
CS / ISyE 730 - Spring 2015 - Homework 5

(assigned 3/2/15, due in class 3/11/15)

1. Consider the problem minx∈Ω f(x) where f is a smooth convex function
and Ω is a closed convex set. Show that the first-order optimality
condition −∇f(x∗) ∈ TΩ(x∗)◦ is not only necessary but sufficient for
x∗ to be a solution, in this case.

2. Now consider the case in which f is strictly convex and quadratic, that
is,

f(x) =
1

2
xTQx+ cTx,

where Q is symmetric positive definite, and Ω = {x |x ≥ 0} is the
nonnegative orthant. Denoting the solution by x∗, and using the index
set notation

A := {i |x∗i > 0}, Z := {i |x∗i = 0},
write down the optimality conditions for x∗ as a system of equations
involving A and Z. (Knowledge of these sets essentially replaces the
complementarity conditions that usually appear in first-order condi-
tions.)

3. Consider now the following enhanced version of the Gradient Projection
algorithm, applied to the problem in the previous question, in which
we try to take a reduced Newton step in between each conventional
step.

(a) Write down an explicit expression for zk+1.

(b) Why might zk+1 be infeasible? Why might it not satisfy optimality
conditions for the full problem?

(c) With the enhancement described above, does the algorithm still
have the global convergence properties proved in class for the basic
gradient projection algorithm (that is, all accumulation points are
stationary)? Explain.
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Algorithm 1 for min f(x) = (1/2)xTQx+ cTx s.t. x ≥ 0

Given x0, c1 ∈ (0, 1), β ∈ (0, 1), ᾱ > 0;
for k = 0, 1, 2, . . . do
j ← 0;
while f(xk(βjᾱ)) > f(xk) + c1∇f(xk)T [xk(βjᾱ)− xk] do
j ← j + 1;

end while
αk ← βjᾱ;
xk+1 ← xk(αk);
if xk+1 = xk; then

STOP;
end if
Ak+1 := {i |xk+1,i > 0};
zk+1 := arg minz f(z) subject to zi = 0 for all i /∈ Ak+1;
if zk+1 ≥ 0 then
xk+1 ← zk+1;

end if
end for

(d) Using the identification result proved in the class notes for gradient
projection applied to the feasible set {x |x ≥ 0}, and assuming
that the solution x∗ is nondegenerate (in the sense discussed in
class), show that this algorithm terminates at the solution x∗ in a
finite number of iterations.
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