
CS / ISyE 730 - Spring 2015 - Homework 3

(assigned 2/9/15, due in class 2/20/15)

This assignment gives you some experience with the gradient projection
method on a bound-constrained problem arising in signal reconstruction.

The following `1-regularized least squares problem has been a topic of
great interest to several communities over the past decade:

min
x

1

2
‖Ax− b‖22 + λ‖x‖1, (1)

where A ∈ IRm×n, b ∈ IRm, x ∈ IRn, and λ > 0 is a regularization parameter.
It is known that larger values of λ tend to produce solutions in which x has
fewer nonzero components. Applications of (1) include the variable selection
problem in statistics (in which we try to identify a small number of variables
that “explain” the response b) and signal reconstruction, where we use a
priori knowledge that the signal can be represented as a linear combination
of a few columns of A to identify those columns.

In this homework you will convert (1) to a bound-constrained quadratic
program and use variants of the gradient projection algorithm to solve it.

By splitting x into positive and negative parts (x = u − v where u ≥ 0
and v ≥ 0), express (1) as a bound-constrained quadratic program.

Write a code to solve the QP formulation using gradient projection. Use
the following data:

• m = 60, n = 1000.

• A is a matrix whose entries are all t/
√
m, where t is a random variable

generated i.i.d. from the distribution N(0, 1). (You can use the randn

function in Matlab to do this.)

• The “target” solution x∗ is a vector with 16 nonzero elements in random
locations, whose nonzero values are uniformly distributed in the interval
[−1, 1]. Having generated x∗, set b = Ax∗+e, where e is a measurement
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error vector whose elements are i.i.d. from the distribution N(0, 1),
scaled by ε = 10−3.

• Experiment with different values of λ.

• Generate the starting point x0 at random.

Your code should try some different line search schemes:

• Armijo backtracking, with some reasonable fixed values of starting
guess ᾱ and backtracking parameter β;

• A variant of Armijo backtracking that adjusts the initial guess ᾱ based
on the successful values at previous iteration(s).

• A safeguarded Barzilai-Borwein formula.

• Any other schemes you wish to demonstrate.

Your code and reported answer should have the following features.

• Your code should store only the matrix A, not the full Hessian of the QP
form, which would require forming matrix-matrix products involving A.
Your code should compute the gradient of the QP objective by using
only matrix-vector multiplications involving A and AT .

• Devise (and explain) a reasonable stopping criterion for your code.

• Experiment with different values of λ and tabulate or graph the follow-
ing quantities for the various λ vales: (a) the differences between the
optimal x computed by your code and the underlying “true” solution
x∗; (b) the sparsity (i.e. number of nonzeros) in your solution x.

• How does the number of iterations (as measured by the number of
gradient evaluations needed to find the approximate solution) change
as λ changes?

• How does the number of iterations differ for the different line search
schemes?

It has been observed that a warm-starting scheme can improve the algo-
rithm’s performance substantially on small values of λ. Implement such a
scheme by solving the problem for a decreasing sequence of λ values, using
the solution for one value as the starting point for the next smaller value in
the sequence. Comment on the performance.
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