
CS / ISyE 730 - Spring 2015 - Homework 10

(Assigned 4/30/15, for practice only.)

In this homework you will gain some experience in formulating semidef-
inite programs and solving them with CVX. The first step is to download
CVX from cvxr.com and install it on your local system.

1. Suppose we are given two sets of points xi, i = 1, 2, . . . , K and yj,
j = 1, 2, . . . , L, all in <n, and wish to find an ellipsoid that has the xi in
its interior and the yj outside. A clean separation may not be possible,
so we seek the ellipsoid that minimizes a measure of misclassification.

Ellipsoids can be defined by the triplet (A, b, α) (where A is a symmetric
positive definite n×n matrix, b ∈ Rn, and α is a scalar) via the formula

E := {x |xTAx+ bTx+ α ≤ 0}.

Given our data, we would ideally like to choose (A, b, α) so that

(xi)TAxi + bTxi + α ≤ 0, i = 1, 2, . . . , K,

(yj)TAyj + bTyj + α ≥ 0, j = 1, 2, . . . , L.

It might not be possible to satisfy all these conditions, but we can
introduce variables into the formulation that capture the amount by
which these conditions are violated (and are zero when they are not
violated). Let us denote these violation variables by the scalars ti,
i = 1, 2, . . . , K, and sj, j = 1, 2, . . . , L. We may also wish to ensure that
A is sufficiently positive definite by bounding its minimum eigenvalue
below by some quantity Amin and bounding its maximum eigenvalue
above by a quantity Amax.

Formulate a semidefinite program that finds the triplet (A, b, α) that
minimizes the sum of violations for the given data, while respecting the
given constraints on the eigenvalues of A.
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2. Formulate and solve the problem above using Matlab and CVX. Print
out the final sum of violation variables, and the total number of points
that are misclassified by at least 10−8 (that is, points xi that lie outside
the ellipse when they should be inside, and points yj that are inside the
ellipse when they should be outside.) Also, print the condition number
of the optimal A.

You can load data for your problem from the file cvx homework.mat.
This file contains arrays X and Y whose rows contain the points xi and
yj, respectively, and variables Amin and Amax that are the lower and
upper bounds on the eigenvalues of A.

3. (a) Solve the following semidefinite program in the symmetric 2 × 2
matrix X:

min
X�0

[
0 1
1 0

]
•X s.t.

[
−1 0
0 0

]
•X = −1,

[
0 0.5

0.5 −1

]
•X = −1.

(Hint: Eliminate the x11 and x12 components of X to obtain a
problem in the real variable x22.)

(b) Write down the dual of the problem in (a), formulated in terms of
two real variables (say y1 and y2). (You do not need to solve it.)

4. Prove that on the space of symmetric n×n real matrices, the following
two statements are equivalent: (I) A•B ≥ 0 for all A � 0; (II) B � 0.

Hint: It may help to consider the following eigendecomposition of the
symmetric n× n matrix B: B =

∑n
i=1 λiqiq

T
i , where {q1, q2, . . . , qn} is

a set of orthogonal unit vectors in Rn and λi, i = 1, 2, . . . , n are real
numbers.

5. In the experiment design problem mentioned in the class notes, we
formulate an SDP to maximize the minimum eigenvalue of the design
matrix ATA by choosing the frequency λi with which to apply each
probing vector ai ∈ Rn. (We have ATA = N

∑m
i=1 λiaia

T
i , where m is

the number of probing vectors and N is the total number of experiments
to be performed.) Our SDP formulation for the problem of maximizing
the minimum eigenvalue is:

max
t,λ

t s.t.
m∑
i=1

λiaia
T
i − tI ≥ 0,

m∑
i=1

λi = 1, λi ≥ 0, i = 1, 2, . . . ,m.
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(a) Write the SDP to solve a different problem: minimizing the trace
of (ATA)−1.

(b) Write CVX code to solve both problems — the original one of
maximizing the minimum eigenvalue of

∑m
i=1 λiaia

T
i , and the mod-

ified one of minimizing the trace of (ATA)−1. Print the optimal
objective and the optimal value of λ for both versions. (Hint:
You can code the sum

∑m
i=1 λiaia

T
i as A’*diag(lambda)*A in

CVX, where A has the vectors aTi as its rows. Use the data file
cvs experiment.mat from the course web site to load the matrix
A, which has n = 10 and m = 25.
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