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Abstract

We describe a partial enumeration (PE) method for fast computation of a suboptimal solution to linear MPC problems [? ]
with robust stability properties. Given that the suboptimal PE-based control law is non-unique (that is, a set-valued map) and
(possibly) discontinuous, we treat the closed-loop system, appropriately augmented, as a difference inclusion. We derive novel
robust exponential stability results for difference inclusions of this type. In particular we show that Strong Robust Exponential
Stability (SRES) holds, for any sufficiently small but otherwise arbitrary perturbation. Such approach allows us to show SRES
of the closed-loop system under PE-based MPC. Application to a simulated open-loop unstable CSTR with separation unit
and recycle is presented to show performance and timing results for PE-based MPC, as well as to highlight its robustness to
process/model mismatch, disturbances and measurement noise.
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1. Introduction

During the past decade, significant research activity in
Model Predictive Control (MPC) has been devoted to the im-
plementation of efficient methods for solving the associated
constrained optimal control problem, which in the case of
linear systems subject to linear constraints and quadratic
performance function can be cast as a quadratic program
(QP). Several methods rely exclusively on efficient on-line cal-
culations [? ? ? ? ], whereas explicit control law methods [?
? ? ? ] move the most expensive calculations offline, limit-
ing the online computations to a table lookup involving sim-
ple matrix/vector multiplications and inequality checks. Be-
cause of the exponential explosion of the number of table en-
tries required as a function of the problem size (number of in-
puts, states, and constraints), explicit methods are limited to
small systems. A method that can be considered in the mid-
dle ground between explicit methods and online optimiza-
tion is Partial Enumeration [? ? ], in which a table (with en-
tries equivalent to those of explicit methods) of fixed size is
scanned online to find the optimal control input. If none of
the entries is optimal, a quick suboptimal input is computed,
and the table is updated to include the new optimal entry for
future decision times. (The least-recently-used optimal entry
is discarded if necessary to make room in the table). In this
way, as time goes on, the table adapts to new operating con-
ditions and contains only the entries that are currently most
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0456694) and TWCCC members. Corresponding author: G. Pannocchia. A
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likely to be optimal. There have been other proposals to com-
bine online optimization with explicit methods; see for exam-
ple [? ? ].

The objective of this paper is to revise the Partial Enumer-
ation (PE) approach and to make appropriate modifications
with the goal of showing its inherent robust stability. To this
end, we derive novel results for inherent robust stability of
difference inclusions of the type that arise with suboptimal
MPC, in general, and Partial Enumeration MPC, in particu-
lar. The rest of this paper is organized as follows. In Sec-
tion 2 we revise the PE-MPC method. In Section 3, we de-
rive from scratch novel robust stability results and apply such
results to PE-MPC. A simulated application to the control of
an unstable CSTR with separation and recycle is presented in
Section 5, conclusions are drawn in Section 6, and additional
derivations and proofs are reported in Appendix A.

Notation. Given a vector x ∈ Rn , |x| denotes the 2-norm;
given a sequence of vectors xk := {x( j )}k−1

j=0 , we define ‖xk‖ :=
sup j=0,1,...,k−1 |x( j )|. The superscript ′ indicates the transpose
operator, B denotes the closed unit ball, B := {x ∈Rn , |x| ≤ 1},
I≥0 indicates the set of nonnegative integers; and the symbols
I and 0 indicate the identity and zero matrices of appropriate
dimensions.

2. Partial Enumeration MPC

2.1. Control problem and main assumptions

We consider linear time-invariant systems subject to input
constraints:

x+ = Ax +Bu, u ∈U
Preprint submitted to Journal of Process Control June 16, 2011



in which u ∈ Rm is the input, x ∈ Rn and x+ ∈ Rn are the state
and the successor state, respectively;U is the input constraint
set defined in the next assumption.

Assumption 1. The set U := {u ∈Rm | Du ≤ bu} is compact.

We consider the problem of steering the state to a given
equilibrium target x̄ that satisfies x̄ = Ax̄ +Bū, with ū ∈ U.
To this aim, we define deviation state and input: x̃ = x − x̄,
ũ = u− ū; consequently the deviation input admissible space
is Ũ := {ũ|Dũ ≤ bu −Dū}. For the sake of notational simplic-
ity, we omit the dependence of Ũ (and its derived sets) on ū.
We also observe that since ū ∈ U, it follows that bu −Dū ≥ 0.
Hence 0 ∈ Ũ. Next, given a deviation input sequence vector
ũ := [ũ(0)′, ũ(1)′, . . . , ũ(N −1)′]′, we define the cost function:

VN (x̃, ũ) := 1
2

N−1∑
k=0

x̃(k)′Qx̃(k)+ ũ(k)′Rũ(k)+ 1
2 x̃(N )′P x̃(N ),

s.t. x̃+ = Ax̃ +Bũ, x̃(0) = x̃,

and the following constrained optimal control problem:

min
ũ

VN (x̃, ũ), s.t. ũ ∈ ŨN , S′
u x̃(N ) = 0 (1)

where ŨN := Ũ×·· ·× Ũ︸ ︷︷ ︸
N times

, and Su is defined in Assumption 3.

Remark 2. We allow the origin to be on the boundary of the
input (deviation) space Ũ. This case often happens in indus-
trial applications where an upper (typically economic) opti-
mization layer pushes the operating equilibrium towards the
boundaries of the (absolute) input space U.

Consequently, we define (D̄ , b̄u) as the rows of (D,bu) such
that D̄ū = b̄u , and (D ,bu) as the complementary rows of
(D,bu), i.e. such that Dū < bu . Let T ∈Rm×m (with m ≤ m) be
a matrix of full rank whose columns lie in the null space of D̄ ,
that is, D̄T = 0. We observe that if ū ∈ intU, (D̄ , b̄u) are vac-
uous, we can set m = m and choose T to be any nonsingular
m ×m matrix, for example, T = I .

Assumption 3. The pair (A,BT ) is stabilizable, (Q,R) are pos-
itive definite, P = S′

sΠSs with Π solution to the Lyapunov
equation Π= A′

sΠAs +S′
sQSs in which (As ,Ss ) come from the

real Schur decomposition: A = [ Ss Su ]
[

As Asu
0 Au

][
S′

s
S′

u

]
, and As

contains all stable eigenvalues of A.

Remark 4. The constraint S′
u x̃(N ) = 0 zeroes the unstable

modes after N steps from the current time. Thus, VN (·) repre-
sents an infinite-horizon cost, under the control ũ(k) = 0 (i.e.
u(k) = ū) for all k ≥ N .

Remark 5. Condition (A,BT ) stabilizable implies that the
origin of x̃+ = Ax̃ +Bũ can be asymptotically reached even
when the control ũ is required to satisfy D̄ũ = 0, that is when
ũ is a linear combination of the columns of some matrix T
with the properties described above.

We define X̃ as the set of x̃ for which (1) has a solution, i.e.

X̃ := {x̃ | ∃ũ ∈ ŨN s.t. S′
u(AN x̃+AN−1Bũ(0)+·· ·+Bũ(N−1)) = 0}

Moreover, for any x̃ ∈ X̃ we define the corresponding set of
feasible input sequences:

UN (x̃) := {ũ ∈ ŨN | S′
u(AN x̃+AN−1Bũ(0)+·· ·+Bũ(N −1)) = 0}

and the following set:

ZN := {(x̃, ũ) | x̃ ∈ X̃, ũ ∈UN (x̃)}

We now present the following proposition.

Proposition 6. The set X̃ contains the origin in its interior.

Proof. If the system is open-loop stable, Su is vacuous and
thus for any ū ∈ U it follows that X̃ = Rn . Hence the claim
needs to be proved only for open-loop unstable systems, for
which Su is a full rank matrix. From Assumption 3, for any
given x̃ ∈Rn the following equation:

S′
u(AN x̃ + AN−1BT u(0)+·· ·+BT u(N −1)) = 0

admits a solution in the form u = [u(0)′, u(1)′, . . . ,u(N −1)′]′ =
Γx̃ for some matrix Γ ∈ RmN×n . If we define ũ(k) = T u(k) for
k = 0,1, . . . , N −1, it follows that such input sequence respects
the constraint Dũ(k) ≤ bu−Dū for all sufficiently small x̃ ∈Rn

because D̄ũ(k) = 0 for k = 0,1, . . . , N −1 and the r.h.s. of the
remaining inequalities Dũ(k) ≤ bu −Dū are strictly positive.

2.2. Partial Enumeration: main definitions

As shown in Appendix A.1, problem (1) can be written as
the following convex parametric QP:

min
ũ

VN (x̃, ũ) = 1
2 ũ′Hũ+ ũ′Gx̃ + 1

2 x̃ ′Px̃, (2a)

s.t. Dũ+Cū ≤ b, Eũ+Fx̃ = 0, (2b)

where H is positive definite. Given the optimal solution ũ0,
we denote with (Da ,Ca ,ba) the stacked rows of (D,C,b) such
that Da ũ0 + Ca ū = ba (i.e. the active constraints). We also
denote with (Di ,Ci ,bi ) the stacked complementary rows, i.e.
such that Di ũ0+Ci ū < bi (i.e. the inactive constraints). Since
ũ0 is optimal for (2), the following first-order optimality KKT
conditions hold:

Hũ0 +Gx̃ +D′
aλ

0
a +E′µ0 = 0 (3a)

Da ũ0 +Ca ū = ba (3b)

Eũ0 +Fx̃ = 0, (3c)

λ0
a ≥ 0, (3d)

Di ũ0 +Ci ū ≤ bi (3e)

In Appendix A.2, we derive the following equivalent set of
conditions for ũ0 satisfying (3):

ũ0 = Γu(ba −Ca ū)+Γx x̃, where (4a)[
ΩP
ΩD

]
ξ≤ [ωP

ωD

]
, ξ= [

ū
x̃

]
(4b)
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Thus, we can express the optimal cost as follows:

V 0
N (ū, x̃) :=VN (x̃, ũ0) = 1

2ξ
′V2ξ+ v ′

1ξ+ v0 (5)

Explicit control methods [? ] partition (offline) the space of
ξ in a number of regions, each defined by the tuple:

(ΩP ,ΩD ,Γu ,Γx ,ωP ,ωD ,V2, v1, v0) (6)

The on-line evaluation consists in finding the region for
which (4b) holds, and then computing ũ0 from (4a) and the
optimal objective value from (5). Several enhancements can
be made to reduce the storage requirements and also the on-
line computations [? ? ]. Still, explicit methods can be ef-
fectively implemented for small dimensional systems, as the
number of regions grows exponentially with the problem size.
On the other hand, in partial enumeration (PE) [? ], we store
the tuples (6) for a fixed number of active sets that were opti-
mal at the most recent decision time points. Online, we scan
the table to check whether, for given parameters (ū, x̃), the
optimality conditions (4b) are satisfied, and in such case we
compute the optimal solution from (4a). Given that not all
possible optimal active sets are stored, however, it is possible
that no table entry is optimal. In such case we compute a sub-
optimal solution for closed-loop control. Nonetheless, a QP
solver is called later to compute the optimal solution ũ0, and
thus derive the optimal missing tuple (6), which is inserted
into the table. If the table exceeds its (user-defined) maxi-
mum size, we delete the entry that was optimal least recently.
By limiting the table size, we ensure that the table lookup pro-
cess is fast, but the table entries are updated to keep track of
current operating conditions. In [? ] a table with fixed num-
ber of entries is also proposed for fast evaluation but, in con-
trast to PE, the table is not updated during online operation.
A measure of the amount of state space that is not covered by
the working table is also computed in [? ]. The online adapta-
tion of the working table is the key feature of PE, which makes
it applicable to large-scale systems (e.g. with hundreds of pa-
rameters and decision variables) as reported in [? ? ].

2.3. Partial Enumeration algorithms

In order to compute quickly a suboptimal input sequence
when the table does not include the optimal active set for the
current parameter ξ = (ū, x̃), several options can be consid-
ered. To this end, a procedure based on violations of opti-
mality conditions in (4) is developed in [? ], and closed-loop
nominal stability is checked a posteriori. In [? ] we proposed
two techniques: the previous shifted optimal sequence in
nominal conditions (which guarantees nominal stability) and
the solution to a short-horizon MPC problem in the presence
of disturbances. Here, instead, we propose a slightly different
procedure that allows us to prove robust exponential stabil-
ity of the closed-loop under PE-MPC. The procedure requires
two points, the first of which (ũ0) needs to be feasible. (Its
computation is discussed later in Algorithm 1.) The second
point, instead, is the minimizer of (2a) subject to the equal-
ity constraint (if present) and, if ū is on the boundary of Ũ, to

those input constraints that are active at ū. More specifically,
we define the block diagonal matrix D̄ similarly to D (with D̄
in place of D), and define ũ∗ to be the solution to:

min
ũ

VN (x̃, ũ) s.t. D̄ũ = 0, Eũ+Fx̃ = 0

Following similar reasoning to Appendix A.2, we have that

ũ∗ = Γ̂x̃, (7)

for some matrix Γ̂. If we define the full step from from ũ0 to ũ∗
as p := ũ∗−ũ0, we can parameterize any convex combination
of these two points as ũ(t ) = ũ0+pt in which t ∈ [0, 1]. Notice
that, by construction, any ũ(t ) is feasible w.r.t. the terminal
equality constraint Eũ(t )+Fx̃ = 0, and ũ(0) = ũ0 is also feasi-
ble w.r.t. the inequality constraint Dũ(0)+Cū ≤ b. Thus, we
can search for ũ(t ) such that feasibility is ensured while VN is
minimized by solving the following scalar QP:

t∗ := arg min
t∈[0, 1]

1
2 (p′Hp)t 2 +p′(Hũ0 +Gx̃)t s.t.

Dpt ≤ b−Dũ0 −Cū.
(8)

Next, let ũ+ := [(u(1; x)−ū)′, . . . , (u(N−1; x)−ū)′,0]′ be the pre-
vious shifted (sub)optimal sequence vector, where the inputs
u(1; x), . . . ,u(N−1; x) were computed at the previous decision
time, while ū is the current input target. We now present the
basic PE algorithm.

Algorithm 1. Require: Table with M entries, each a tuple of the
form (6); current parameters (ū, x̃); candidate sequence ũ+, its
cost V +

N if feasible (otherwise V +
N =∞); max. table size Mmax.

1: {%Initialize} Set: ũ0 = ũ+, opt_found=false, j = 0.
2: while ( j < M opt_found=false) do
3: Set j ← j +1. Extract the j th tuple from the table.
4: ifΩPξ≤ωP then {%Entry is feasible}
5: ifΩDξ≤ωD then {%Entry is optimal}
6: Compute optimal solution ũ from (4a). Put tuple j in

first position of the table. Set opt_found=true.
7: else {%Entry is suboptimal}
8: Compute cost VN from (5).
9: if VN <V +

N then
10: Set ũ0 = Γu (ba −Ca ū)+Γx x̃, V +

N =VN .
11: end if
12: end if
13: end if
14: end while
15: if opt_found=false then {%No optimal entry found}
16: if ũ+ ∉UN (x̃) then {%ũ+ is infeasible}
17: Solve the LP:

min
q,s

1′(q+s) s.t. D(q−s) ≤ r1, E(q−s) = r2, q ≥ 0, s ≥ 0

with r1 = b−Cū −Dũ+, r2 = −Fx̃ −Eũ+, 1 vector of ones.
Compute the cost VN of ũ++q−s.

18: if VN <V +
N then

19: Set ũ0 = ũ++q−s, V +
N =VN .

20: end if
21: end if
22: Evaluate ũ∗ from (7), let p = ũ∗ − ũ0, solve (8), and set ũ =

ũ0 +pt∗.
23: {%Table update, performed after returning ũ} Solve QP (2),

and find the optimal tuple (6). If M = Mmax, delete the final
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entry in the table. Insert the new entry in first position of the
table, set M ← min(Mmax, M +1).

24: end if
25: return (Sub)optimal sequence ũ, updated table.

Remark 7. The “feasibility recovery” step (Line 17) is re-
quired only if the warm start ũ+ is infeasible and the opti-
mal solution was not found in the table. This situation may
arise if the system is open-loop unstable and either the tar-
get has changed from the previous decision time or a distur-
bance occurred. In the nominal case without target change,
such step is not performed because ũ+ is feasible. Line 17 is
the only “expensive” computation in Algorithm 1 and is justi-
fied by closed-loop stability reasons of an unstable system.

Remark 8. Line 17 ensures that the size of the perturbation
required to recover feasibility of the warm start is propor-
tional to the norm of occurred disturbances. This is necessary
to prove robustness results (in particular Lemma 22). Dif-
ferent feasibility recovery strategies that ensure such depen-
dence are also acceptable.

We also present a variant of the PE algorithm that was
found, in a large number of examples, to be more efficient.

Algorithm 2. Same as Algorithm 1, with Lines 16–22 replaced as
follows.

1: Set (D̂, b̂) empty matrix/vector. Set feas_found=false.
2: while feas_found=false do
3: Solve the following (equality-constrained) QP:

min
ũ

VN (x̃, ũ) s.t. D̂ũ = b̂, Eũ+Fx̃ = 0 (9)

Let (ũ∗,λ∗) be the associated minimizer and Lagrange multi-
plier for D̂ũ∗ = b̂, respectively.

4: if Dũ∗ ≤ b then {%Feasible solution found}
5: Define V ∗

N =VN (x̃, ũ∗). Set feas_found=true.
6: if V ∗

N ≤V +
N then

7: Set ũ = ũ∗.
8: else
9: Set ũ = ũ+.

10: end if
11: else {%Infeasible solution: add/remove constraints}
12: Define (D̂, b̂) as the rows of (D,b) for the violated inequali-

ties plus the rows of previous (D̂, b̂) with nonnegative λ∗.
13: end if
14: end while

Remark 9. When ũ∗ violates any inequalities such con-
straints are regarded as equalities, and ũ∗ is recomputed.
Also notice that (9) reduces to solving a square linear system.

Remark 10. Algorithm 2 is particularly suited for box input
constraints (umin ≤ u ≤ umax) because when a given con-
straint (say an upper bound) is included in (D̂, b̂), there is no
need to check feasibility with respect to the parallel (say lower
bound) constraint. Moreover, if the system is open-loop sta-
ble (thus, no equality constraint is present) it is trivial to show
finite termination of Algorithm 2, which appears to hold also
for unstable systems by numerical simulations.

3. Nominal stability results

In [? ], Teel and coworkers showed that under stan-
dard assumptions, the origin of a linear closed-loop system
x̃+ = Ax̃ +BκN (x̃), with κN (·) being a nominally stabilizing
MPC-generated control law, is robustly asymptotically stable
with respect to state measurement noise and process distur-
bances. This result relies on continuity of κN (·), which holds
only when the optimal solution to the MPC problem is at-
tained. Unfortunately, the suboptimal MPC law is not con-
tinuous, even for linear systems, and furthermore it is not a
unique function of the state x̃ as it also depends on the ini-
tial guess for the input sequence. These facts prevent us from
establishing readily even nominal stability. This point was
discussed in [? ] in the context of nonlinear MPC to show
that suboptimal nonlinear MPC, under appropriate restric-
tions, is nominally asymptotically stabilizing. Inherent ro-
bustness results for a class of suboptimal MPC algorithms,
based on time-varying state constraint tightening approach
[? ? ], which satisfy a known degree of suboptimality, are dis-
cussed in [? ]. We note that the suboptimal input computed
by PE also depends on the entries of the working table, so the
outcome for the same state and initial-guess input sequence
may be different with different working tables. Thus, in this
paper, we treat the suboptimal MPC law as a set-valued map,
and we derive novel results for robust exponential stability of
difference inclusions [? ? ].

3.1. Difference inclusions: definitions and stability results

Rawlings and Mayne [? , pp.196–203] provide an introduc-
tion to MPC with difference inclusions. Motivated by the de-
scription above of the closed-loop system as difference inclu-
sions, we consider the following definitions. Given a differ-
ence inclusion z+ ∈ H(z), H(0) = {0}, let ψ(k; z) be a solution
at time k starting from the initial state z(0) = z.

Definition 11 (Exponential Stability). The origin of the dif-
ference inclusion z+ ∈ H(z) is exponentially stable (ES) on Z ,
0 ∈ Z , if there exist positive scalars b and λ, λ < 1, such that
for any z ∈Z , all solutions satisfy:

ψ(k; z) ∈Z , |ψ(k; z)| ≤ bλk |z| for all k ∈ I≥0.

Definition 12 (Exponential Lyapunov function). A function
V (·) is an exponential Lyapunov function in the set Z for the
difference inclusion z+ ∈ H(z) if there exist positive scalars a,
a1, a2, a3 such that z ∈Z implies that:

a1|z|a ≤V (z) ≤ a2|z|a , max
z+∈H(z)

V (z+) ≤V (z)−a3|z|a .

We have the following result.

Lemma 13. If the set Z is positively invariant for difference
inclusion z+ ∈ H(z) and there exists an exponential Lyapunov
function V (·) in Z , 0 ∈Z , then the origin is ES on Z .

Proof. From the definition of V (·), z ∈Z implies that:

max
z+∈H(z)

V (z+) ≤V (z)−a3|z|a ≤V (z)−a3/a2V (z) ≤ γV (z)
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for any γ ≥ 1 − a3/a2. Notice that a2 ≥ a3 > 0, hence 0 <
γ < 1. Since ψ(k; z) ∈ Z for all k, we can write: |ψ(k; z)|a ≤
V (ψ(k;z))

a1
≤ γk V (z)

a1
≤ γk a2|z|a

a1
. Hence: |ψ(k; z)| ≤ bλk |z| in which

λ := γ1/a and b :=
(

a2
a1

)1/a
, and we observe that 0 <λ< 1.

3.2. Nominal stability of Partial Enumeration MPC

We prove in this section the nominal stability properties of
system in closed-loop with Partial Enumeration MPC. In the
proofs we assume that Algorithm 1 is executed, but all the
results can be extended to the use of Algorithm 2, although
the details are not reported, for the sake of space. We de-
note by ũ(x̃) := (ũ(0; x̃), ũ(1; x̃), . . . , ũ(N −1; x̃)) any suboptimal
control sequence returned by Algorithm 1 (or Algorithm 2) for
x̃(0) = x̃. Moreover, the pair (x̄, ū) is regarded as fixed in this
Section. Before presenting stability results, we define the “ex-
tended” state z := (x̃, ũ) and note that it evolves as follows:

z+ ∈ H(z) := {(x̃+, ũ+) | x̃+ = Ax̃ +Bũ(0; x̃), ũ+ ∈G(z)} (10)

in which (notice below that both x̃+ and ũ+ depend on z)1

G(z) := {ũ+ | ũ+ ∈UN (x̃+) and VN (x̃+, ũ+) ≤VN (x̃+, ũ+)}

Lemma 14. There exists a constant c > 0 such that any
(sub)optimal solution ũ computed for the initial state x̃(0) = x̃
satisfies |ũ| ≤ c|x̃| for all x̃ ∈ X̃.

Proof. We first consider any x̃ ∈ rB⊂ X̃ and show that the re-
sult holds provided that r > 0 is sufficiently small. We observe
that for x̃ sufficiently small, the “unconstrained” minimizer
ũ∗ = Γ̂x̃ is feasible, i.e. ũ∗ ∈ UN (x̃). Hence, there exists a
constant c1 such that |ũ∗| ≤ c1|x̃| holds. Since the “uncon-
strained” minimizer is feasible, it follows that ũ computed by
Algorithm 1 has a cost no worse than that of ũ∗. We then no-
tice that VN (x̃, ũ) ≥ a1|(x̃, ũ)|2 for some a1 > 0 because VN (·) is
quadratic and strictly convex in its arguments, as discussed
at the end of Appendix A.1. Similarly, there exists some
a2 > 0 such that VN (x̃, ũ) ≤ a2|(x̃, ũ)|2. Combining the above
observations we can write: a1|ũ|2 ≤ a1|(x̃, ũ)|2 ≤ VN (x̃, ũ) ≤
VN (x̃, ũ∗) ≤ a2|(x̃, ũ∗)|2 ≤ a2(1+ c2

1 )|x̃|2. Thus, there exist pos-
itive constants c̃ and r such that |ũ| ≤ c̃|x̃| for all x̃ ∈ rB. To
complete the proof, we consider the remaining case in which
|x̃| ≥ r . We define η := maxũ∈ŨN |ũ| (which is finite because
U is compact and so are Ũ and ŨN ) and set c := max(c̃,η/r ).
We then have that ũ satisfies the required inequality |ũ| ≤ c|x̃|
because: (i) for |x̃| < r we have |ũ| ≤ c̃|x̃| ≤ c|x̃| as discussed
above; (ii) for |x̃| ≥ r , we have |ũ| ≤ η≤ η(|x̃|/r ) ≤ c|x̃|.
Lemma 15. The set X̃ is positively invariant for the closed-
loop system x̃+ = Ax̃ +Bũ(0; x̃).

Proof. Given any initial state x̃(0) = x̃ ∈ X̃, let ũ(x̃) =
(ũ(0; x̃), ũ(1; x̃), . . . , ũ(N −1; x̃)) be the computed (sub)optimal
solution. Then, for x̃+ = Ax̃ +Bũ(0; x̃) consider the candidate
sequence ũ+ = (ũ(1; x̃), ũ(2; x̃), . . . , ũ(N −1; x̃),0), and observe
that ũ+ ∈UN (x̃+). Hence, x̃+ ∈ X̃.

1Both Algorithm 1 and 2 satisfy the requirements of G(z).

Lemma 16. VN (·) is an exponential Lyapunov function for the
extended closed-loop system (10) in the set ZN .

Proof. The following conditions hold (recall that z = (x̃, ũ)).
i) a2|z|2 ≥ VN (z) ≥ a1|z|2 for some a2 > a1 > 0 as discussed
in the proof of Lemma 14. ii) There exists a c > 0 such that
|ũ| ≤ c|x̃| for all x̃ ∈ X̃, from Lemma 14. iii) VN (z+)−VN (z) ≤
− 1

2 (x̃ ′Qx̃ + ũ(0; x̃)′Rũ(0; x̃)) ≤ −ã3|(x̃, ũ(0; x̃))|2 ≤ −ã3|x̃|2 ≤
−a3|z|2 for a3 = 1

2 ã3 min{1,1/c2} for some ã3 > 0, where in
the last inequality we have used that |x̃| ≥ 1

c |ũ|.
Theorem 17 (ES under PE-MPC). The origin of the closed-
loop system x̃+ = Ax̃ +Bũ(0; x̃), is ES on X̃.

Proof. From Lemma 16, we have that VN (·) is an exponential
Lyapunov function for the extended closed-loop system (10).
From Lemma 15, we also have that ZN is forward invariant
for (10). Hence, there exist positive scalars b̃ and λ, λ < 1,
such that for any initial extended state z ∈ ZN the following
condition holds for all k ∈ I≥0: |ψ(k; z)| ≤ b̃λk |z|. Let φ(k; x̃)
be the state component of ψ(k; z). We can write ∀k ∈ I≥0:
|φ(k; x̃)| ≤ |ψ(k; z)| ≤ b̃λk |z| ≤ bλk |x̃|, with b := b̃(1+ c).

4. Robust stability of Partial Enumeration MPC

For robustness analysis, we consider the closed-loop evo-
lution of the perturbed system

x̃+ = Ax̃ +Bũ(0; x̃ +e)+p (11)

in which p ∈ Rn is an unknown process disturbance and e ∈
Rn is an unknown state measurement/estimation error.

Remark 18. In the perturbed case, the control sequence ũ is a
(sub)optimal solution to (1) for the measured state x̃m := x̃+e.

We recall that ũ, and thus ũ(0; x̃m), is a set-valued map of
x̃m , hence the closed-loop evolution (11) is actually a differ-
ence inclusion. In the perturbed case, the extended system
evolves as:

z+ ∈ Hep (z) := {(x̃+, ũ+) | x̃+ = Ax̃ +Bũ(0; x̃ +e)+p,

ũ+ ∈Gep (z)} (12)

in which (notice that both x̃+
m = x̃++e+ and ũ+ depend on z)

Gep (z) := {ũ+ | ũ+ ∈UN (x̃+
m) and

VN (x̃+
m , ũ+) ≤VN (x̃+

m , ũ++q−s)} (13)

where we observe that the feasibility recovery term q− s ap-
pears only if Line 17 of Algorithm 1 is executed, i.e. when
ũ+ ∉ UN (x̃+

m) and the table did not contain any feasible se-
quence. We denote by ψep (k; z) a solution of (12) for z(0) = z,
given measurement error and process disturbance sequences
ek , pk . We also denote zm := (x̃m , ũ) = z + (e,0), and observe
that zm ∈ ZN . Next, we denote by φep (k; x̃) := x̃(k) a solution
of (11) for the initial state x̃(0) = x̃, given process disturbance
and measurement error sequences pk and ek . We present the
definition of robust exponential stability (RES), similar to that
of robust asymptotic stability (RAS) given in [? ].
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Definition 19 (RES). The origin of the closed-loop system
(11) is robustly exponentially stable (RES) on int(X̃) if there ex-
ist scalars b > 0 and 0 <λ< 1 with the following property: For
each compact set C ⊂ X̃, 0 ∈ int(C ), ε > 0, there exists δ > 0
such that for all sequences pk and ek and x̃ ∈C satisfying:

‖pk‖ ≤ δ, ‖ek‖ ≤ δ
x̃m(k) = x̃(k)+e(k) ∈ X̃, x̃(k) ∈ X̃, for all k ∈ I≥0,

it follows that

|φep (k; x̃)| ≤ bλk |x̃|+ε, for all k ∈ I≥0. (15)

Remark 20. In RES (or RAS) the robust stability condition
(15) is presented for those (if any) initial states, process dis-
turbance and measurement error sequences that a-priori en-
sure feasibility of the perturbed closed-loop trajectories.

The next definition instead requires that feasibility is satis-
fied at all times for all sufficiently small perturbations and all
initial states in a given compact subset of int(X̃) .

Definition 21 (SRES). The origin of the closed-loop system
(11) is strongly robustly exponentially stable (SRES) on a com-
pact set C ⊂ int(X̃), 0 ∈ intC , if there exist scalars b > 0 and
0 < λ < 1 with the following property: For each ε > 0, there
exists δ> 0 such that for all sequences pk and ek satisfying

‖pk‖ ≤ δ, ‖ek‖ ≤ δ
and all x̃ ∈C , it follows that

x̃m(k) = x̃(k)+e(k) ∈ X̃, x̃(k) ∈ X̃ for all k ∈ I≥0, (16a)

|φep (k; x̃)| ≤ bλk |x̃|+ε for all k ∈ I≥0. (16b)

The following useful Lemma is proved in Appendix A.3.

Lemma 22. For every µ > 0, there exists δ > 0 such that, for
all (zm ,e, p,e+) ∈ZN ×δB×δB×δB, z = zm − (e,0), such that
x̃+

m ∈ X̃, and some γ, 0 < γ< 1, the following condition holds:

max
z+∈Hep (z)

VN (z+) ≤ max{γVN (z),µ}.

We now characterize a compact set over which SRES is
guaranteed to hold. Consider a scalar s > 0 such that the set

S := {(x̃, ũ) ∈Rn × ŨN |VN (x̃, ũ) ≤ s}

satisfies S ⊆ZN , i.e. S is a sublevel set of Rn × ŨN fully con-
tained in ZN . Thus, by definition, for any z = (x̃, ũ) ∈ S , it
follows that x̃ ∈ X̃. Next, given a scalar ρ > 0 and any zm ∈ZN ,
we define the following measure and associated set:

V ρ

N (zm) := max
e∈ρB

VN (z) s.t. z = zm − (e,0),

Sρ := {zm ∈ZN |V ρ

N (zm) ≤ s},

in which we assume that ρ is small enough that Sρ is
nonempty. Finally, we define the following set:

Cρ := {x̃ ∈Rn | x̃ = x̃m−e, e ∈ ρB, m∃ũ s.t. (x̃m , ũ) ∈Sρ}, (17)

where we observe that 0 ∈ int(Cρ) ⊂ X̃ for ρ sufficiently small.

Theorem 23 (SRES under PE-MPC). The origin of the per-
turbed closed-loop system (11) is SRES on the set Cρ .

Proof. (Robust feasibility) Assume that x̃ ∈ Cρ and let z =
(x̃, ũ) be the corresponding augmented state in which ũ is
a (sub)optimal sequence computed for the measured state
x̃m = x̃ + e, e ∈ ρB. We recall that VN (z) ≤ s, i.e., z ∈ S

and that zm ∈ Sρ ⊆ ZN . Let x̃+
n := Ax̃m + Bu(0; x̃m) be the

nominally predicted state, and define the corresponding pre-
dicted augmented state z+

n := (x̃+
n , ũ+). We observe that z+

n ∈
H(zm) by construction and zm ∈ ZN . Since VN (·) is an ex-
ponential Lyapunov function for the nominal system, it fol-
lows that VN (z+

n ) ≤ γ̄VN (zm) for some 0 < γ̄< 1. Recalling that
x̃+

n − x̃+
m = A(x̃m − x̃)−p−e+ = Ae−p−e+, it follows that there

exists δ1 > 0 such that VN (x̃+
m , ũ+) < s, and thus x̃+

m ∈ X̃ for all
(zm ,e, p,e+) ∈Sρ×δ1B×δ1B×δ1B. Define any 0 <µ< (1−γ̄)s.
From continuity of VN (·), and because |q − s| ≤ c̃|x̃+

n − x̃+
m |

(as discussed in the proof of Lemma 22), we can choose δ2

such that the following condition holds: VN (x̃+
m , ũ++q− s) ≤

VN (x̃+
m , ũ+)+µ < VN (x̃+

m , ũ+)+ (1− γ̄)s ≤ s. This proves that
VN (z+

m) ≤ VN (x̃+
m , ũ++q− s)) < s. From continuity of VN (·) it

also follows that we can choose ρ > 0 sufficiently small that
V ρ

N (z+
m) ≤ s. Defining δ = min{ρ,δ1,δ2} we have proved that

z+
m ∈ Sρ for all (zm ,e, p,e+) ∈ Sρ ×δB×δB×δB. Thus, it fol-

lows that x̃(k) ∈ Cρ ⊆ X̃ and x̃m(k) ∈ X̃ for all k ∈ I≥0. Hence,
(16a) holds.

(Robust stability) From Lemmas 22 and 16, we can write:

a1|ψep (k; z)|a ≤VN (ψep (k; z))

≤ max{γkVN (z),µ} ≤ max{γk a2|z|a ,µ}

which implies |ψep (k; z)| ≤ max{b̄λk |z|, (µ/a1)1/a} ≤
max{b̄λk |z|,ε} in which λ := γ1/a , b̄ := (a2/a1)1/a and
ε̄ := (µ/a1)1/a . Finally, from Lemma 22 recalling that
|ũ| ≤ c|x̃m | ≤ c|x̃|+ cδ, and that φep (k; x̃) represents the state
component of ψep (k; z) for all for all x̃ ∈Cρ we write:

|φep (k; x̃)| ≤ |ψep (k; z)| ≤ max{b̄λk |z|,ε} ≤ b̄λk |z|+ε≤ bλk |x̃|+ε

with b := b̄(1+c) and ε := ε̄+ b̄cδ, which completes the proof,
because 0 <λ< 1.

Corollary 24. The origin of the perturbed closed-loop system
(11) is RES on int(X̃).

Proof. This result follows immediately because robust fea-
sibility is assumed in RES. Thus, for any compact set C ⊂
int(X̃), the second part (robust stability) of the proof of Theo-
rem 23 can be readily applied to obtain for all x̃ ∈C :

|φep (k; x̃)| ≤ bλk |x̃|+ε for all k ∈ I≥0.

Remark 25. While RES holds in int(X̃), SRES is guaranteed to
hold in Cρ ⊂ int(X̃). SRES may hold even in larger subsets of
int(X̃), however.
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5. Control of an unstable CSTR with separation and recycle

5.1. Process description

We consider a Continuous Stirred Tank Reactor (CSTR),
in which the irreversible exothermic reaction A → B takes
place in the liquid phase and heat is removed from a cool-
ing jacket. The reactor outlet stream is fed to a distillation
column, where the two species A and B are separated. The
A-rich (bottom) product is recycled back and mixed with the
fresh feed to the reactor. The reactor system is described by [?
]:

dh
d t = Fi−F

S
dcA
d t = Fi (cAi−cA )

Sh −k0 exp
(− E

T cA
)

dT
d t = Fi (Ti−T )

Sh + −∆Hr k0 exp
(
− E

T

)
cA

ρCp
− U P (T−Tc )

SρCp

(18)

The distillation column is modeled by writing the 20 stage
material balances under the following assumptions2: con-
stant relative volatility, constant pressure, equilibrium in
each stage, total condenser and Kettle reboiler. As such the
overall system is described by a set of 25 nonlinear ODEs.

The controlled variables of the overall system are six: the
reactor liquid level h, the reactor temperature T , the reflux
drum level hD , the reboiler liquid level hB , the top prod-
uct purity yD and the bottom product purity yB . The ma-
nipulated variables are also six: the reactor outlet flow rate
F , the reactor coolant temperature Tc , the distillate rate Dr ,
the reflux rate Lr , the bottom product rate Br , and the va-
por boilup rate Vb . It is assumed that the inlet stream (prior
to mixing with the recycle stream from the distillation col-
umn) flow rate F0, temperature T0 and concentration cA0 act
as unmeasured disturbances. The main model parameters
and operating variables are described in Table 1. In refer-
ence conditions the CSTR model admits three steady states.
We consider the problem of controlling the CSTR around the
middle-conversion unstable steady state, associated to the
following state values of both CSTR and distillation units:
h = h̄ = 0.664 m, cA = c̄A = 0.50 kmol/m3, T = T̄ = 350 K,
hD = h̄D = 0.246 m, hB = h̄B = 0.246 m, yD = ȳD = 0.99,
yB = ȳB = 0.99.

5.2. Offset-free MPC implementation

In the controller we use the linear discrete-time model:

x+ = Ax +Bu

y =C x
(19)

where (A,B ,C ) are obtained via discretization of the nonlin-
ear ODE system using a sampling time of 3 sec (the result-
ing state dimension is 25, i.e. model reduction was not per-

2Global material and component material balances are written for reflux
drum and Kettle reboiler, while on the column stages constant holdup is as-
sumed so that only component material balances are considered.

Table 1: CSTR and distillation column parameters – (∗) nominal values.

Parameter Symbol Value
Reactor

Fresh inlet flow rate F0 0.05 m3/min (∗)
Reactor base area S 0.151 m2

Fresh inlet concentration cA0 1 kmol/m3 (∗)
Outlet flow rate F 0.10 m3/min (∗)
Coolant temperature Tc 300 K (∗)
Arrhenius frequency factor k0 7.2 ·1010 1/min
Normalized activation energy E 8750 K
Heat transfer coefficient U 54.75 kJ/(min ·m2 ·K)
Inlet temperature TA0 350 K (∗)
Reaction heat ∆Hr −5 ·104 kJ/kmol
Liquid density ρ 1000 kg/m3

Heat capacity Cp 0.239 kJ/(kg ·K)
Reactor base perimeter P 1.376 m

Distillation column
Column stages 20
Relative volatility 2.5
q-line param. 1.1
Reflux rate Lr 0.11 m3/min (∗)
Feed rate F 0.10 m3/min (∗)
Feed conc. of A cA 0.50 kmol/m3 (∗)
Distillate rate Dr 0.05 m3/min (∗)
Bottom product rate Br 0.05 m3/min (∗)
Vapor boilup rate Vb 0.17 m3/min (∗)

formed). The (scaled) input and output vectors of (19) are:

u :=



F−F̄
S1

Tc−T̄c
S2

Dr −D̄r
S3

Lr −L̄r
S4

Br −B̄r
S5

Vb−V̄b
S6


, y :=



h−h̄
S7

T−T̄
S8

hD−h̄D
S9

hB−h̄B
S10

yD−ȳD
S11

yB−ȳB
S12


in which the scaling factors are: S1 = 0.9 m3/min, S2 = 10 K,
S3 = 0.03 m3/min, S4 = 0.10 m3/min, S5 = 0.03 m3/min,
S6 = 0.15 m3/min, S7 = 0.3 m, S8 = 10 K, S9 = 0.1 m, S10 =
0.1 m, S11 = 0.075, S12 = 0.075. We consider: umax =−umin =
[1 1 1 1 1 1]′. Due to the inherent model error between the
“true” nonlinear plant and the linear model (19), and since we
do not measure the states of (19), we use an output feedback
offset-free MPC as described in [? ]. A Kalman filter is used to
compute the state estimates of the following augmented sys-
tem:

x̂+ = Ax̂ +Bu +Bd d̂ +wx

d̂+ = d̂ +wd

y =C x̂ +Cd d̂ +wy

(20)

in which d̂ is the (fictitious) integrating disturbance state, and
wx , wd , wy are uncorrelated Gaussian zero-mean random
variables. The disturbance model matrices are: Bd := B , Cd :=
0, and the Kalman filter gain for (20) is computed assuming
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Table 2: Performance indicators of QP-based MPC and PE-based MPC algo-
rithms.

Controller Aver. CPU Maxim. CPU Optim. Aver. Fract. QP/Alg. 2 QP/Alg. 2
time (ms) time (ms) Rate Lookup time Aver. iter. Max. iter.

QP-MPC 749.8 12762 – – 7.1 151
PE0-MPC 87.4 287.9 – – 1.75 4
PE1-MPC 58.0 327.8 0.556 0.002 2.5 4
PE10-MPC 24.2 216.0 0.846 0.014 2.8 4
PE25-MPC 20.2 301.9 0.880 0.031 2.8 4
PE50-MPC 18.1 265.9 0.897 0.057 2.9 4
PE200-MPC 15.5 269.8 0.926 0.140 2.9 4

the noise covariances: E (wx w ′
x ) = 10−3C ′C , E (wd w ′

d ) = I ,

E (wy w ′
y ) = 5 · 10−2I . Let (x̂, d̂) be the augmented state es-

timates at a given time, and let ȳ be desired (not necessar-
ily reachable) controlled-variable setpoint. We solve the con-
strained target calculation problem to compute the reachable
state and input targets:

min
x̄,ū

(C x̄ +Cd d̂ − ȳ)′Q̄(C x̄ +Cd d̂ − ȳ)+ ū′R̄ū

s.t. x̄ = Ax̄ +Bū +Bd d̂ , umin ≤ ū ≤ umax (21)

in which we use the following weighting matrices Q̄ = I , R̄ =
5 ·10−2I . Finally, we define the deviation variables: x̃ := x − x̄,
ũ := u − ū and we readily recover the constrained control
problem formulation (1) by noticing that x̃+ = Ax̃ +Bũ. We
use: N = 60, Q =C ′C , R = 17.8I and we notice that the termi-
nal constraint matrix Su has five columns because the system
(19) has five unstable modes (four marginally unstable modes
associated with level dynamics and a purely unstable mode
associated to the reactor operating point).

5.3. Simulation results and comments

We present closed-loop simulation results obtained by
controlling the 25 ODE nonlinear system with the linear MPC
algorithm described in the previous paragraph over a pe-
riod of 6 hours (7200 sample times). Different controllers are
considered: QP-MPC uses an active set QP solver in which
the warm-start ũ+ is supplied as starting point, PEM-MPC
(with M = 1, 10, 25, 50 or 200) use the Partial Enumera-
tion Algorithm 2 with a table (initially empty) of M entries,
and PE0-MPC uses no table and hence Lines 1-14 of Algo-
rithm 2 at all times. The scaled output measurements (fed
to the Kalman filter) are assumed to be corrupted by uncor-
related random Gaussian noise with covariance 10−4I . Set-
point changes occur randomly on each output with probabil-
ity of 0.005 (i.e., on average, one every 10 minutes), whereas
random disturbances on F0, cA0 and T0 occur with a prob-
ability of 0.05 (i.e., on average, one every minute). To com-
pare the performance of the different controllers we eval-
uate the closed-loop cost over the simulation period: J :=
1
2

∑Ns
k=0(y(k)−y s (k))′(y(k)−y s (k))+(u(k)−ū(k))′R(u(k)−ū(k))

in which y s (k) =C x̄(k)+Cd d̂(k) is the reachable output target
at time k and ū(k) is the corresponding input target.

Simulations results show that the same closed-loop cost is
achieved for all PE solvers, and that cost is essentially equal

to the optimal cost obtained with QP-MPC. This can be ex-
plained by recalling that, in closed-loop, only the first com-
ponent of the (sub)optimal input sequence is used, thus it
appears that when the table does not contain the optimal en-
try Algorithm 2 still recovers a suboptimal sequence in which
the first component is (very close to) optimal. This behav-
ior of Algorithm 2 has been confirmed in other different ex-
amples not reported here. We also remark that, despite the
model mismatch and the presence of disturbances, robust
stability in closed-loop operation is preserved by both opti-
mal and suboptimal controllers. Timing results required to
solve (1) and other performance indicators obtained using
Octave 3.2.4 on a 2.53 GHz MacBook Pro are reported in Ta-
ble 2. In particular, for each controller (QP-based and PE-
based MPC) we report the following statistics (evaluated over
7201 samples): average CPU time, maximum CPU time, and
optimality rate (i.e. the fraction of decision times in which
the optimal solution was found in the table). For PE-based
MPC, we also report the following statistics for those deci-
sion times at which the optimal solution was not found in
the table: fraction of CPU time spent in table lookup (with re-
spect to the total computation time over the decision times at
which Algorithm 2 was executed), and the average and max-
imum numbers of Algorithm 2 iterations performed at those
decision times. For QP-based MPC we report the average and
maximum number of major iterations3.

From the results of Table 2, we can observe that PE-based
MPCs have average and worst-case CPU time of (at least) two
orders of magnitude faster than that of QP-based MPC4. As
expected, the optimality rate of the table increases with the
table size. We note also that when the optimal solution is not
found in the table, the overall CPU time is dominated by the
backup computations of Algorithm 2, especially for small ta-
bles. The use of a larger table reduces the average CPU time
considerably, because the optimal solution is found more of-
ten in the table and, thus, the backup computations of Algo-
rithm 2 are executed less frequently. Worst-case CPU times
are similar for all PE solvers, as they are all associated with the
backup computations of Algorithm 2. We note, however, that
the backup computations of Algorithm 2 require (on average
and in worst case) many fewer iterations and much less com-
putation than a conventional active-set QP solver. Finally, we
note that when no table is used (PE0-MPC) the average CPU
time is 4-5 times greater than for a PE solver with a table of
medium size (e.g., PE50-MPC).

To motivate the necessity and usefulness of the table up-
date approach, we report in Table 3 the performance indica-
tors obtained by PE-based MPCs in which the working table,

3Octave’s QP uses an active set method in which the major iterations con-
sist in solving, via null-space method, the linear KKT system for the current
active set. At each iteration, the active set is updated by adding or deleting
one constraint at the time. If an infeasible starting point is supplied, an LP
feasibility problem is solved via glpk library preliminarily.

4CPU times in Table 2 should be considered from a relative (rather than
absolute) point of view because both the Octave’s QP code and the PE code
have a comparably low degree of “optimization”, e.g., they do not take advan-
tage of matrix factorization updates during major iterations.
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Table 3: Performance indicators of PE-based MPC algorithms in which the
working table (initially empty) is not updated when it reaches its maximum
size.

Controller Aver. CPU Maxim. CPU Optim. Aver. Fract. QP/Alg. 2 QP/Alg. 2
time (ms) time (ms) Rate lookup time Aver. iter. Max. iter.

PE1-MPC 62.2 278.5 0.558 0.001 2.7 4
PE10-MPC 61.9 298.6 0.559 0.014 2.7 4
PE25-MPC 63.4 288.6 0.560 0.028 2.7 4
PE50-MPC 49.9 264.7 0.656 0.059 2.6 4
PE200-MPC 40.5 306.3 0.774 0.189 2.6 4

initially empty, is not updated after the maximum table size
is reached. If we compare, e.g., PE solvers with a table of 50
entries, we observe that a fixed table has an optimality rate of
65.6%, while an adaptive table returns the optimal solution
89.7% of the times. Thus, with a fixed table, the backup com-
putations are required more frequently, and the average CPU
time increases from 18.1 ms to 49.9 ms.

6. Conclusions

In this paper we revised the partial enumeration (PE)
method for solving more efficiently the constrained opti-
mal control problem that arises in linear MPC, especially for
large-scale systems [? ? ]. We proved here that such sub-
optimal MPC algorithm is nominally exponentially stabiliz-
ing, and most importantly it is robustly exponentially stabi-
lizing in the presence of arbitrary (but sufficiently small) per-
turbations. Such novel results are based on considering the
(non-unique and discontinuous) suboptimal MPC law as a
set-valued map of the current state.

We presented an application to the control of a nonlinear
unstable CSTR and an associated distillation unit with recy-
cle in which suboptimal (PE-based) controllers successfully
faced the perturbations inherently generated by the nonlin-
ear process vs. linear model mismatch, by process parameter
disturbances and by measurement noise. Despite the pres-
ence of such upsetting disturbances closed-loop stability is
maintained and the performance difference with respect to
optimal (QP-based) MPC is negligible, while the CPU times
are two orders of magnitude lower.

The stability results proved in this paper for Partial Enu-
meration can be transferred to other suboptimal (approxi-
mate) MPC methods that share the following (mild) proper-
ties: (i) if the warm start is feasible, the suboptimal solution
must have a cost no larger than that of the warm start; (ii) as
the state approaches the origin, the norm of the computed
suboptimal input sequence must go to zero; (iii) if the warm
start is infeasible, due to the presence of disturbances, the
suboptimal solution must have a cost no larger than that of
a feasible solution whose distance from the infeasible warm
start is proportional to the norm of the disturbances. With
similar requirements, it is also possible to show the same ro-
bust stability results for nonlinear discrete-time systems in
closed-loop with suboptimal nonlinear MPC [? ].
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Appendix A. Supporting material and proofs

Appendix A.1. Derivation of the time invariant terms in (2)

We first compute state sequence vector as:


x̃(0)
x̃(1)
x̃(2)

...
x̃(N )

=


I
A

A2

...
AN

 x̃ +



0 · · · 0

B 0
...

AB B
. . .

...
. . . 0

AN−1B AN−2B · · · B




ũ(0)
ũ(1)

...
ũ(N −1)



concisely written as x̃ = Ax̃ +Bũ, with x̃, A, B trivially defined.
Next, we define:

Q :=



Q 0 · · · 0

0 Q
. . .

...
...

. . .
. . .

Q 0
0 · · · 0 P

 , R :=


R 0 · · · 0

0 R
. . .

...
...

. . .
. . . 0

0 · · · 0 R


and compute the objective function as:

VN (x̃, ũ) = 1
2 (x̃′Qx̃+ ũ′Rũ) = 1

2

(
(Ax̃ +Bũ)′Q(Ax̃ +Bũ)+ ũ′Rũ

)
= 1

2 ũ′Hũ+ ũ′Gx̃ + 1
2 x̃ ′Px̃

in which H := B′QB+R, G := B′QA, and P := A′QA. The in-
equality constraint terms instead are defined as follows:

D :=


D 0 · · · 0

0 D
. . .

...
...

. . .
. . . 0

0 · · · 0 D

 , C :=



D
D
...
...

D

 , b :=


bu

bu
...

bu



whereas the equality constraints term are defined as:

E := S′
u

[
AN−1B AN−2B B

]
, F := S′

u AN

We finally notice that VN (x̃, ũ) = 1
2

[
x̃
ũ

]′ [
P G′
G H

][
x̃
ũ

]
, in which

observe that the inner matrix is positive definite.

Appendix A.2. Solution to the KKT system (3)

Let A :=
[

Da

E

]
and let Z be a matrix whose columns are a

basis for the null space of A , so that, in particular, A Z = 0.

Consider the point ũ0 =A +
[

ba −Ca ū
−Fx̃

]
=A1(ba−Ca ū)+A2x̃,

in which A + is the pseudo-inverse of A . Notice that we can
express any point that is feasible for (3b)-(3c) as ũ = ũ0 + Z p,
and thus rewrite (3a) as follows:

HZ p+Hũ0 +Gx̃ +A ′
[
λ0

µ0

]
= 0

Next, we multiply (on the left) by Z ′ (recalling that Z ′A ′ = 0)
and solve for p to obtain

p =−H −1Z ′Hũ0 −H −1Z ′Gx̃ =B1(ba −Ca ū)+B2x̃
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with H := Z ′HZ , B1 :=−H −1Z ′HA1,B2 :=−H −1Z ′(HA2 +
G). Finally, we compute ũ as follows:

ũ = ũ0 +Z p = (A1 +ZB1)(ba −Caū)+ (A2 +ZB2)x̃

= Γu(ba −Ca ū)+Γx x̃

Now (3a) can be solved for (λ0,µ0) as follows:[
λ0

µ0

]
=−(A ′)+(Hũ+Gx̃) =C1(ba −Ca ū)+C2x̃

with C1, C2 suitably defined. Finally, we write the Primal and
Dual inequalities (3e) and (3d) as follows:[

Ci −DiΓu Ca DiΓx[
I 0

]
C1Ca −[

I 0
]
C2

][
ū
x̃

]
≤

[
bi −DiΓu ba[

I 0
]
C1ba

]
or more concisely as [

ΩP

ΩD

]
z ≤

[
ωP

ωD

]
Appendix A.3. Proof of Lemma 22

Proof. Let µ > 0 be given. Let x̃+
n := Ax̃m +Bu(0; x̃m) be the

nominally predicted state, and let z+
n := (x̃+

n , ũ+). We observe
that z+

n ∈ H(zm) by construction and zm ∈ ZN . Since VN (·) is
an exponential Lyapunov function for the nominal system, it
follows that VN (z+

n ) ≤ γ̄VN (zm) for some 0 < γ̄ < 1. Consider
a γ such that γ̄ < γ < 1, and define ρ = µ(γ− γ̄) > 0. Since
x̃+

n − x̃+
m = Ae −p −e+, from Line 17 it is possible to show that

there exists a positive scalar c̃ such that |q−s| ≤ c̃|Ae−p−e+|.
Thus, due to continuity of VN (·), we can choose δ̄1 > 0 such
that for all (zm ,e, p,e+) ∈ZN × δ̄1B× δ̄1B× δ̄1B, z = zm − (e,0),
the following condition holds:

VN (x̃+
m , ũ++q−s) ≤VN (x̃+

n , ũ+)+ ρ
3 . (A.1)

By continuity of VN (·), choose δ̄2 > 0 such that

VN (x̃+
n , ũ+) ≤ γ̄VN (x̃m , ũ) ≤ γ̄VN (x̃, ũ)+ ρ

3 (A.2)

holds for all (zm ,e) ∈ZN ×δ̄2B, z = zm−(e,0). From continuity
of VN (·) and from (13), choose δ̄3 > 0 such that

VN (x̃+, ũ+) ≤VN (x̃+
m , ũ+)+ ρ

3 ≤VN (x̃+
m , ũ++q−s)+ ρ

3 (A.3)

for all z+ = (x̃+, ũ+) ∈ Hep (z) and all (zm ,e, p,e+) ∈ZN × δ̄3B×
δ̄3B× δ̄3B, z = zm − (e,0). Defining δ = min{δ̄1, δ̄2, δ̄3}, and
summing up (the most external sides of) (A.1)–(A.3), we ob-
tain: maxz+∈Hep (z) VN (z+) ≤ γ̄VN (z)+ρ for all (zm ,e, p,e+) ∈
ZN × δB × δB × δB. Define Z1 = {z = zm − (e,0) | zm ∈
ZN ,e ∈ δB,VN (z) ≤ µ} and Z2 = {z = zm − (e,0) | zm ∈ ZN ,e ∈
δB,VN (z) > µ}, and assume that µ is not so large that Z2 is
empty (otherwise the proof is simpler). If z ∈Z1 we can write:
maxz+∈Hep (z) VN (z+) ≤ γ̄VN (z)+ρ ≤ γ̄µ+µ(γ− γ̄) ≤ µ. If in-
stead z ∈ Z2 we can write: maxz+∈Hep (z) VN (z+) ≤ γ̄VN (z)+
µ(γ− γ̄) ≤ γVN (z). Therefore, we have established that the
condition maxz+∈Hep (z) VN (z+) ≤ max{γVN (z),µ} holds for all
(zm ,e, p,e+) ∈ ZN × δB× δB× δB, z = zm − (e,0), such that
x̃+

m ∈ X̃.
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