
Midterm Examination

CS 730 - Spring 2011

Wednesday, March 9, 2011, 7:15pm-9:15pm

No electronic computing devices, notes, or books allowed, except that you
may bring one standard-size sheet of paper, handwritten on both sides, into
the test. Give reasoning and justify all your answers.

1. (10 points) Prove the following theorem of the alternative (attributed
to Fan): Either there exists x with Ax = 0, cTx > 0, and x ≥ 0, or
there exists y with ATy ≥ c, but not both.

2. (10 points)

(a) Find the dual of the following problem:

min − lnx+ 4x subject to x ≥ 1.

(b) Give the domain of the dual objective from (a).

(c) Find the solutions of the primal and dual.

3. (20 points) Consider the following problem:

min
x∈R2

(
x1 −

3

2

)2

+ (x2 − t)4 subject to ‖x‖1 ≤ 1,

where t is a real parameter and ‖x‖1 = |x1|+ |x2|.

(a) Rewrite the problem as a constrained optimization problem (with
four smooth constraints).

(b) For what values of t does the point x∗ = (1, 0)T satisfy the KKT
conditions for your formulation?
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(c) For which of the values of t from (b) are strict complementarity
conditions satisfied for your formulation?

(d) For the values of t from (b), are the second-order sufficient condi-
tions satisfied? Explain.

(e) Find the solution of the problem when t = 1. (Hint: Probably
just one of the constraints in your formulation will be active.)

4. (20 points) Consider the following nonlinear program:

min
x

f(x) subject to c(x) ≥ 0,

where f : Rn → R and c : Rn → Rm are smooth functions, and its
`1-penalized counterpart

min
(x,t)

f(x) + µeT t subject to c(x) + t ≥ 0, t ≥ 0,

where µ ≥ 0 is a penalty parameter and e = (1, 1, . . . , 1)T .

(a) Write down the KKT conditions for both problems.

(b) Suppose that x∗ is a KKT point for the first problem with optimal
multipliers λ∗. Under what condition on µ is the same pair (x∗, λ∗)
together with t∗ = 0 a KKT point for the penalized formulation?
If this condition holds, what are the optimal multipliers for the
constraints c(x) + t ≥ 0 and t ≥ 0?

(c) Consider now the following quadratic-penalty formulation:

min
(x,t)

f(x) +
1

2
µtT t subject to c(x) + t ≥ 0, t ≥ 0,

where µ > 0 is again a penalty parameter. Suppose that x∗ is
a KKT point for the original problem with optimal multipliers
λ∗, and that λ∗ 6= 0. Under what conditions on µ is the same
(x∗, λ∗) together with t∗ = 0 a KKT point for the quadratic-
penalty formulation?
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