n [26],
the tradeoffs between SV D and conjugate-gradient are explored more closely.

5 Scalability and Performance

Performance isimportant to interactive graphical applications so they can achieve the appearance
of continuous motion. In a conventional drawing program this can be achieved easily as only
one object is moving at atime. If it is a complicated or compound object, it can be drawn in a
simpler form, such as a bounding rectangle, because it cannot change internally. Because of this
constant O(1) complexity in the interactive loop, direct manipulation drawing is practical on small
computers.

In a constraint-based system, the constant time portions of drawing systems no longer exist.
Many objects can potentially change at once. Where this complexity hurtsthe most isin constraint
solving, but the fact that many object move simultaneoudly also makes other things, like redraw,
more complicated. Multiple objects moving aso raises the cognitive complexity of drawing, as
the behaviors become quite complicated.

5.1 Computational Complexity

The computational complexity of constraint-based graphical applications using iterative numerical
algorithmsis dominated by thelinear systems which must be solved in order to solve the non-linear
equations. Solving a system of linear equations is, in the most general case, an O(n3) problem.
However, because the matriceswhich arisein graphical constraint problemsaretypically sparse, the
complexity can be lower. Because each constraint only affects at most a small constant number of
objects, its function can only depend on asmall constant number of variables so the corresponding
row of the matrix can only have asimilarly small number of entries. Therefore, the matrices only
have O(n) entriesin them, and can the linear systems can be solved in O(n?) time[26]. For certain
classes of constraint problems, the linear system can be solved in linear time[ 28].

To maintain interactive performance, it iscritical to reduce the complexity of solving algorithm
by exploiting the sparsity of the systems which are solved. However, without severely restricting
the class of models which the user can build, this still leaves greater than linear complexity. Since
we cannot reduce the polynomial coefficient, one must instead reduce the size of the problems
which are solved, without imposing size restrictions on the user. Tactics available for thisinclude
partitioning the constraints into smaller subproblems, which is explored in [26], and removing
“dead” objects and constraint from the computations.

The basic strategy for reducing problem size is to determine which objects might move and
only operate on these objects. Once the set of objects is pared, constraints which depend only
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on dead objects can be removed. Constraints which depend on both live and dead variables will
only alter the live ones. Information about whether or not an object is alive can be used for other
purposes, such as snap-target pruning[13], or ssimplifying displays.

There are many sources of objects to remove from the constraint system to reduce the size
of the problems which must be solved. One obvious source is the user, who, for example, might
want to freeze an object. It isalso useful to cluster variables and allow the user to select whether
these classes should be enabled or not. For example, in a3d modeling system, the constraint solver
might be used to control lighting, position the camera, and shape object geometry. However, the
user will often only want to control one of these at atime. It istherefore useful to allow disabling
entire classes of objects. This is especially important with constraints such as through-the-lens
camera controlg11] which can affect many different types of variables.

The are two reasons to automatically disable an object or variable. The constraints might
completely restrict an object (or avariable) from changing, or the object might not be connected to
anything which might cause it to move, such as the mouse. For these two questions, exact answers
areunavailablein general. It might require proving an arbitrarily hard geometric theorem, or doing
expensive numerical calculations. However, in practice one can remove many objects, although it
is difficult to guarantee the smallest possible set of active variables. In our systems, we have used
techniques such as dependency analysis and simple geometric theorem proving.

5.2 Cheap Congtraints

Disalowing a parameter to change by removing it from thelist of variablesis an example of what
we call a cheap constraint. Rather than constraining the behavior by adding another constraint
equation, cheap constraints alter the set of variables to make it smaller. Where adding a regular
constraint causes the system to slow down because it must solve alarger set of equations, cheap
constraints can actually cause thingsto speed up as they reduce the size of the problem.
Thesimplest form of acheap constraint isto freeze an object. If the user doesnot want an object
to change, its parameters are merely removed from the variable list so that the solver is unable to
change them. Subsets of parameters can similarly be frozen. For example, if aline segment is
represented by the position of its center, itslength, and its orientation, a constraint maintaining the
length of the line segment to stay at its present value could be created as a cheap constraint. Notice
that such cheap constraints are representation dependent: if the programmer had chosen adifferent
representation for the line segment, for example to represent it by the positions of its endpoints,
the length constraint could not be implemented as a cheap constraint. It is conceivable to build a
system which changes the representation of objects to maximize the number of cheap constraints,
however, we believe the combinatorial optimization problem to be intractable. What is commonly
done, however, isto pick representationswhich are most likely to yield the most cheap constraints.
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Another form of cheap constraint is merging, that is having multiple parameters access the
same variable, as seen in Thinglab[3]. Merging is a cheap constraint for equating parameters.
Because merged parameters share a single variable, they have exactly the same value. While this
exact equality can be an asset, it can also be aproblem asit meansthe constraint behaves differently
than its non-cheap counterpart. This can be particularly troublesome in cases where the solver
might break the equality constraint dightly, for example to achieve aleast squares solution to an
overconstrained problem. Most forms of cheap constraints have similar difficulties.

5.3 Trading Accuracy for Performance

For many applications, users are not concerned with extreme accuracy — we are often willing to
let our objects be an imperceptible tenth of a pixel apart if it allows our solver to be faster. When
we employ iterative numerical solvers, there are several ways in which accuracy can be traded
for performance. The simplest isto raise the solverstolerance, causing it to stop iterating sooner.
When an iterative linear system solver is used within the non-linear method, the tolerance for this
solver can also raised.

The damping techniques mentioned in section 4.1 are another example of trading accuracy for
performance. The perturbed, or damped, linear system does not exactly model the problem being
solved. However, it does prevent the linear systems from becoming singular which most solvers
cannot tolerate. Also, some iterative linear system solvers solve better conditioned linear systems
faster.

6 Formulating Equations

Most of the methods for solving systems non-linear equations described in section 4 have similar
requirementsfor what the equations need to provide. They need to be ableto evaluatethe constraint
functions and their derivatives to form the linear systems which are solved. These evaluations
must be able to take advantage of sparsity in the resulting derivative matrices to achieve needed
performancein evaluations. Since these functions are defined in response to dynamic creation and
destruction of constraints, the creation of the functions themselves must be dynamic.

Constraint-based applications must be able to dynamically define functions. They need to
be able to rapidly evaluate these functions and their derivatives. These functions are built by
composing other functionstogether. At alow level, one might consider building functions out of
basic mathematical primitives such as addition; however, this composition occurs at higher levels
of abstraction in constraint systems too. For example, many constraints are typically defined in
terms of points on objects. It is then the job of the objects to compute these point positions in
terms of their state variables. This provides an important layer of modularity: the constraints can
be defined independently of the objects.
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A function can be represented as a directed acyclic graph? with composed functions at the
nodes, and arcs representing composition. Our approach to providing function composition in
the dynamic setting of interactive applications is to provide a tools for managing these function
graph structures. In Shap-Together Math[12], function elementsare “wired” together to make more
complicated functions.

Evaluating the values and derivatives of an expression involves traversing the graph. To
compute a value, a node requests the values from its predecessors and then performs its local
function on these results. The chain rule for derivatives provides a similar method for computing
derivatives. To compute the derivative of a node with respect to the global inputs, a node asks
its predecessors for their derivatives, and multiplies these intermediate results by the derivative of
its internal derivative matrix. This process is called automatic differentiation, and is superior to
building the global derivative matrix symbolically in most situationg[ 15, 17].

At the leaves of the function graph are the variables over which the function is computed, the
state vector of the model. The state vector contains the parameters of the graphical objects which
make up the model. The state of the system is distributed among objects, however, numerical
algorithms require state to be gathered into a single global vector. The positions of variables in
this vector are significant as they determine which columns of the derivative matrices correspond
to which variables. It would be possible to keep variables in a large vector and have the objects
simply look in this larger structure for values. Such an approach, however, violates encapsulation
of objectsand makesit moredifficult to switch variableson and off. 1nour approach, variablesfrom
object state vectors are gathered into a larger vector when needed. By selecting which variables
are gathered, it is ssimple and fast to switch among sets of variables.

We have implemented function composition and automatic differentiation in an object-oriented
tool called Shap-Together Math. Rather than requiring special graph node objects, it allows ap-
plication objects to mix in the ability to “speak mathematics.” This permits application objects
to participate directly in calculations. They must only respond to a ssimple protocol. This sm-
plifies applications by reducing the need for special math objects which must be allocated and
maintained. Snap-Together Mathematics uses a specially designed sparse matrix representation
and does extensive caching to achieve better performance.

7 Putting it Together

A wide variety of graphical applications might employ constraints. Any of these applications will
face the same issues previoudly described. Fortunately, the solutions proposed are general enough
to apply across many applications, and can be encapsulated into a toolkit to support a variety of
applications.

2t is not a tree as common subexpressions might be shared.
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At alow level, any application which employs numerical constraint will gain leverage from a
library of mathematical structures and algorithms. Our mathematical toolkit provides support for
such things as vectors, matrices, and differential equationsin an object oriented manner. Itincludes
several varieties of sparse matrices, and avariety of linear system, non-linear system, and ordinary
differential equation solvers.

Snap-Together Math, described in section 6 is built on top of the mathematical library. In
addition to the support for dynamically composing and rapidly evaluating functions, it also includes
interface to differential and Newton-style solvers. Many applications, including Briar, have been
built with these tools.

The Bramble graphicstoolkit[9], built on top of Snap-Together Math, aimsto provide aframe-
work for building graphical applications with constraints. Previous toolkits, such as Garnet[21],
Thinglab 11[20], and Mel[16], employ constraints to aid programmers in application devel opment.
Bramble, in contrast, primarily aims to provide constraints as for user level services. Although,
it does appear that the the differential constraint techniques provided in Bramble simplify the
task of building graphical applications by helping separate manipulation from representation and
facilitating general purpose interaction techniques.

There are many drawbacksto the use of iterative numerical algorithmsin interactive graphical
applications. Such computations can be expensive and have worse computational complexity
than their non-numerical counterparts. The techniques only apply to real numbers, which means
other techniques must be used for continuous data within applications. Care must be taken to
avoid numerical instability. Also, the set of equations for which non-linear constraint solvers will
perform well is not awell defined set — often such determinations must be done empirically.

Despite these drawbacks, it is still advantageous to employ numerical non-linear constraint
methods in graphical applications. The generality in the class of equations allows the constraints
typically required by graphical editors, and allows experimentation with new types of constraints.
Such constraints can be handled ssimultaneously. Most non-linear methods require very little
information about the constraint functions. That information which they do can be computed
automatically. The iterative non-linear methods can be made to gracefully handle under and
overdetermined constraints, using least-squares techniques.

The addition of constraints to an interactive graphical application creates a variety of issues
which system builders must be concerned with. Many of these issues stem from interface concerns
and the need to handle non-linear relationships. Achieving the needed performance and dynam-
icness from the non-linear solvers requires careful attention. However, support for these can be
provided in ageneral purpose manner.
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